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I« The Binder is desired to obsen'e, that the Vol. consists of difiereot 
sets of signatures. The first set A, B^ C, D, contains the questions, and is 
to be placed at the banning of the Vol, to serve as a table of contents to 
the first part* 

II. The first, second, and third parts of the Vol. must follow in their 
order. The two sets of questions of Vol. 4. (viz, the signatures A and B) 
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preserved apart till the fourtJi vol. is completed. 
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matjiematical questions, 

To be answered in Number XII« 



I. QUESTION, 291, ^y Afr German BuxroN*, London. 

To find I wo numbers whote aifi'erence is a square ; and if any number (k) bf 
added to each, or to their sum, hey viiW make thrCw other Si|uares* 

ir. QUESTION C92, fy Mr Cunliffe» Royal MititaryCoUege* 

If a q'ladranul arc of a circle, radius 1, is divided tnto any four parts, the sum ot 
dbc pruducts of the un;;ems of every two of these paru is equal to 1 4- ihc coo- 
tiaued product of all the four ungcnts; Required the proof? 

III. QUESTION 293, i^j^Afr. Dawes, Birmingham. 

In what latitude, on the longest day. will the shadow of a point of a gnomon, 
Ascribe a right-angled hyperbola upon an hori;conta) plane ? 

IV. QITESTION 294, lyG.V. 

Find three square numbers in arithmetical progression^ the sum of the <quire 
oa of which ihall be a cube. 

V. QUESTION 295, iy3fr.W.vWALLACE, R.M.CMge. 

Thko rem. In any conic section, if noimals be drawn at the extiemitics of a 
dKxd passing through the ibcus so as to intersect ok another, the sum of the 
ifares of the parts of the normals between the curve and th^ intcrKctionshaR 
Mive a given ratio to the jquare of the chord. Required the demonstration F 

VI. QUESTION 296, ly Sfr. Cunliffe. 

Sappose VmR a curve in a vertical plane, and P a given point in its axis ; to 
find its nature, so that the pressure of a given weight m, attached to a string mP, 
'at P, and testing on the ciir\*e, may be e%'ery wbcic the same. 



VII. QUESTION 297, i^yG.V. 

Reqinied the nature of a curve, such, that a tao^em beiqg dravmfrom any point 
in the carve to meet the axis, the distance of the point of contact Irom a given poim 
to the axis shall have a given ratio to the segment of the axis between that pomt 
and the taogem. 

Vill QUESTION 29s, iyMr. Lowht, R. M. Collt^t. 

To determine a curve that shall cut an indefinite number of curvet of the 
ame f^veo specie!, having a common axis, so that all the tangents dnwn 10 thr 
pvcn curves at tlie points of intersection may tend to the same given point. 

IX. QUESTION 299, iyHiaMOooEus. 

t^veo the famthing line its cemre and distance of an oricioal plane* ind the 
^jectioii o^a sitaig^t line, and of a point in that plane, throogb that point t* 
tew a stiai^t line so that the anglt made by the two straig|ht lines shiU #e eqinl 
to that made by their original^. 

* c 
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X. QUESTION 300, 3j^ Amicus. 

To fiftdcurret tbtt have the following property, rtr. that if P be a given point 

in the straight line APB given by position, and any straight line whatever be 

drawn through P to neet toe curve in two poinu, and ta^nnu be drawn a these 

poinu to meet the Ime AB in £ and F, the segments PE, PF shall always be 

equal* 

XI. QUESTION 301, h H. 
Sap|K)ang a particle of matter at rest any where upon the surfiure of a solid oT 
fcvolation whicn revolves about iu axis in a given time, and that the particle is 
ttuac ied towards the ctncre with a force which is as some determinate function of 
itsdistance firom the centre : What ought to be the form of the solid? 

XII. QUESTION 3o«. by C. V. 
Theorem. The square of any prime number of the form 411 -f- ^ i' of the 
fbriD a* 4* S5I*. Required the proof? 

XIII. QUESTION 303» »x Mr. Cunliffe. 

Soppoie two projeetiks thrown from the same place with equal velocities, in 
the same vertical plane; ^ determine the angles of elevation, so as to include 
the greatest space within the curves described in tJieir flight, the horizonul range 
the same in both* 



XIV. QUESTION 904* /^Edimburcensis. 

Find the flnjuooal equation of the aervt qfpmrmU when the body pursued moves 
in aiiy carve of a given nature. 

XV. QUESTION 305, by U 
To find IhooL elementary principles) how a ring will move upon a straight rod 
levolviiigaooutoneof its ends on ahorisontal plane, when, dFter tne fint percussive 
impulscy they are disturbed by no ftwce but their mutual pressure against eacR 
other. 

XVI. QUESTION 306, by Mr.W. Wallace. 

If the imenection of two stuight lines which contain a given angle be on a line 
of mf kind given by position* and one of them pass through a given poiott what 
ss the ntore of the oinre to which the other is a tangent ? 

XVII. QUESTION 307, byMr.Lovr%Y. 

From the 
meeting AC 

thecurve to 

PQis alv^ a tangent } 

XVIII. QUESTION 3o8» ^Jlfr. W.Wallace. 

Wnm two giten points equally distant from the centre of a given circle draw 
ttiaUht lines to a point in the circumferencey so that the sum of the fourth poweii 
of toeie lines nay be a pven quantity. 

XIX. QUESTION 8P9, 6^ Amicus. 

A point and a straight line are civen by pofition in the same vertical plane ; a 
hmvy body, uroed by the force of gravit^, has to descend from the given point 
BA a circular arch, so as to arrive at the given line in the shortest time pos^bie*— 
What is the length of the «ch ? 

XX« PRIZE QUESTION 310. by Mr.YT. Wallacs. 

find soch integer values of «, /» s as (hall render the three expressions x* ^ 
•V •^J^i*' + «*«»+ ^1 y + il'yM + if' [fpMm, Mt «', d't being g^vea 
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MATHEMATICAL QUESTIONS. 
To be answered in Number XIII. 
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1. QUESTION 311, 6^ Mr. John Hatmss, JkMm. 
To dirkle a gi¥en square number n^ into two such parts that the turn of tlieif 
sqaaret and the sum of their cubes may both be rational squares. 

II. QUESTION 312, by Mr. P. Phblam, Carhw, 

Required the least integer value of a that will make 103 «* + 1| a ntional 
qiure? 

III. QUESTION 313, by Mr. Geo. Harvst, Jun. PlympM. 
From a given right cone to cut such a parabolic section, that the solid generated 
by the revolution thereof, either about its axis, or its greatest ordinate may be th» 
greatest possible. 

IV. . QUESTION 314, by Mr. Josbph Williams. 
Emerson in his Increments has made use of a series to determine the integral of 

^-: — « — . « ss « : It is required to assign the integral in terms of s and i without 

onng a seriet } 

V. QUESTION 315, by Amicus. 

If, from two given points, two straight lines be drawn to a point in a curve of 
any order, given by position, so that their rectangle may be the greatest or the 
least possible ; these lines will have the same ratio as the secants of the angles which 
they make with the cuive (or with th« tangent) at the point of interMCtion. Re- 
qiiired the demonstration ' 

VI. QUESTION S16, by G. V. 

If from a given point straight lines be drawn to the extremities of any Mni con- 
jugate diameters of an ellipse given by position, th^ sum of the squares of these 
lines is a given space. Ilpquired the demonstration? 

VII. QUESTION 317, by G. V. 

Let ABCD be a parallelogram, draw the diagonal BC, and draw DE perpen- 
dicuter to BC ; then, perpendiculars drawn to AB, AC at the points B and C shall 
inteisect each other in the line D£. Required the demonstration? 

VIII. qpESTION 318, by G. V. 

If from one of the angles of a rectangle a perpendicular be drawn to its diagonal, 
and from their intenection lines be drawn perpendicular to the sides containing thft 
opposite angle, then, putting P and p for these last perpendiculars, and D for tht 

diagonal, p) •{- ;>' s D'. Required the demonstration ? 

IX. QUESTION 319, by Mr. Cunliffe, R M. Colkgt. 

Suppose a projectile delivered with a given velocity, what must be the angle of 
elevation that the length of the curve described in its flight above an horiaontal 
plane may be the greatest possible, supposing no resistance from the air ? 

X. QUESTION 320, by Mr. Cumlipfi. 

In a given circle to inscribe a triangle having two of its sides in a given ratio^ and 
the sum of the other side and perpendi cular thereon from the opposite angle a 
maximum. 

D 
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XI. QUESTION 321, by .Wr.CunLiFFi. 
SupixMe A piece of cast iron in the form of a cone^ the diameter of the bate be- 
ing tw«, and the pcrpenUicuTar height six fett. Suppose the rone fiKponded by 
the vertex, about which it is freely moveable : let two weights, of half a ton each, 
bn fastened by cords lo a ring in the circumference of ihe base, and let the cords 
pasftii'reely over two pullics In The same horizontal line with the vertex, at the dis- 
tapce of four and five feet, on the tame »ide of it. Required the position of the 
• oone^ a:;is wiie^in eqnilibrio ? 

XIK QUESTI« >N .•v:2, by Mr. Lownv, R. M. College. 

To find the nature uf th<.' curve which shaJI cut all the parabolas that can be de- 
fcnbed by a projectile, thrown from a given point, with a given velocity, so that the 
time of flight, from the given point to the curve, may be the same in each 
parabola, 

XIII. QUESTION 323, by Mr. Lowrt. 

To i)nd curves such, that any straight line being drawn through a given 
point to meet the^ curve in two p^nnts, the lectangle under it and a given line 
may be equal to the rectangle of the segments intercepted between the given point 
and the curve. 

XIV. QUKSTION 324, by Mr. Lowar. 

With #hat radius must a circle be de.>. ribed from a given point as a contre, so 
that intersecting another circle given by position, the length of the urch inter- 
cepted by the given circle may be a maximum ? 

XV. QUESTION 325, by Mr. Lowar. 

If two weights be su-^pended at the ends of twt strings which pass over two fixed 
pullies;, and the other ends of the <$tring<( be fastened to the exiremities of a given 
beam or rod which is moveable about a^xt^ point , what will be the. velocities of 
the weights when tbty move in a vertical diicction, the weight of the beam or rod 
being considered in estimating the motion of the bodies? 

XVI. QUESTION 326, by3lr. Lowrv. 
Suppo-e the vertex of s^iven cone to rest on an inclined plane while the axis is 
in a vertical direction; what will be the velocity of the centre of gravity of the 
cone when it is suffered to descend by the force of gravity, the vertex being at 
liberty to slide freely along the inclined plane without any obstruction whatever ? 

XVII. QUESTION 327, by Mr. W. Wallace, R. M. College. 

Let there be three curves of such a nature, that if a tangent be drawn to one of 
them, a given portion of that tangent is intercepted between the other two ; then, 
normah to the three curves at the |>oint:: of intersection and contact shall pass 
throuf h the same point. Required the demonstration ? 

XVIII. QUESTION 328, by Mr. W.Wallace. 
Let Al, B, two angles of a triangle ABC given in magnitude be upon lines of 
any kind. Draw AP, BP, normals to the lines at A and B, and join CP ; this last 
line shall be a normal to the line that is the/octwof C, the remaining angle of the 
triangle. Required the demonstration ? 

XIX. QUESTION 329, hy Mr. W. Wallace. 

Three curve> being given by position, shew how a tangent may be drawn to one 
-of them,' «o that a^ven iMirtiun of that tangent may be intercepted between the 
other two. 

XX. PRIZE QUESTION aOO, by Mr. Lowry. 

A dog and a fox start at the same instant from two places M and N, and run at 
the uniform rate of m and n yards in a minute respectively : the dog proceeds in 
a straight direction MS, but the wily fox pursues such a course as prevents him 
from being seen by the dog, a fixed object on the level plain being always in u 
direct line between them. Required the nature of the curve described by the fox, 
when the distances of the object from M and N, and the angle NMS are given ? 

SebUiens to tkae Qfiations must come to hand (post paid; by Jun^ \, 1812. 
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drawn from the centre of each circle to the intersection of the 
two tangents drawn to it, will meet in the same point. 

4. If three circles touch one another, the one of which is a 
mean proportional between the other two, and if tangents be 
drawn to every two of these meeting their diameters externally ; 
then It is known that the three points of section are in the same 
straight line : and it is required to prove that the square of this 
line has a given ratio to m' + N* + mn ; m and n representing 
the radii of the first and second terms of the proportion. 

VII. QUESTION'337,*y Mr. JoHM CavilLj Beighton. 

From two given points equally distant from the centre of a 
given circle to draw two lines to a point in the circumference so 
uiat their sum or difference may be equal to a given line. 

VIII. QUESTION 338, by L.G. 
Prove that the orthographic projection of any section of a 
spheroid upon the plane ot its equator is a circle. 

IX. QUESTION 339, by Mr. Noble, R. M. College, 
Given the base, the difference of the angles at the base and 
rectangle of the sides, to construct the plane triangle. 

X. QUESTION 340, by Mr. John Daw£S, Birmingham. 
Given the base and vertical angle of a plane triangle to con* 
struct it, when the segment of one side, next the angle at the 
base, made by a line drawn parallel to the other side from the point 
in the base where the perpendicular f^o^l the yenical angle cuts 
it| is equal to a given line. 

XL QUES^riON 341, iyANALYTicus. 

. 

Required the fluent of 7 r^-^^ r ? 

XII. QUESTION 342, by Mr. CuNLirf £• 
Find the sum of n terms of the progression 

1*. 2*4-3'. 4* + 5". 6* + f. 8*&c. ? 

XIIL QUESTION 343, by Mr. Cunliffe. 
A grey-hound spied a hare at the distance of half a mile, which 
he immediately pursued ; now the hare fled awaiy in a right line 
and the grey-hound made directly towards her : how far did the 
hare run before she was over-taken by the grey-hound, sup- 
posing the grey-hound's speed to that of the hare as ^ to 4, 
and the shortest disunce from the grey. hound to the line of the 
bare*s course, a quarter of a mile ? 

XIV. QUESTION 344, by Mr. R. J. Dishneah, Trinity 

College^ Cambridge. 
If the base of a cycloid revolve on the circumference of a cir- 
ck whose radios is equal to the radius of the generating circle. 
Determine the nature of the curve traced out by the extremity 
ot the ordinate of the cycloid belonging to the point of contact, 
and find the area (exterior to the circle; when every part of the 
base has been in contact with the circle. 
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I. MaihemaUMl Works UU^ Pwhluhed. 

TliA Phitotophical TvAnsaetions or the Royal Society of London, for 181 L 
The mttheraaticftl papei* canuin^rfjp thb volume ire, 1. On tho Exptiision 
of any Fupctions of MultioomiaU. By Thomas Katght, ^.-7*3^;fOn ihe 
RectfficatioD of the Hyperbola by meant of two Ellipses, piotiog that iftpthod to 
be circuitous, and such as requires more calculation than b reqpiiule, by |Q «p- 
propvWie TM^fJiki i in whidi procets a new theorem for the BmificAiioii of 
that Curfe Js disco?ered| to whic|i are added some fiirther ol^jserraiiont on the 
Rectification of the Hyperbola} among which the grctt advantage of defeending 
Series over ascending Series, in many cases is clearly shewn ; and several methods 
are given for computing the consunt Quantity by uhich those Series differ from 
cadi other. By the Rev.^o|in HeUins,B. T). F. R. S. being an appendix to his 
former Paperon the Rectification of the Hyperbola, inserted in the Philosophical 
Transactions for the year 1802.— d. On the Solar Eclipse which is said to have been 
predicted by Thaies. By Francis Baily, Esqr^4. Astronomical Observations 
relating to die Construction of the Heavens a rnnged for the pi?rpose of a critical 
examination^ the result of which appears to throw some qcw light upon the 
Oifsnization of the Celestial Bodies.' By Dr.Herschel. 

An Elementary Treatise on Astronomy. By Robert Woodhouse, A M. F.R^. 
Fdlow of Gonville and Caius Cbllege, Cambridge- 

An Elementary Investigation of the Powers and Properties of NttjnberSi with 
their application to the theory .of Aiithmetic,the Indeterminate an^ Diophatitine 
Analysb, the Division oftheCir^, 4cc. By P.BarJow^ of the Royal MiliUry 
Academy) Woolwich. 

A Treatise on the Resolution of the Higher Equations ia /^4g<rV*.* By W. Lea. 

A Course of Mathematics designed. for the useof |he pfl^cets aad.C|idets of (1^ 
JHoyal Military College. By Isaac Dalby^ Professor of Mathematics in the said 
College. VoLd. Third Edition^iCorrected,. with additiQOs. .. ' 

Outlines of Natural Philosophy ; bemg Heads of Lectuivs delivered in the 
University of Edinburgh by. Jolin Playflur, Prqfetisor.of {Natural Philosophy^ ^c. 
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The Hi^ory of ^he Royiil Society. Bf Jbomas Thomson, -"l^iDi t'tRS, 

n. MaiUmaiiad WorhinthePrfiss. 

... ' ■ . . . • , 

The IfUa G^nita, or The Algdnaof the Hhidoos ; Trattlatedlirom the Periian. 

By Edward Sirachey^ Esq. 

A new set of Mathematical Tables, containingFictors,. Square^, Cjibes, Square 
Root», Cube Roots, H^'^rjocilffaiid Hyperbolid 'Logarithms of all JN umbers from 
1 to 10,000, the four latter columns true to 9 places of |gvresi—4n extensive T«ble 
of Floentrj some of the most useful Algebraical, Trigonemetiical Md Logarithmic 
Formulie,and several ether ii«^w'and useful Tables, wtthjin Introductibn shewing 
their variousiuesandapplifalioiis.. By P,JBarUiWt^th»' Royal MUitary Academy, 
Woolwich. 



Tire 

MATHEMATICAL REPOSITORY 



MATHEMATICAL QUESTIONS. 
To be answered in Number XV. 



I, QUESTION 351, by Mr. John Baiwbs, JUmiing. 

To divide a xiven number into two parts, such that the sum of their squares, aad 
the difference of their cubes may be squares? 

IL QUESTION 352, &y RiDiMTEOtAToa. 

Given the three right lines bisecting the angles and terminating in the opposite 
sidefl to determine the triangle. 

III. QUESTION S53« by Mr Jambs Adams, Stont ffottse^ near Plynumth. 

To determine that point in the curve of a given ellipse which is at the greatest 
distance from the extremity of the conjugate axis. 

IV. QUESTION 354, by Aliqvii. 

Given the two sides and the sum of the squares of the base and perpendicular of 
t^lane triangle to construct it. 

V. QUESTION 355, by Mr, S. Jombs, Uoerp9oL 

In a given circle to inscribe a triangle, such that the difference of its sides shall be 
In a given ratio to the difference of the segmenu of the base made by a perpendicular 
from the vertical angle, and the prism whose base is the triangle and altitude the said 
perpendicular a maximum . 

VI. QUESTION 356, by Mr. Cunli rra. 

To find two rational fractions, either of which being added to the fourth power oC 
the other shall make the same sum. 

VII. QUESTION 357, by Quidam. 

Given the greatest and least slant sides of an oblique cone, to determine the diav 
xneter of the base, that its solid content nay be the greatest possible. 

VUl. QUESTION 358, by Quidam. 

-...,_ * u • c •. • ^ 1.5 . 1.5 9 1.5.9.13 . . 

rmd the sum ofthe infinite series - -._ + -_^-_^-^+&c^ 

IX. QUESTION 359, by Mr. R. J. Dishnbaoh. 

If any conic section revolve upon an equal conic section, the motion beginning 
from the vertex, it is required to shew how the loeus of the vertex of the revolving 
' conic section may be determined: and apply it to the case of a parabola. 

X. QUESTION 300, by iU Reo. Mr, L. Evams, ^f tU Boyal MUUary 

Academy f Woolwich . 

In fig.145. pi. 4, which represents a vertical section of a pendulum Invented bf 
Mr. Adam Reid of Woolwich, for wliich he has received a premium of the society of 
arts, AdeIphi,Ai is a steel rod,CD is a perforated cylinder of zinc supporting the bob 
B at in centre and resting on the regulating nut r turned i<y ascrew at the lower end 
of the rod AB 3 so that as the steel rod contracts or cxfiaiids, the zinc will be also af- 
aftTted, keeping the bob always at the same distance from the point of suspenMon. 
Now supposing the expansion of stoel-rod to ainc u> be in the proportion ot 1 14 47 to 
£242 and that the pendulum i> intended to vibrate seconds, what must be the toiigih 
of the cylinder of zinc to effect the purp4>se of compemating for heat and culd, nut 
taking into consideration the quantity of matter in, the roetaLi ? 

fOL. IT. ■ 
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XL QUESTION 361, 6^ G. V. 

Let CAT^ CBit b« any two given semi-tliameters of art clfipse ; from any jjoint v iti 
thecurve leivA be drawn parallel to a line given by proition, to meet one •.{" tlicm 
in A i there is another line given by posilion to which if ▼• b*s drawn paralU-!, so a> 
to meet the <ither diameter in n, the line joining a and o shall have a given ruiio to 
cr the semi-diameter parallel to ai. 

XI I. QUESTION 362, by J. H. 
To express the ratio (i.'«) of tlie. circumference of a ciiclc to radius in a formula 
involvingonly powers and roots of 2. 

XIII QUKSTION 363, by J. H. 

X a^ 7 3 
If the series + '— *c, be denoted by «l ( 1+a), it U required to shew 

that the following equation hold^, 

XIV. QLT.STION 0C4, by J. II. 

If a cylindrical vessel placed vcriicaily and kept full of water, be bored in innum- 
erable points, the issuing fluid will be bounded by the surface of a conical frustum. 
Kequired a proof. 

XV. QUESTION S65, by J. If. 

Let AM be the a:iis, mp an ordinate and pt the ungcnt of a common catenaria; am 
and the tangent of mpt will be certain functions of mp, which we will denote bv c 
(Mpjand s (mp) j then supposing ih« length of the portion of chain equal iu weij^ht 
^to the tension at A,to be unity ,the finictions c and i wUi bave the toHowing propei lies, 

1 c(a)2 —ma)- = 1. 

2 8 (a + b) = 8 (a), c (b) + c(a).s {u), 

ii c i'a + b) — c (a), c i'b) + s(a). s (b). 

4 c (2 a) =2.c(a/- — 1. 

XVI. QUKSTION nC6, by J. H. 
If Peas betaken at random out of a ba^, there i;j a greater probability of taking an 
odd than an even number : A proof is required. 

XVII. QUKSTION C67, by J. H. 

Let » s= 1 + - -{"tt; +Torr + ^*^« ^^ ** required to shew that the definite in- 

1 /* 2 COS d C ) 

legial- # i/9. < between the limits Oc5:0, 9caws4 j 1— }4-^.^5eow t 

is equal to Uie series 1« + (1-)'+ (fij)'+ (-T^)' + **= 

XVIII. QUESTION yG8, by J. 11. 

Let s be the focus of a parabola P, . v ^fo\ .•••!'/ \ whose vortex is a, axi« am, 
and latus rectum l. Draw any line SP.. and make n angle% P,.^ ^^Vqv ^('2^ 

6Pyn% r^ V ^^(i\ '^""^ '> ^'^ equal to each other. Draw SQ so that ttm 

angle MSQsn timet the angle MSP^ . \ : It is required to prove that 

SPpjXSP^gjXSP.^jX ^^fn^= i.«-^Xsq. 

XIX. Ql-K:5TlON CS'J, by J. H. 
To find the form of eq'.iilibrunn of nr. arch built from one jilanct to another, con- 
ceiving each pa>:icle aiiintared with a force directed towards the sun, and varying in- 
versely as the iK]uare of the distanci* from its centre. 

XX. PRIZE QUKSTION i)70, by Mr. I.owrv. 
If two given weights be fastened to the ends of a string, which passes over a fixed 
pulley, and the greater weight di-sccnd by the force of gravity, and drayrs up the 
other along a curve, which is In the same vertical plane as the pulley : required the 
nature of the curve when the time of a>cent from one given point to another is the 
least ])OSBible . 
The solutions to these questions must come to hand (post-paid) by June 1, 1814^ 
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* 

23. The first term of an arithmetic series is (a), the last term 

(/)» the common diflference (d) : also<S, S» S S are the 

123 w— 1 

sums of the first, second, third, {m — i)^** powers of ibe terms : 
Shew that (/ + dT—d^^m.d,. S + ,» . ^IZi.i'. S + 

m • - ' • — • ^^ • S -k- &c. 

a 3 »— 3 

24. A great circle revolves about the axis of a sphere with an 
uniform angular velochy quadruple of that which a point setting 
off from the pole advances along it. Find the two surfaces into 
which the motion of the point divides the hemisphere. 
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THE SENATE-HOUSE PROBLEMS, 

I 

I 

6$tf€n to the Candidates for Honors during the Examination 
for the Degree of B. A. in January^ 31813. 

BY THE TWO MODERATORS, 

MoMDA7, Jamoart 18, 1813. 

Monday Morning. — Mr. Macfarlan. 

4 

First and 'Second Classes. 

1. Sum the series, cos. A + cos. 2 A + cos. 3 A .... -f- 
cos. nA where nA = whole circumference. Also the series 

-— - + 3_l,&c.ad.inf. 
••346 

St. Find the fluent of ^ : -; ; and prove that 

the fluent of x*x between the values of x = o, and x = i is 

1 a* 3' 4* 

3. AB (fig. 6. pi. A^) it a spherical reflecting arc ; C the 
middle point; AT and BT tangents from the extremities, to 
which CP and CQ are drawn parallel : It is required in these 
lines to find two points, P and Q, so that all rays proceeding 
from P and incident at A or B may after reflection converge to Q, 

4. Find the quantity of refraction by the circumpolar stars, 
(Boscovich's method)* the refraction being supposed to vary as 
the tangent of the apparent zenith distance. 

5. The angle contained by the two equal sides of an isosceles 
spherical triande is greater than the angle contained by the chordi 
of the same si£es. 

X iX 

6. Find the value of the fraction when ;ir = o, and 

X 

of (1 — ;c) un. — when a? = 1, at being =: semi-circumfcr- 

1. 

ence of a circle rad. =r i. 

7. If a straight line be drawn through the centre of gravity of 
a triangle to meet two sides and the third side produced ; the rect- 

igle under the segments of this line measured from the centre 
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of gravity on one side of it is equal to the sum of the rectangles 
under the same two segments and the segment on the other side 
of the centre of gravity. ' 

8. Determine the position in which a lever of given length aAd 
uniform thickness will rest between two given inclined planes. 

9: If the resistance vary as the velocity, and the force of gra- 
vity be constant, the times of describing all chords of a circle 
terminating in the extremity of a vertical diameter are equal. 

lo* In moving from the equator to the pole, the increase of a 
degree of latitude varies as the square of the sine of latitude* 

11. A body revolves in a circle, the centre of force being in 
the periphery. Investigate the nature of the curve traced out by 
the extremity of the perpendicular upon the tangent ; find its 
area and length, and the value of the greatest ordinate. 

t9» The density of a lever of given length varies as the n^ 
pover of the distance from one extremitv by which it is suspen- 
ded. A given weight (P) attached to tne other end, and acting 
perpendicularly by means of a pulley keeps the lever horizontal. 
The lever (when P is removed) would vibrate m times in'^'^ 
Required the weight of the lever, and the index (n). 

13. A body, urged by a force varying inversely as the square of 
the distance, describes from rest a given straight line, while the 
line itself revolving uniformly performs one complete revolution. 
Required the area described. 

14. The perimeter of an equilateral triangle inscribed in a 
circle is greater than the perimeter of any other isosceles triangle 
inscribed in the aame circle. 

Monday Afternoon. — Mr. Macfarlan* 

Fifih and Sixth Classes. 

t. Reduce ^ ^ — ^to its lowest terms; and 

x^ — y* 

prove the Rule for Hnding the greatest common measure of two 
quantities a and ^. 

2 . Extract the square root of 3 1 5.tt7 1 , and show generally that 
if there be n figures in the root there cannot be more than an nor 
less than {%n — i) figures in the number whose root is to be ex- 
tracted. 

3. Prove that the hypothenuse of a right-angled triangle is less 
than the sum of the two sides by the diameter of the inscribed 
circle. 

4. Given the tangents of two arcs; find the tangents of their 
sum and difference. 
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j. When the force varies inversely as the square ot the dist. 

•u^ _ . J. ,. ,,. (axis major)* 

the periodic time in elhpsea vary as>' ^ ^ — —. 

6« Solve the following equations : 

(1). xz zzy\ X +y ^r « = 21, *' +/ + «• = 189. 

(S)« *• + y* = 34. **— x^ = 10. 

7. Prove that a geometric mean between two quantities is a 
mean proportional between an arithmetic and an harmonic mean 
between the tame two quantities, and 'Show of these three mean 
terms which is the greatest. 

8. Extraa the square root of a* — t* to four terms by the 
Unomial theorem* 

9» Find the fluxions of (a •{• x) x ^[a — x) ; of ax and 
tbc fluent pf -; — -J. 

10. A body is projected from the bottom of a given inclined 
plane with a given velocity ; find the direction wnen the range 
will be a maximum. 

11. Tlnd the focal length of a glass sphere. 

lA. The specific gravity of gold and silver being {a) and (i) 
and of their componnd (c). rind the ratio of the quantities of 
the gold and silver in the mixture. 

13. Given the latitude of the place and the sun's altitude at 
six o'cloclu Find the time of the year, and give the propor- 
tions for solving the spherical triangle. 

S4. Construa the supplemental triangle, and prove its pro- 
perties. % 

15. In the parabola the recUngle under the principal latus 
rectum and the abscissa is equal to the square of a semi-ordinate 
to the axis. 

16. Prove the rule for the extraction of the square root of a 
binomial surd, and apply the expression to 7 — a v^3. 

tj. In a triangle whose sides are («) and (^), and included 

angle ^ of a right angle, the square of the base zz r • 
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Monday Afternoon,— Mr. Jephson. 
Third and Fourth Classes. 

!• Investigate the rule for extracting the square root of a 
binomial surd, and apply it to find the root of n 4-2 v^(i — a*)- 

2. The true zenith distance of the polar star when it first 
passes the meridian is. 46® fio' \^*' Ts'" *"^ ^ ^^ second 

' passage is 50* 25^ ^q*' 30 • Required the latitude of the 
place. 

3. If any number of cjrcles be drawn through the given 
points A and B cutting a fiven circle, the lines which join the 
points of intersection shall all meet AB produced in the same 
point. 

4. In a system of (n) equal pullies, each hanging by a se- 
parate string, and the strings parallel, having given P and W 
and the weight of one pulley, find ^n) when there is ^n equi- 
librium. 

5. It a vessel be filled with fluid, the pressure on any part : 
die weight of the fluid : : area oi that part X the depth of its 
centre of gravity : solid content of the fluid. 

6. If /^ + 1 : 1 be the ratio of the tangents of two angles, and 
m : n the ratio of their sines, shew that p-h-x : 1 is always greater 
than m in. 

7. Prove that /C_* , = I hyp. log. ^^-^ ^^l^^"^) 

8. Sum the series 2* + 4*-4-6* + 8* -h &c. to («) terms, 
and shew that the series i' + a'4-3'+ &c. to (n) terms, equals 
the square of the series 1 4- 2 + 3 + &c. to [n) terms* 

9. Prove the following formulae. 



1 



s' 



sin. [X — z) = ultimately sin. x — z cos. x ^ . sin. jc, (z) 

being^diminished sine limite, 

cos, A 4- sin. A . ^ 

A ' • • — :r ^ ^^"g- 2 A + sec. 2A, 

cos. A — sin. A ^ ' 

and having given an arc A, fiitd another arc B so that tang. 
B — sec. A — tang. A. 

10. Force oc j^ — p shew that the velocity at any point of 
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the descent a tan. ( - ) • ^ being the circular arc whose dia- 
meter is the first distance, and versed sine the space described. 

1 1« The increment oF a semi-circular area made by ordinate! 
perpendicular to the diameter : the coatempory increment of the 
corresponding sector : : vcrs;'d sine of twice the arc : radius. 
Required proof, and find that point at which the difference be- 
tween the sector and the area is a maximum, 

12. Transform the equation y^ -I- 2py^ — 33^*y "^ *4^' = o 
into one whose co-elficientsjire numeral. 

13. Determine that point in an ellipse, force in focus, where 
the velocity is a harmonic mean between the greatest and least 
velocities. 

14. Find the content of the greatest cone that can be cut out 
of a given paraboloid, the vertex ot the cone being in the centre 
of the base of the paraboloid, 

ij. Find that point in P's orbit (11*^ section) at which the 
tangential ablatious force : tli^ mean additious : : 3:2. 

Monday Evening. — Mr. Jephson. 

1. Extract the square root of /^mn -f-,2 . (iw* — n) • ^/C"* * )• 

9. There are [p] arithmetical progressions each beginning 

from unity, the common differences are j, 2, 3, . . . . ^, shew 

that the sum of tbeir n^ terras zz ^— ^- ^ — • — —^. 

2 

3. Force to S OC ^ . ^. — tt prove that the velocity acquired 

in descending down any space AC : that which would have 
been acquired at C if the force at A had continued constant : : 
the chord : the sine of a circular arc whose diameter is SA and 
versed sine AC. 

4* If systems of logarithms be taken, whose bases increase 
in geometrical progression, shew that their moduli decrease in 
harmohical progression. 

5. Given the sun's declination, and that the sun is due east 
when half the time between his rising and twelve o'clock is 
elapsed ; find the latitude of the place. 

6. There are two events A and B independent on each other: 
the probability of A's happening : probability of failing i' p lyi 
the probability of B's happening i probability of failing : : r : 5. 
In (2») trials what is the probability that they will happen alter- 
nately all along ? 

VOL. 111. V 
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7. Trace and construct the curve whose equation is y^ = 

and determine the acute andc at which it cuts the 

c — X ° 

axis. 

8. The concave surface of a cylinder filled with fluid is 
divided by horizontal sections into (n) annuli in such a manner 
that the pressure upon each annulus is equal to the pressure 
upon the base ; given the radius of the cylinder^ find its height, 
tnd also the breadth of the {p^) annulus. 

• ^, 

9. Find /- r; also having given na^czf^ . s*'""" i 

find /(fl + «")"* ^ . 2*"*"" £; also find the values of y vx 






1 • y 

the equation -y — -r^ rz o. 

10. Sum ^ + 2 1 13 y g^^^ j^ 

1.2, 1.3 2.3.3.5 3-4 -5-7 

I ft 51 

(n) terms and in inf, and =■ + ; + — ^t 4- &c. in 

^ 1 • 3 3 • 5 5-7 

inf. and apply the method of increments to sum (») terms oi 

the series i + -^ + ^-^ + ^JL^ + ^^^ 

1-3 a • 3 3-3' 

1 1 • Find the equation to a spiral in which the angle described 
by the radius vector SP a — j^ ; and shew that the subtangent 

Ox 

to any point P : the corresponding circular arc described witb 
radius SP and beginning from the asymptote : : 1? : i. 

IS. A revolving spheroid will retain its form if four times the 
primitive gravity at the equator : five times the centrifugal force 
of rotation : : semi-axis : the elevation of the equator above 
the inscribed sphere. 

13. Two e^ual weights sustain each other by means of three 
tacks situated m the same venical plane ; prove that the vertical 
pressures\are together equal to the sum of the weights. 

14. An inverted paraboloid is supplied with water at a given 
rate ; given its dimensions, and the area of the orifice which ig 
in the vertex : It is required to find the highest point to which 
the water will rise, and also the time. 

15. Parallel rays are incident upon a semi-cycloid in a directi<m 
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perpendicular to the base, find the caustic, and shew that the den- 
sity oc tang, d + 2 tang. 2d (d being that arc of the generating 
circle of the cycloid which corresponds to the point of incidence. J 

16. If (v) n the true anomaly, u = the eccentric, and e: 1, 
the ratio between the eccentricity of the orbit^ and its- semi-axis 

major, then cos.t; = '■ — r. Required proof. 

\ ~i~ C • COS. 1§ 

17. A logarithmic curve being described, construct for ita 
sub-tangent. 

18. P and Q are placed at the ends of a lever, P hangs by a 
thread ; given r and Q, it is required to find where the fulcrum 
must be placed so that the tension of the thread may be a 
maximum. 

19. A body oscillating in a medium whose resistance a(vel.)*, 
construct for the resistance at each point. (Newt. prop. 29^ 
vol. ii,) ^ 

20. By means of the compasses alone, it is required to in- 
scribe in a square an equilateral triangle having one angle in an 
angle of the square. 

21. The comer of a rectangular piece of paper is doubled 
down^ so that the triangle shall always be of a given area, prove 
that the vertex of the triangle will trace out alemniscata, whose 
area equals the area of the triangle and which may be described 

by a force placed in its knot varying as -«r^ . 



23. A quadrant is stretched out into a straight line, and upon 
it as an axis ordinates are drawn which are equal to the versed 
sine of twice the intercepted arc ; find the whole area of the 
curve so traced out, and determine the point of contrary 
flexure. 

23. The nodes being in quadratures, prove that the mean de« 
crement of their motion arising from the acceleration of the areas 
if equal to |th of the decrement in syzygy. 

24. If a perfectly flexible and uniform chain of a given weight 
coincide with the convex surface of a vertical quadrant having 
one radius horizontal^ find the velocity acquired in its descent, 
and the tension at a given point in any given position ot tha 
chain. 



1L^» 
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Tuesday MoRNiNc-r-Mr. Jephson. 
First and Second Classes* 

1. Are the quantities V — a x^/ — iandC/ — a A 1/ — B 
possible or impossible ? 

2. Given that a parabolic area : its circumscribing parallelo- 
gram always : : m : n; it is required to find the ratio between 
the solids generated by these areas revolving round their common 
axis, and to apply it to the case of the common parabola. 

3. Shew that at a point of contrary flexure the fluxion of 

X 

■r= o. 

4. The inscribed sphere is taken away from an oblate sphe- 
roid of small eccentricity ; find that annulus parallel to the 
plane of the equator which attracts a corpuscle ai the pole with 
a maximum force* 

5. If ( — a) be a root of the equation 

a?" -H/^x""-^ H^ px""^^ ±. &c ± W zi o, shew 

that X 4- a is a divisor of the expression 
xn ^ p^n-^\ r^px"^^ ±, &c ± W. 

6. The latitudes of two places on the same meridian are ob*- 
scrved, and perpendiculars to their horizons arc drawn meeting 
within the earth : (not supposed to be a sphere) ; shew that the 
angle at which the perpendiculars will meet is equal to the dif- 
ference of the observed latitudes. 

7. Find the content of the solid generated by the revolution 
of a cycloid round a tangent parallel to the base. 

8. Explain the Nonius, and shew that the instrument is ren*- 
dered more sensible by increasing the number of the divisions. 

9. A bag contains three red balls and two white ones; what 
is the probability of taking out a white ball in two trials ? 

10. Give a geometrical construction fi>r finding the resist- 
ance upon any curve, and apply it to dcicrmine the ratio be- 
tween the resistance upon a catenary moving in the direction of 
its greaiCbt ordinate and the resistance upon its axis. 

11. The circumference oF a semi-circle being considered as 
an abscissa, and ordi nates drawn from its convex side in a di- 
rection perpendicular to the diameter and varying as the n*^ 
{K)Wcr ot ihe intercepted arc. it is req^uired to draw a tangent to 
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the quadratrix thus traced out, and to shew that in the case ot 
the cycloid, the tangent is parallel to the corresponding chord 
of the generating circle. 

12. A perfectly hard body falls down an inclined plane AB, 
and is inflected along another inclined plane BC ; now AD, 
DE, EF are respectively perpendicular to CB produced, to AB 
and to the horizontal line CF ; shew that the velocity acquired 
at C is equal to that which would be acquired hy falling 
down EF. 

13. Every recurring series whose scale of relation is/^^4-^, 
ma^ be resolved into three geometrical series, whose common 
ratios are the roots of the equation x^ —J^^-^gx — e 1= o. 

14. P hanging freely raises W up an inclined plane by means 
of a thread not parallel to the plane; find the tension of the 
string. 

15. If (/) =: the time of a comet's passage between its nodes, 
iq) zz one year, v = 3-i4i59> then will the line of nodes =: 

— r")» ^'^ earth's mean distance being (1). Required 
Droof. 



Tuesday Afternoon. — Mr. J^piison. 
Fifth and Sixth Classes. 

1. Shew that sin. ( — A) = — (sin. A), and that cos. ( — A) 
=: COS. A. Is sec. ( — A) = H- or — sec. A ? 

2. Solve the following equations : 
(1). a + a? + ^(2ax + a?*) = i. 

^ X X + y y * y X ^' 

3* The earth a sphere, and its radius 4000 miles, find what 
dlisunce may be seen by a person 9 feet high. 

4* Divide *» — px^ + qx — r by x — a. 

5* If two equal forces sustain each other by means of a 
string passing over a tack, shew that either of the forces : pres- 
sure upon the tack : : radius : 2 cosine of half the angle at which 
the forces act. 
• 6. If a : ^ : : c : ^, then will a ± mb : b :: c ± md : d. 
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7. Prove that the radius of a circle which bisects the chord 
yill bisect the arc. ' 

8. Shew that the versed sines of the same angle in different 
circles are to each other as the radii of the circles. 

9. If A : B : : C : D. theo will log, D = log. B + log. 
C — log: A. 

ID. An inverted paraboloid is filled with a fluid ; find that 
horizontal section which sustains the greatest pressure. 
11. Explain the magic lantern. 
18. Shew the use of logarithms in finding the value of 

A*v-(B*— C) 
C l/(D^E. F/ 

1 3. Find all the combinations which can be made out of the 
letters of the word Baccalaureus. 

14. A certain velocity (v) is communicated to each of two 
perfectly hard bodies at the instant of their impinging on each 
other. Shew that the common velocity after impact equal a ±i 
what would have been the common velocity if (a) had not been 
communicated. 

ij. Find the fl8*>>term of the series 13, 127, 127, &c. and 
sum the series 2, — -y + ^*^, — -jj^, + &c. in inf. 

16. Take the fluxion of ix -|- ^a?" ) and find the / , 

^ a— ffix 



n 

and / . 



17. Prove that in all curves the centripetal force: the cen- 
trifugal:: SP:i.^. 

i8. Force to S ocf dist. ; shew that the velocity acquired in 
descending through any space AC : that which would have been 
acquired at C if the force at A bad continued constant : ; sine : 
the chord of a circular arc wliose radius is SA, and versed 
sine AC. 
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Tuesday AFTER^4ooN. — Mr. Macfarlan. 
Third and Fourth Classes. 

1. Solve the equation x^ — 11^^*4-36^ — 36 = 0, the roots 
being in harmonical progression. 

£. If («), a prime number, be the index ol a binomial, every 
term of the expanded binomial, except the first and last, is 
divisible by (n). 

3. If two bodies be acted upon by constant moving forces in 
ihe proportion of 5 : 4, describe spaces from rest in the pro- 
portion of 4 : 5, and acquire velocities in the proportion 5 16. 
Required the ratio of the quantities of matter. 

4. In.a given circle, the plane of which is vertical, to draw 
a diameter, which shall be described by a heavy body in any 
given time, not less than the time in which the vertical dia- 
meter is described. 

5. The least angle, which can be made with the horizon by 
any great circle passing through the place of a star at any given 
time, is measured by the star's altitude. 

6. The periodic times in all ellipses round the same centre 
ve equal. 

7. Find the eCTects of precession in right ascension and de« 
clmation ; and show when the effect in right ascension vanishes* 



x^x 



8. Find the fluent of -7- j- and ofi x (sin. 2)'. 

9. Sum the following series : 

(»)• !■ + 3* + 5* + 7* to 12 terms* 

(2). 1 . X + 21* + 3** + 40?* . . . . + nx^. 

(3)- 71+7: + ^ +7««^^**^-^'**'- 

10. The density of the sun's rays formed by a spherical re. 
fiector : density ot his rays formed by a glass sphere of the same 
radius : : 9:1. Required proof. 

11. Compare, after Nevrton's method^ the resistance upon 
the solid generated by the revolution ot a cycloid round the 
base, moving in the direction of the base, with the resistance 
upon the circumscribing cylinder. 

1 8. Having given the angle of a j^lane triangle, the side op. 
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poslte to it and the sum of the other two sides. Requirei the 
sides. 

13. Let a sphere descend by its gravity in a fluid, whose 
specific gravity is to that of the sphere as 1 to n. Find the 
greatest velocity it can acquire on supposition 1 hat the resistance 
varies as the square of the velocity. 

14. £xtract the square root of a ()y a continued fraction. 



Tuesday Evening. — Mr. Macfarlan. 

1. If the national debt be Aof. and V£. be annually invested at 
compound interest as a sinking fund, in how many years will 
the debt be discharged, the interest of A not being considered ? 

2. Find the sun's place in the ecliptic, when the aberration 
of a given star in declination vanishes ; and shew that the abep* 
ration in right ascension is not necessarily a maximum when the 
aberration in declination = o. 

3. Find, after Newton's manner, the law of force whereby a 
body may describe a semi-ellipse, the direction of the force 
being perpendicular to the axis major. 

4. Vyhen the force varies inversely as the fourth power of the 
distance, and a body is projected from an apse with the velocity 
acquired in falling from an infinite distance, to define the orbit. 

5. Tlie curve AVR (fig, 7, pi. a^) and the semi-circle APB 
have the same abscissa i the ordinate MV is equal to the tangent 
of half the arc AP; Prove that the area AMV is equal to 
twice the circular segment AP ; and find the point of contrary 
flexure. 

6. Sum the series — ^— '^ -4 2 — to n tenxis. 

1.2.3 2-3-4 3' 4-5 

C% „% Q% 

and h ■ ■\ to n terms and ad 

1.2.3.4 2.3.4.5 3«4*5-6 

infinitum. 

7. Find the chance ot throwing three aces exactly in five 
throws with a single die. 

8. Find the greatest of all triangles having the same vertical 
angle and equal distances between that angle and the bisectioa 
of the opposite side. 

9. In orbits of little eccentricity, the greatest equation of the 
centra is equal to twice (he eccentricity. 
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pcndicular to the horizon. Required the law of force which 
will-make it recede uniformly from the horizontal radius, and 
the time elapsed and the velocity acquired ac any point of the 
descent. 

20. If any number, a multiple of ii, and a number con- 
sisting of the same digits in an inverted order, be each divided 
by 1 1 , the sum of the digits in the two quotients are equal. 
Required a proof. 

21. If » be a prime number, the product ofixsX3X4...>c 
(n — 1) when increased by unity is divisible by w. 

22. If the co-efficients of each term of the expanded binomial 

(a •— ^)* taken in order, be multiplied by the terms of the pro- 
gression i"*, 2*", 3*", &c. taken in order, the result is equal to 

nothing, n and m being integers and n greater than m. Required 
a proof. ^ 

23. Let a, /9, y, 8cc. be the roots of the equation x* -« 
nax"^^ + n . l^TlS) ^V^*- &c.=-* ; then cT^+^'+y^' + 

&c. =: ^ ' ' ^ -XwflVar less than ii.J 

i»a.3 ^ 

Required a proof. 

24. A body, whose weight is W falls down the length of an 
inchned plane, which has the power of moving freely along an 
horizontal plane, on which it stands. Given the weight of the 
prismatic figure composing the plane; it is required to find the 
path of the body W, the time of describing it, and the lait 
acquired velocity of the moveable place along the horizontal 
plane* 
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ARTICLE I. 

Solutions to Questions proposed in Number VHI. 

I. QUESTION 241, by Helozam Satby. 

A person standing 35 feet from the foot of an obelisk, threw a 
stone just over the top of it, which fell 4 1 feet from the obelisk 
on the other side, and the time of the stone's flight was observed 
to be 3 seconds. Now, supposing the stone was discharged six 
feet above the /oot of the thrower, and the ground horizontal ; 
■ it is Required to determine the height of the obelisk, neglecting 
the ur's resistance ? 

First Solution, by Mr. Joii^i C av iltj^ Beigkion. 

Let Dv (fjg. 1. pi. 1.) represent the obelisk perpendicular to 
the horizontal line AB ; P the point at which the stone is de- 
livered ; Pvh the parabola described by the stone in its flight, 
and PE a tangent to ihc curve at P. Let BE be perpendicular 
to AB meeting the tangent in E, and suppose P/* parallel to AB 
meeting Dv in w, ilic curve in p, and BE in n ; and let PA be 
perpendicular to AB; also let D;7i be produced to meet PE in 
F. The whole time of the stone's flight, by the question, is three 
seconds, which is well known to be equal to the time in which 
a heavy body, by the force of gravity, would freely descend from 
rest at E, along the rii^ht line EB. Therefore by the laws of 
falling bo<lies BE = 9 x i6tV = i44ifeet. Then by the 
property of the curve 

P/<* : PnC : : PE : Fi;=: (P/;i* -r- P/i') X BE = 30-69923. 
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And by reason of the parallels, BE, DF 
Pn :Pm :: En : m¥ =zFm x E/i ^ Pn = 63'898o«. 

Then we shall obviously have mv zz m¥ — Fo = 33' 19879, 
and Dv :=. Dw + wi/ zz 39' 19879 feet the required height of 
the obelisk. 

Second Solution, ly Mr. Thos. Bazley, Bolton* 

Let AB (fig. 1. pi. 1.) be the horizontal plane, DLz; the 
obelisk perpendicular thereto, and AP (parallel to 'Dv) zz six 
feet : let PFE be the line of projection meeting the vertical line 
BE in E and the obelisk produced in F ; draw PLB meeting 
Dc; in L, and let AP = 6 feet = a, AD = 3,5 feet = b^ 
DB =41 feet = d^ Dv = Jf, / = 3 seconds zi time of flighty 
and^ =: 16-rT feet. 

Then by the principles of constant forces BE is = ^/% 

and by similar triangles b + d : b :: gt^ : LFzzbgt^ -f (b-hd); 
and by uniform motion b-^d : b :: t :bt -r- (6 -^ </) = time im 
PF= time in Ft; : consequently Fv =: g (bi -^ {t -j- d))^. 
Again, b -^d : d :: a : DL z=: ad -t- (b + d) ; whence 

Solutions were also received Jrom Messrs. Adams. Crane, FiU 
matt, Grisenthwaite, Harvey, Kay, Marratt^ Swale, Toplis, and 
Watts. 



II. QUESTION 242, by Mr. German Buxton. 

To find two numbers such, that if either of them be subtracted 
Trom the square of the other, the remainder shall be a square 
Rumber ? 

Solution, by Mr. Wm. Marrat, Boston. 

Let X and y denote the two numbers. 

Then by the question ;t* — y and y* — x must both be squares* 

Put **— ^=:(f — Jc)'=:r* — 2rx+** which gives 4f=:(r* +^J-r2f ; 
theref. J'* — ocz^zy* — ^=:=a square = {s — y)*=:5* — 2jy +>*; 

whence y s= ■ ■ ■ ■ and x =: — - which are 

general expressions for the two numbers where r and s may be 
expounded by any unequal rational numbers at pleasure. 
M. 1. Taker =: e aad# = a ; thea xsf and^r^f. 

Ex, t. 
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Ex. 2, Take rr=3and 5=1; then x c= -j^and^ =Tf« 
Solutions were also received from Messrs, Adams, Cavill, 

Crane, Filmatt, Grisenthwaite, Harvey, Smith, Swale, Toplis, 

mnd Watts. 

III. QUESTION 243, h Hypatia. 

An arc of a given circle, beinpr given in magnitude, draw a 
tan^^'nt to it, so that the part of the tangent intercepted between 
lines drawn from the centre through the extremities of the given 
arc* may be given in magnitude ? 

First Solution, by Mr. J. Wallace, Teacher of the 

Mathematics in Edinburgh. 

Let AB (fig. fi. pi. 1.) be the given arc, C the centre of the 
circle, and D£ a straight line to which the tangent is to be equal. 
Draw AF perpendicular to CA; make A F equal to D£, and 
upon it describe the semi-circle AGF ; from G, the point of 
intersection of this semi-circle with the radius CB produced, 
draw GH perpendicular to CG and let it meet AF in H ; draw 
CH intersecting the arc AB in K ; then through the point K 
draw the tangent LKM ; aad the part LM of this tangent iater- 
cepted between CL and CM shall be equal to DE. 

For join AG, GF : then since the angle GAC is equal to 
GFH, and CGA to FGH ; the triangles CGA, GHF are simi- 
lar; hence CG : CA or CK :: GH : HF. But from the si- 
milar triangles CGH, CKM, we have CG : CK : : GH : KM; 
therefore by equality of ratios GH : HF : : GH : KM; kence 
KM is equal to HF. But it is obvious that KL is likewise equal 
to HA ; consequently the whole LM is equal to the whole AF ; 
that is, to the given line D£. 

S£COND Solution, by Tyrotatos. 

Let AB (fig. 3* pi. 1.} be the given arch, and C the centre of 
the given circle. Make AM perpendicular to AC and equal to 
the given length of the tangent ; draw MI parallel to AC meet- 
ing CB produced in I. On the diameter IC describe a semi- 
circle cutting MA in L ; draw CL to meet the circle in D, and 
through D draw the tangent £F, which is that required. 

Draw IL to meet CA produced in G ; then the angle CLI 
(in the semi-circle] being a right angle, the line IG is parallel to 
the tangent £F ; and the triangles ALG, LIM being similar, 
we have, AL : LM : : GL : LI : : ED : FD. 

But AL is =: to ED, therefore LM is equal to FD, and con* 
lequently £F 18 c= AM ^ the given length. 

A a Third 
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Third Solution, by Mr. German Buxton, London^ 

Let AB (fig. 4. pi. 1.) be the given arc, and pq the given right 
line; and draw the radii CA, CB. Bisect the given line pq by 
the perpendicular moy and draw po making the angle pom =r the 
angle ACB. Upon AC take A/i = mo^ and draw nO at right 
angles to AC ; from the poi^t C to «0 apply CO =1= po. With 
the centre O a:nd radius OC, describe a circle cutting ihe right 
line PQ, perpendicular to AC» in Pand Q, and join CP, CQ. 
On C A produced take CE = CP and from E draw EDF touch- 
ing the given arc in D, and meeting the radius CB in F, and the 
thing IS done. 

Dem. Draw the radius CD to the point of contact D, also 
(Jraw OM perpendicular to PQ; then MO — Anz=zmo\ and 
OP := OQ =: op^ wherefore the right-angled triangles POMt 
pom^ are equal in all respects, and therefore PM = pm and 
2. POM=: ^ilPOQ =:ilPCQ =l.pom =:Z-ACB, by con- 
struction and Euc. 20. III. Again in the right-angled triangles 
CAP, CDE, CE z: CP and CD = CA, therefore ED zz PA 
»nd Z- ECD n Z. PCA, and from the equal angles ACB 
(ECF), PCQ taking the eaual angles ECD, PCA there will re- 
main Z. DCF n Z. ACQ, and therefore DF z= AQ; conse- 
quently EF = ED -f DF ;= PA + AQ = PQ = pq, the 
given line. 

Solutions were also received from Messrs, Adams, Butter- 
worth* Caniab. Caiensif, Cavill, Grisenthwaite, Filmatt, Har* 
vey, Kay, Marrati, Reeves, Swale, Toplis, and Watts, 

IV. QUESTION 244, by ScoTUS. 

In the isosceles triangle ABC, having: AB zr BC, if the point 
D be taken in AB, and DC joined. The solid under AC* and 
DB, is equal to the difference of the solids undei AB, DC* and 
AD'. Required the demonstration ? 

First Solution, iy Afr. J. T. M'Doneld, 

Dem. Draw DE (fig. 5, pi. 1.) perpendicular to AC ; and ^ 
DP, DG parallel to BC, AC. 

Then by similar triangles AC : AB :: FC (DG) : DB ; ' 
hence AC-DB = AB-FC, and AC"-DB = A BAC-FC, 

Now ACFC = FC* -+- 2EF-FC =z= CD* _ DP = CD* 
— AP% by Euc. II. la. Tbcrcf. AC»-DB = (PD«— AD«)-AB. 

Secqnjd 
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Second Solution, by Mr. J. Adams, Stonehouscy near 

Plymouth. 

On AB (fig. 6. pL i.) demit the perpendicular C£ ; 

then per Euc. VIIL 6. 2AB x AE = AC%and 

EucII. 13. DC* + aAD x DE = AD*+AC*. 

Tlicrefore 
DC» — AD^nAC* — 2ADE = 2BAE — 2DAE = 2BD.AE. 

Hcnce(DC* — AD*) X ABASED xAExABz: AC* xBD, 

Third Solution,./*^ Afr.RoBERTSMiTH, w^iir Manchester. 

Draw DG (fig. 5. pi. 1.) parallel to AC meeting BC in G and 
join AG. Then AG and CD are manifestly equal to each other, 
AUoZ. BAC = BCA = supp. DOC. Therefore a circle will 
pass through the points A, D, G, C. Then by a well Known 
property of a trapezium inscribed in a circle 

AC X DG + AD X CG = AG x CD, that is 

AC X DG + AD» = DC».or AC x DG=DC*— AD% 

and AB >c AC x DG = AB X (DC*— AD*). 

Again by reason of the parallels DG, AC, 

DG : AC : : BD : AB. whence DG x AB = BD x AC : 

wherefore ABx AC xDG=BD X AC-=AB x (DC*— AD«K 

Solutions were also received from Messrs. Butterworth, Cavill. 
Filmatt, Harvey, Kay, Mairatt, Reeves, Swale, Toplis, and 
Waits. 

V. QUESTION 245. 6y X. 
Required the fourth root of — a? 

First Solution, by Mr. Wm. Crane, Boston. 

By squaring the binomial ^a + ^ — ^ , we get 

' i 

bence 

2a* 
and cxiftcting the square root? 

V- a = ± (^^^+^-^?^ ±^*X(1±^), the answer 

required* 

- SscONB 
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Second Solution, by Mr. W. Grisenthwaite. 

Let a'^y (ienotethc required root ; then fly*— — j,oray*4-fl==o; 
iherefore^ -f- i =ro. Put (y*+ 1) -5- 2yiri/,ory*4- 1 = 217, tiled 
(jy'+ i)'=>'H-2/+ 1 -4i;y;/+i=4i/y-2/==y*(4t/*-2)=:o. 
or4i'''-2=o; whence »r:±v'^. And from the equation;^' -h i=2iy|f, 

5 = v± /(v*— 1 J =dt •!=*=• '^= ± y'i X (t=tt/— i)j 

I 1 

consequently d^y rzz ± a^v^f X (1 ^^ — !)• 

Third Solution, fy Afr. Wm. Makrat^ Boston. 

Let ;c be the root required and a r=: i*; then jc* = — azz^^f 
or ;r* -4- i* = o. A $sumc *♦+ ^* = (;jr*— .<^* + **)(**+ ^^ + ^) ; 
then by multiplication 

A*+ *♦= a:* + 2*V — c*x* -h i^szT o, or 2^^^?* — c^x* =0 ; 
dividing by x^ and extracting the root we get c = ^ • 2. 

Hence *♦ + 6^ = (x« — *;c • 2 + ^*)(jt* + ^* v' 2+**) =05 
consequently a^ — J;c • 2 4- ^* = o, and ar*+ .ixy 2.+^* =::o ; 
and by resolving these two quadratics we get 

r 

I 

and ,= _ A =t_-^_,=:^^ (_ , ±^_ ,,.. 

Solutions Wire also received from Messrs. Filmatt, Harvey, 

Toplis, and 'W^iis. 

VI. QUESTION 246, By Mr. Bazlet. 

Suppose a spring to be compressed through a space of 6 inchef, 
and that a weight or pressure of 64lbs. retains it in that position : 
Now the spring being loosed, and suflfered to act on a weight of 
5 lbs. ; it is required to determine the velocity generated in that 
weight, with the time of acceleration, for any space : the spring 
exerting its force horizontally ? 

Solution, ly Mr. Geo. Harvey, Jun. Plymouth^ 

Let a ( = 6 inches) denote the length which the spring con- 
tracts by the weight or force f(z=z e^ibs.}, w the given weight 
upon which the spring acts (= ^Ibs.), isihd g s=: i6xV« Let x 
(lenoce the distance described by the re-expaniiou of the springy 

vtkt 
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^ the velocity generated, and/tbe time of description : also let 
y denote the motive force or weight which would compress the 
spring through the space a — *. Then by the nature of 
elasticity 

/ -f : 2 « : tf — a:, whence f = (/-f- a) [a — x) ; and therefore 
KJ^ -=- a') = (/-r aw) {a — x) expresses the accelerative force. 

A.ndby aknownTheor.r/i;i= -^-'^•(fl— ;ir), whence r/*?=^^-^f 2tfX-«») 

which is correct, because when x zz o^ v = o ; therefore 

»=r V ^{2aX"X*); and when Af=fl,r/=v'-"*^^= 172 -176 inches. 
aw w ' ' 

• • * * ^ X aw ^ 

Again / =^= -7- = ^ — /;and 

taking the fluents / = R x • (aw -r zgf)^ where R denotes the 
length of a circular arc, radius 1, and versed-sine x-r-^i which 
when X =z a, becomes ^{aw — ugf) x 1*57079 = '054739. 
seconds. 

Solutions were also received from Messrs. Bazley, Marratt, 

Toplis, and Watts. 

VII. QUESTION 247, by Amicus. 

A vessel is to be made in the form of a segment of a sphere, 
capable of containing a given number of gallons. \Vliat must be 
its dimensions, so that being filled with water, the time of ev<i- 
cuation through a small aperture made in the centre of the bottom 
auy be a minimum ? 

First Solution, by Mr. Thomas B/^zley, 

Put X for the height of the segment, and d for the diameter ; 
also let ^ = 3*1416, and 5— the solidity. Whence^ {di — x"-) i 

:= s ^nd s = p Hdx* — ^x\ and therefore rf = (6i f- ^px^) 
-7- 3^;c* : now the area of the descending surface of the fluid is 



Pfdx ^- X ) zz p L ' — A J = — , and it is shewn 

'^^ '^^^ 3/>^ 3^ 

by writers on fluxions that the time of evacuation is / — -z . ; 

where A is the area of the descending surface, and a that of the 
aperture which is supposed constant ; whercfoiv, pulling (bs — 
px^l -5- ^x for A, we have / =/x [px^ — 6a) -f- 6 iX ]/(gx) zz 

a minixnHOi 



a fninimum, and consequently x {px^ — 60 ^ 6ax \^(gx] = a» 
and therefore px^ = 6^, or ^ = ipx^. But zP^^ ** ^^^ solidity 
of a sphere whose diameter is a\ and hence it appears that the 
entire sphere answers the conditions of the question. 

Second Solution, iy Mr. Wm. Watts, Plymouth- 

Put r = the radius of the sphere, x = the height of the de- 
scending surface above the orifice at the end of the time /, A = 
the area of the surface at that time, a = the area of the orifice, 
g zz 32TTCet, n -= 3'i4i59> 8cc. and .9 = the content of the 
segment. Then the velocity of the water through the orifice 
will be = v^(2^x), and the quantity discharged during the in- 

stantr will be =:a/i/(2j?x]. But in that instant the upper 
surface of the water descends through the space x ; therefore 
the quantity discharged in that time will be = A;c : Hence wr 

have at V(2£x) = —A*, or / = -7-7 . . 

When the solid is a sphere, as in the present example, A is k 

n 4 4' 

fifarx — a:*), and we have /= — — — : x [2rx i — *^x), 

and (by integration) t zzz — ; — ; X lirx'^ — -J-*"^), the time of 

av[2g) 

emptying the spherical segment whose height is x and radius r. 
Now, by the question, this value of t is to be a minimum; and 
the content of the segment, or the expression ^n(^rx'*' — x'), 
a constant quantity (s) i, the radius r, and the height x of the 
segment, being both considered as variable quantities. 

By taking the fluxion of \rx^ — f^c , the. variable part of 
the expression for the time, we get ^ --— =^ • 

• 

And by taking the fluxion of \n [yx^- — x') — f, we get ^ =r 

X — 2r V 3X — 6x X — 2r 

, whence ^ z: , or x— 2r. 

X 4X X 

Whence it appears th^t a sphere of a given capacity will 'be 
emptied in a less time» than any spherical segment of the same 
•opacity. 

Solutions were also receive J from Messrs. Filmatt, Grisanth* 
waiic, Harvey^ Swale, and Toplis. 
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VIII. QUESTION 248, by Peter Puzzle. 

To cut a given square into seven pieces which may be put to« 
f ether one way, so as to form two unequal squares, and another 
way, so as to form two rectangles. 

Solution, hy Mr. John Cavill. 

Fig. 7* PL 1. From the opposite angles a and c of the square 
abed draw ax and cy, bisecting the sides be and da in jc and ^; 
fronn the other angles b^ d^ draw hn and ds parallel to tach other 
and perpendicular to cy and ax respectively, cutting ax in r and 

Zin m ; then if the square be cut through these lines it will bo 
vided as required. 

For it it plain from the construction, that if the parts BC^, 
B'C, and AA' be joined by the sides ad^ be ; ab^ cd\ ar^ cm ; 
they will form a square whose side will be ar or cm and == 4 
timet the square D. Alto AC, A'C and BB^ being joined by 
At, cy ; and cx^ ay^ will form two rectangles unequal and dit« 
timiiar. 

Remark. If BC^ B'C, AA^ be joined by ay,dy\ bx.cx; 
and ojp, cy respectively, they will form three equal squares and a 
rectangle; and if ex, ay ; ax^ cy are joined, they will form two 
equal and timiiar rectangles. 

IX. QUESTION 249, by Amicus. 

One end of a perfectly flexible chain is fastened at a given pointy 
and the other end thrown over a pulley placed in a given position. 
It is required to find what part of the chain must be thrown over 
the pulley, so that the whole may rest in equilibrio, the length 
of the chain and its weight being given ? 

Solution, ij^ Amicus, the Proposer. 

In fig. 8. pi. 1. Let A be the given point where the end of 
the chain is fastened, BC the part which hangs over the small 
pulley, fixed at B, and AGB the catenary formed by the other part 
of the chain. Then the whole will evidently rest in equilibrio 
when the weight of the part BC it equal to the tension at B in 
the direction of the curve at that point. Let tangents BD and 
AD be drawn to the curve at B and A to intersect in D, and draw 
the vertical line DH. Then it is proved in several of the ele« 
mentary books on mechanics, that the tension at B is to the weight 
of the chain BGA, as the sine of the ang'e ADH to the sine of 
the angle ADB ; or, since the weights of any two portions of 
the chain are proportional to their lengths, the part which it equi- 
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, , . , . „ . lenirth BGA x »in. ADH 

valcnt to tht tension at B is = 2 . 

sin ADB . 

Draw BE and AF parallel te the horizon, meeting the axit 
G£ of the curve in E and F, and draw AK parallel 10 GE.mccu 
ing BE produced in K. Put BK = «. EF ~ wi, BE = y. EG 
•= jr^archBG = z. AF = u. GF = i/, arch AG = w, the lengih 
of the chain :?=. /, and the length of a portion of the chain whose 
weight is equal to the tension at G = a. 
Thcnz-f-i iscthe sine, and x-^2=ithe cosineof the angle BDH, 

Also tt-^tt; 18:=. the sine, and i;-ra;= the cosine of the angle ADH ; 
therefore the sine oi the sum of these two angles, or of the angle 

WTXA • fx^jtvv , ,„^ , lenffthBGA.sinADHj 
BDA,isziT-a"*"-^,con8eq.thepartBC,(or — 2 • aD6 



U=:(«, + „U(g-4-«^) 






Now, by the property of the catenary, tax + ** = 2*, and tak- 
ing fluxions, we have i = x (a + x) -f- z, or i 4. i=:2-i.{tf-4-*). 

Also /*=£•— *•=*• \ (tf +*)*—«* } -r2»=**a*-7-«*.or>=:ifl.i-«, 

and/ 'irz^ a ^{a + x). In a similar way we find u ^w ss 
a -r (a + v)f and vJ^w^ tu^ {a^v); these values being 

substituted in equation a, we have BC = ,V\,,, ^ it 

, (w + z)(a + x)*{a + ») . , 

andconsequently ^^^^^^,^^^^^^^ . + w + z=zt. 

Or, since v sz x — «, we have 

Again, by the property of the curve,/z=axh.l. {(«4-x+x)-rtf i 
and ussa X h.l. Ua — m + x + w) -J-a I ; hence 

y +tt=»=«Xh.l. '- +ax W- ■ - y 

Now, if in the equations /3, 7 we substitute for z and tv their 

values ^{stax + x') and |/) (aa — m -h a) (;r — m) |, we shall 

have two equations containing only x, a, and known quantities, 
and from thence we can determine x and a (by the method of 
irial and enor) when the gtven parts are expressed in numbers. 

When 



When m is = O9 or the points A and B are in a horizontal 
line, i; is =: .V, z = a;, and y =i in; and the expres?ion for BC 
becomes a-\- x; hence we have a {- x -h 2Z s^ t; alio y, or 

!»==« X h. I. J (fl + X 4-2) -i- fl J ; and, passing to numbers. 



* = ^, ^being the number whose h. 1. is i. 

Hence we have these two equations^ a+x-|-ai^(2flA+;K*)=:/, 



a 



and ae = fl + a: f V{2ax + **),to determine the values of 
X and tf • 

If a portion of the chain, sufficient to preserve the equilibrium, 
be ihrown over a pulley at A, instead of its end being fastened at 
that point ; it is evident (when the points A and B are in a hori- 
xontal line) that the part hanging down from A will be equal to 
llic part BC« or to a -^ x, and consequently we have 

{n 

•(« + «) + 2« = /t md ae^ zn a + X + z =z iK 

Solutions were also f-eceit/eJ from Messrs. Harvey, Swale, 

Toplis, and Watts. 

X. QUESTION ft5o, iy Jack Hazard. 

Suppose the position of a ball to be given on a triangular biU 
liard table ; to find the direction in which it must be struck, so 
that after rebounding from all sides, it shall strike another ball 
whose position is likewise given : the angles of incidence and re- 
flexion being equal. 

Also, to determine the.direction the ball must take, that when 
continually reflected from all the sidei^ it shall pursue the same 
track. 

Solution* iy Mr. John Kay, Royion. 

Let ABC (fig. p/pl* I.) be the triangular table, P and Q the 
given points where the balls are placed. From P draw PG per- 
pendicular to AB, making KG = KP ; then G will be a given 
point. From G draw Gn perpendicular to CB, making HL = 



ioD; joio PD and QF; then if the ball at P, be struck in the 

B B direction 



direction PD, it will rebound from D to E, from E to F and 
from F to Q, 

Because PK = KG, tl>crigh' -angled triangles PKD, KGD 
arc equal in every respect, therefore the angle PDK is equal to 
the angle KDG, or to the opposite angle EDB ; consequently 
the ball after striking AB at D will be reflected in the direction 
DE. 

Again because GL =r HL, the angle GEL is equal to the 
angle HEL, or to the opposite angle FEC ; therefore the ball 
after striking BC, at E, will proceod in the direction EF. Also 
because QM = MI, the angle QFM is equal to the angle IFM, 
or to the opposite angle CFF.; theiefore the ball after striking 
AC, at.F, will proceed in the direction EQ. 

Next to determine the direction the ball must take, from a given 
point, so that when continually reflected from all the sides it may 
proceed in the same tidck. 

Draw fPa (fig. to. pi. i.) to make the angle P^fAequal to the 
angle ACB which is opposite to the side AB. Also draw ab to 
make the angle 'Rab equal to the angle P^A, be to make the angle 
Cbc equal to the angle a^B, cd to make the angle hcd equal to 
the angle Cc6, de to make the angle ed& equal to the angle cdh^ 
and join ef. Then it is evident that, if the ball be struck at P in 
the direction Pa, it will be reflected from a to b^ from b toe, from 
c to d^ and from d ioe\ and we have only to prove that it will be 
reflected from e toy, and trom / to a. 

Because the angU's^zA, ^^zB are each equal to the angle ACB, 
it isobvious that the angles ^^B, Cbc are each equal to the angle 
BAC ; the angles Ccb^ Acd each equal to the angle ABC ; and 
the angles f^A, ^^B each equal to the angle ACB : hence cd is 
parallel to^z, and de to ab ; and the triangles cdA^ aBb and bcC 
are equiangular, 

therefore cf: da :: cA : Ad :: cC : cb^ 
da: be : : aB : Bb i : cb : ^C, 
and ex aequo £/: le :: cC : bC ; 

therefore jJr is parallel to cb ; consequently the angle CgTis equal 
to the angle Bed, and the angle Cje equal to the angle a/ A ; or 
the ball after striking the side BC at r, will be reflected from e 
to /i and from / to a, and will continue to move in the track 
PabcdefP. 

It mav be shewn in the same way that, if the ball be struck in 
ft direction parallel to ab or to bc^ it will continue to move in the 
m^ner required. Hence if the ball be placed at a given point 
on the table, there arc three directions in which it may be struck 
so that it shall continue to move in the same track, and return to 
the place from whence it set off after being twice reflected from 
each of the s^des. It may» however, be placed in such a posi- 
tion as to return after one re&ection; for if we suppose the 

lines 



lines /j, cd and ab^ (/^ to coincide, or a triangle abc (fig. ii. 
pi. 1.) to be inscribed in tbe given one, so, that its sides may 
make equal an^j^les with the sides AB» BC, CA, it is obvious that 
iTihe ball be placed in any oF the sides al^ bc^ ca^ and struck in 
the direction ot that side, it will continue to move in the track 
abcm Tbe points a, b^ c may be found by drawing the lines A^, 
Ca, and Be perpendicular to the sides of the triangle ; for then 
the points A, r, b^ B are in a circle, and the points B, a, c, C are 
in a circle ; hence the angles /'cC, ach, are each equal to tbe 
angle at B, the angles aZ^B, chC each equal to the angle at A, and 
the angles ca^y laB each equal to the angle at C. 

Solutions were also received ft ojn Messrs. Butterworth, Fil- 
matt, Marratt, Reeves, Swale« and'VofViz. 

XI. QUESTION 251, by Trigonometricus, 

Let P be a given point in CF the diameter of a circle, and 
PAB any line meeting the circle in A and B : Then the sine of 
tiie difference of the arcs CA, CB, has a given ratio to the 
difierence of their sines. Required the demonstration ? 



First Solution, by Mr. John Buttbrworth, Haggaie. 

ist. When the point is without the circle. Fig. 12* pi. i. 
Draw the sines AE and BH, and the radius BO. Make Al per- 
pendicular to BH and AD to BO. Then BI is the difference of 
the sines, and AD the sine of the difference, of the arches CA, 
CB. Now the right-angled triangles ADK, BIK are evidently 
similar, and AK is parallel to PO ; therefore Bl : AD : : BK : 
AK : : BO : PO ; but BO and PO are given lines, therefore BI 
has to AD a given ratio. 

and. When the point is within the circle. Fig. 13. PI. 1. 
Draw the diameter BOR, and produce the sine AE to meet the 
circle again in Q; join QR and QB, and' draw QI perpendi- 
cular to BH and QD to BR. Then it is evident that the arch 
CO is equal to the arch AC, therefore BI will be equal to the 
difference of the sines, and QD equil to the sine of the difference 
of the arches AC, CB. Now if the right angles BQR, IQA be 
taken from the angle BQA, there will remain the angle BQI =z 
to the angle AQR =: to the angle ABR; and since the angles 
at K and O are equal, the triangles QKB, OBP will be similar ; 
and the triangles IBK and KDQ are also similar ; therefore 
BI : QD :: BK : QK :: PO : OB; butPO and OB are given 
lincsi therefore the ratio of BI to QD is given. 

Second 



Second Solution, by jlfr. J. H. Swale, Leeds. 

1st. When the point is within the circle. Fig. 14. PI. 1.— 
Draw CD parallel to AB meeting the circle again m D ; then 
the arch DB is = to the arch CA, and the arch CD == to the 
difference of the arches AC and CB. Draw DErandCK per- 
pendicular to the radius BO, and DI perpendicular to CF; also 
draw DH parallel to BO meeting CO in Q and CK m H. 
Then CH is the difference of thc2 sines, and m the sine of the 
difference of the arches AC, CB. Now the right-angled tri« 
angles CHQ, QDI are evidfntly similar, and because CD is 
parallel to AB, and DO to BO, the triangles CDQ,PBO arc 
also similar; therefore CH 2 DI :: CQ : QD :: PO : OB, 
a given ratio. 

2nd. When the point is without the circle. Fig. 15. PI. t. 
Draw AI perpendicular to the sine BH, and BD perpendicular 
to the radius AO, and join DI. Then BI is the difference of the 
sines, and BD the sine of the difference, oi the arcs AC, CB ; 
and because of the right.angles at D and I, the pohits A, D, I 
and B are in a circle, therefore the angle IBD = IAD -= AGP ; 
and the angle IDB = lAB = OPA ; therefore the triangles 
IDB and OPA are similar^ and BI : BD : : AO : OP, a given 
ratio* 

Third Solution, i^Afr. Bazley. 

Draw the sines A£, BH (fig. 15. pi. t*] which suppose to 
lie on the same side as the point P in regard to the centre O. Let 
the distance OP be denoted by ^, and, according to the usual no. 
tat ion of writers on trigonometry, let the greater arch CB be 
called A, and the lesser arch C A be called B. Hence P£ = 
J, — cos B, and PH ^ d — cos A, and therefore by the similar 
triangles PEA, PHB, sin A : rf — cos A :: sin B \ d — coi 
R =: sin B (</ — cos A) ~ sin A, and consequently cos B =5 
d — sin B (^ — cos A) -r- sin A. Now by the well known for- 
mula in trigonometry sin (A — B) = (sin A cos B — sin B cos 
A) -7- R, m which if we substitute for cos B its value as above, 
we get 

sin (A — B)= I sin A x ^— sin B (d — cos A) — sin B cos A \ -f-R 

= (i/sin A— ^sinB) ^ R = (^/ -?- R) (sin A — sinB). 

Therefore sin (A — B) : sin A — sin B : : ^ : R, a consunt ratior 
In whatever part of the diameter the point P falls the demon* 
stration will be the same, attending to the changes of the signs. 
Thus in OF the cosines must be esteemed negative, and also the 
sines are negative below CF. 

Solutions were also received Jrom Messrs. Cavill^ Filmatt^ Kajr, 
Reeves, Smithy Toplis, and Trigonometricus Caatabrigiensis. 



Xn. QUESTION 252, hjf Amicui. 

To find a curve, such» that the rectangle contained hy the ra« 
diua of curvature and the abscissa shall always be equal to a given 
space? 

Solution, iy the Rev. John Toplis, Nottingham. 
Let X and y denote the co-ordinates of the curve, and a^ the 

given space. Then^ — dJ^ ^^"^ ^^ *^ expression for 
the radius of curvature, and by the question we have 

dxd'if — ^- 

Assume pib = ify, then, as dx is supposed constant, we have 
Jfdx = iTy ; substitute these values of d^ and d^y in the above 
equation and it becomes 

xdjt dp u • . !• a:* P 

— r = — i whose integral is — j = .. V »i\ » 

^ (i + ^«)* ^" ^(*+^) 

which expression is the equation to the common elastic curve» 
and may be integrated by means of elliptic arches. 

The problem may be resolved in the same way when the radius 
of curvature is any given function of the ordinate x. 

Mr. Filmatt answered this question. 

XIII. QUESTION 253, by Mr. Cunlifte. 

Let two inflexible rods of given lengths, considered without 
weight, be connected by a joint ; and let given weights 
be bstened, one at the joint, and the other two at the extremi* 
ties of the rods ; to determine how the rods must be placed at 
{wo given points upon an horizontal rod or line, so as to rest in 
cquiubrio?. 

First Solution, by Mr. Cvuliyti,^ the Proposer. 

The following solution will shew that this is an indeterminate 
problem. 

Any point, within proper limits, may be assumed at pleasure 
upon one of the rods by means of which another point may be 
detennined upon the other rod, which point, so determined, and 
she assumed point, being placed at the given points upon the 
horizontal rod, the weights will rest in equilibrio when the rods 
connected with the weights are in an horizontal position. 

Let AB, AC (fig. 16. pi. i*) represent the two rods, whose 
kngthsare given, connected by a joint at A: Let A denote the 

weight 



weight fastened at the point A ; B and C the other two weights 
fastened at the other ends.of the rods. Let P represent the point 
assumed upon AB, and P' the point to be determined upon AC, 
also let G represent the centre of gravity of the weights A and B ; 
and G' that of the weights A and C. Put AB = a, AC = b^ 
AP "= z, and AP' =: v* Then by thrf known property of the 
lever, B X PB -r- AP = B X [a — z)'^ z will express that part 
of the weight A which is balanced by B ; and therefore A — B 

(a — z)-^ z=z < ( A + B) z — Bal -f- 2 will express the part of 

the weight A which remains to be balanced by C. Again by the 

property of the lever we sliall have j (A + B) 2 — Bal yc v 

-r z=C(i& — I/) which gives r; = C*«-i- | (A+B-f C)z— Ba ^'* 

Remark. It is very obvious that AP cannot be assumed less 
than AG. 

Second Solution, by the Rev. J. Toplis. 

Let 6 (fig. 1^. pi. 1.) be the weight at the joint, A and C thoie 
at the ends ot the rods. Take BE : BC : : C : B + C, and 
BD : BA : : A : A + B ; then if A£, CD are respectively 
joined, the centre of gravity of the three weights will be at the 
intersection of the lines A£, CD or Q, and it is evident that if 
the horizontal line passes through Q the weights will be in equi- 
librio. Let L and G be the given points upon which the rods 
are to rest, and draw BI, AK^ and CH perpendicular to LG; 
then by the propeity of the centre of gravitv, B X BI = A x 
AK + C X CH. Put ABz:a,BC=:3, 6L = a?,andBG = 
y; then by similar triangles 

BL : BI : : AL = Ta — ;r) : AK = BI x {a — x)'^ x, and 
BG:BI :: CG=(* — y) : CH= BI x {b--y)^y; hence 

BxBI=AxBIx— " i C >cBIx^,orB=— — A + 

X y X 

— C ; therefore by reduction, y zz 



^ ^ , , . ^ - (A f-B + Ca:)-Aa* 

Whence it is evident that if L be taken any where between D 

and A, then BG is == /a -i- B-4-C ) BL— Ag ' *^ ^^^^ ^^ ^^ 
may be placed in an indefinite number of positions. 

Solutions were also received from Messrs. Butterworth, Fil- 
matt, Kay, M*Doneld, and Swale. 

XIV, 
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XIV. QUESTION «54. hy Qui dam. 
Find the sum of the infinite series 

4.5-8* ^ 5-6-3* 6-7.8' 7.8:? "^ *** 

First Solution, hy Mr. Jonathan Rkbvii. 

r 

By division , r. li = i + a* + qjc* + 4** -*- &c. 

Mnltiplying by x and taking the fluents, we have 



1 — * ^ a 3 ^ 1 — ;c 450 

Mukiply by x, take the fluents, and divide by 9^1 then 

** 1 — ^* ir 2.jc" a.gjc 3.4 4.5 5.6 0.7 

which agrees with the proposed series when x =: -«, and in this 

ease the value of the expression is= 42288 h.l. (9-7-8)— 5103 + 
121*5 + i'5 — ^ = *oi 898028 the sum required. 

Second Solution, by Mr. Robert Filmatt. 
The general term of the series is evidently 



(*+3) (^+4)3'''' 

2 7 

which is equal to gj jj. Therefore the 

• (*+3) (*+3)(*+4)3 
given series is equal to the difference of the two series 

a(| + J + g- + ^ + &c.) and 

7(— +- ^ + -^ + ■:rft"*-&c.) where* =i. 
A'5 5-6 6-7 7'8 8* 

Rut * = i +£*+!*+ - -t-ftc. 
4567 

Then*2» = i + i + ^ + i +&€. 

4 5 6 7 ^ 
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.* -J 



And adding z + - -|- - to both sides, we liave 



sz' + t 



23 2345 •/l--« 

729 hyp. log. I — 81 — 9- ^ = -03049966. 

Acrain - — i =: - + ^ + - + &c. and by subtraction 
* « 4 5 6 7 



2» . 2' . 2^ 



5-« £ + i= -4-=-?+#-4--o +&C- Therefore the iilm 
X 4 4.5 5.0 6.7 7.0 

required is = a^ — 7(5 — -+i)=585— ^=%i898o28. 

24 4 

Third Solution, ty Mr. Cunliffe, R. M. College. 
Pathyp.log.^p;^=5=:*+ ^^*- +^ +^ + &c (1) 



x^ . a;* I «' 



then sxz= jr* + i+-+i- + &c (ft) 

234 

amd taking the difference of (i) and (2} and multiplying by 6 

65(jr— 1)=— 6*+ — + — + \r + &c (3) 

V *-^ *-3 3-4 4-5 

alio by adding (1) and (2) we have 

^;r4-i)=x + 3fLV5l!+7iV95' + &c (4) 

1.8 a.3 3.4 4.5 ^' 

and taking the difference of (3} and (4) 

5(7 — 5*) = 7* -3^'—^+ flV3-+5^^' + &c. 
^ ^ ' ' 1.2 2.3 3.4 4.5 5.6 6.7 

and transposing and dividing by x^ we have 

By takingx= ~ this last formula will coincide with the caK 

3 

of the question, and we shall have 
A(5«7384«-5P760=TV(5O7384«'>-'-^9-5-8)-5976i)«'oi898oa8 

- 4-5-8* ^ 5.6.8* 6.7.8' T^S:? ^ 

XV. 
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XV. QUESTION 255, *;r Afr. CuNLiFFi. 

To determine the greatest space that can possibly be included 
within two equal given right line!;, and a curve, whose length 
u equal to one of the given lines ? 

Solution* ^y Amicus, 

Fig. i8* PI. !• Let O be a given point, and OA and OB 
given lines, to And the nature of the curve APB so that the area 
OAPB may be a maximum when the arch APB is of a given 
length. 

Draw any line OP, and put OP = y, and the arch ad ss x, 
the radius On being 1 ; then the fluxion of the area OAr is = 
|}*x, and the fluxion oi the arch AP =: ^{y* -f y*J?*}- Taking 
the fluxions of these expressions, supposing x only to be variable* 
and multiplying by the constant but indeterminate quantities ^ 
and^ according to the rule on page 101 of Simpson's Miscel- 

laneous Tracts, we^have (after dividing by y^x)^ — f""/r'* — »^^J 
?i:o»orputting^=^p and reducing, we get i = Jfd^J, — iy 

the fluent of which is jt = arch sin ^ -{" ^* 

« 

Now when x = o,>^ = OA = a, therefore c = -— arch sin-^jt 

and X + arch lin ^ := arch sin% 

This shews that the curve is a circle passing through the points 
O9 At B and having d for its diameter. For if 0£ be the dia- 
meter, and OS be perpendicular to 0£|^ and the sines ali, pQ 
be drawn perpendicular to OS, then by similar triangles, OE{3j 

: 0P(y) : : 0^(i) : ^Q = y -r- rf, and OE{d) : OA{a) i : Oa{l) : 

«H s a -r ^ ; hence, arch ap -\- arch aS (whose sine is aH) zz 

arches (whose sine is ^Q}, orx + arch tin^ = arch sin ^, 

The value of d may be found by the method of trial and error 
when the lines OA, OB and the arch AB are given in numbers ; 
For by assuming two values of </, we mav find the corresponding 
values of the arches A£ and B£, and by comparing their sum 
with the length of the arch AB, and noting the errors, a nearer 
value ot d may be obtained. And by making fresh assumptions 

c 2 and 



and repeating the proceis we may find the value ol'^d to any 
degree of accuracy that we please. 

The diameter being known* the area if easily found, for the 
space 0A3 is equal to the sector ADB, and the two triangles 
AOD and ODB. 

But when the lines OA, OB and the arch AB are equal, as in 
the question, the diameter may be found by a simpler process. 
For AB will then be bisected in £, and the arch AEwill be =r 
4^AO, z= to the sine of half the supplement of A£. To find an 
arch z whose length shall be equal to the sine of half its supple- 
ment, the radius being i, let n oe the number of degrees in the 
arch z, zxi^p zz 3*141j;926 the length of a semi-circle, or i8o^« 

Then 180** : n :: » : « = J~ = , or log. 2 = 

180 57*295779 

log. n — I7j8is26. It is evident that the arch as is less than 
the radius^ or n less than ^'f : suppose n = ga^, then half t)ie 
8upJ>lement is = 64®, and we have 

J. 52"* = 17160033 

subtract 17581S20 

I. arch z -=1 < . • 9*9578807 

• 1. sin 64"* ' 9*9536602 

the error = + 42205 

Hence it appears that n is rather less than 52^. 

Suppose then that ^ = 51^ then half the supplement is =: 
64^ 30"^, and we have 

l-5»'*= • 17075702 

subtract 17581226 

1. arch z = •••.•••. 9*9494476 

1. sin 64** 30' = 9*9554082 

the error = « 7-— "60406 

The sum of the errors = 10261 1 

So that n is greater than 51^ but less than 52^. 

Hence 10261 1 : 42205 : : i"* : 24^ . .40'''', and n (or the angle 
ADE) = 52° — (.24" . .40^0 = 5l^ -35^ . .20^' very near. 

Put (p = the angle AOD = |AD£, and r = AD = \i\ 

then r = ' , and the area of the two trianirlei ADO, 

2 cos 9 ° — ^ t 

BDO =: r* sin 2f = ^ "" ^ ; alio the area of the sector ABD 

2 cos 9 



IS 



i 
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B ^ r X AE z: r >c — =— : Hence the whole area 

t 4 cos 9 

OAB=: -i --^' = fl' >c •519312. 

4 cos 9 c^ ::^«:> 

Soluiions were also received from Messrs. Crane, Grisenth- 
waite, Harvey, Marratt, Swale, Toplis, ^^i^ Watts. 

XVI. QUESTION 256. ^^DiOPHANTUS, 
To find jr, y, and r, in- whole numbers when xy + z*, s^z+y*, 
yt -h**, and (xy H- 2«)^ -h (*z +>*r + (;'z + **) are 



four 



squares. 



First Solution, by ilfr. Cunliffe. 

Put x=/^(y + 2) ; then xy + 2*=:4>r(;f +z) + z*={2;f +2)* ; 
wlience (A;)f + 2*K=2;f + 2. AIso;cz4-y*-42(;f+2)+>*=^(;f+22)*; 

whence (jcz + y'J^^j'+sz. And;rz + Jc*=>z + i6(y f 2)*=* 
16^ H- 33y« + i6z*=a square =(rz — 4.v)*=r'«* — 8rzy+ i6y* ; 

whencev -^il!=ii). ;,-4(v + zl - 4^ (^' ■^- 8r + 17) 

Again we shall have (xy + z»)* + (*z + /)^ + (yz + **)^= 

3)^+ 8^ + ^^ — 4r='('^ + 3) — y=« ('^+3) — 8/- -H 33 
!(ZrMj7!±il5)^, 3 3^ ,.. whence z = ^^^-IML . 

Putii=i(7r'+57r+ii5),thenz=:j»(7r»-4-57r+ii5)(8r+83), 

y = z (r*— 16) -r (8r+ 33)=ri* (7*^ + 57^+115) ('^"-i6)t 
»=4z(r»+8r4-i7)-5*{8r+33)=4J«(7r*+57r+ii5)(r-+8r+i7); 
where r and s may be taken at pleasure. 

Take ^=: 1 and r = 5, then « = 575 x 7a = 4*975t > = 
575 X 9 = 5175 and * =: 4 (;. + z) = 188600, which are 
three numbers that will answer. But each of the three preced. 
ing numbers is divisible by 25, therefore we'may take z =: 16791 
jr s=: 807 and X = 7544. 

Second Solution, ly Mr. W. Wallace, R. M. Colleger 

Assamexy + z* = (^+ z)% and xs 4- ^ =: (^ +>)*• 
Tlicn xyzzpip'^r ««)• M = j (y + 2;^) ; 

and 



( t2 ) 

and hence, eliminating x 

. pz [p 4- 2z) = jy ((j + 2y). 
This equation will be ioimediately satisfied if we make 
pz Tz qy^ and ^ + 2z =r j' H- 2)f, 
and from this assumption we get ^ = 2^^, ^ = 9r ; and since 
*y - P iP"^ 2^) — 2V (2y \- 2r), therefore* =: 4(^ + z). We 
have now \to make yz + *' or its equal >z + i6 (jr + z)* a 
square : Let us make 

yz + i6 + 2)« = r». 
then, transposing and resolving into factors, we get 
Jrz =:(r + 4;' + 4z)(r— 4y — 4zj. 
Assume now my z= « (i" + 4^ + ^z)^ 
'I hen nz z: wi (r — 4^ — 4Z). 
From these equations we get 

{%mn \- «*) r («* — Swn) r 

" 4OT'-i- vin — 4n** *" "" 4»»* + m/i — 411** 

and subsiltuting in the equation x zr 4 (^ + s), we have x ^ 

-^-r . These values of .v, v and z satisfy the three 

4W1* + mn — 4«* ^ ' 

first conditions of the question ; but from the nature of the func- 
tions to be made squares they will be equally satisfied although 
wc reject the common denominator, therefore we have more 
simply 

jc = 4 [m^ 4- fi*) r,y = iZmn i- n*) r^z zz (w* — %mn) r 
From these we find 

xy H- 2* = r' (fTf* + %mn 4- 2«*)-. 
jrr + y = y^* (iiy«* — 8m«+ n'JS 
yz 4- a:* = r' (4v»* +- i»« — 4»*) * ; 
And the sum of the square roots of these expressions is 
r 17/n' -f mn — »^), 
which must be made a square. Now this may be done In two 
ways- 

FiKST. Wc shall evidently make it a square if we assume 
r = 7» and give to m and n such values that "^m^ \- mn — a* =1 
77;^. From this equation, by resolving into factors we have 

7 (m \- t^) (w» — t;) z: n (n — m). 
Now, putting a and b for any two numbers, we may assume 
•jb (m + xf) zLa[n ^ w), a (m— v) = ^n, 
and hence wc get 

^ - a* — 7^* — flA' "* " a*_7**_fl^- 

These values of m and n lyill be integral if we suppose v equal 
to the common denominator. From this method of resolution 
then we get the following fennulse for determining tbt numbers 

scnmhl. 

Tdie 
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Take w = a* + 7**, and /i =r a' + tj^al^ a and b being any 
two numbers whatever, or m and n may be any two numbers in 
the proportion oi a' + 7/'* 10 a* + nai^ then x = 28 (w* f-«»). 
y = 7 ^8«n -h n*), s iz 7 (i»* — Smn). These val:ies of x, y 
and X will give us the values of xy -f 2*, jca: + y^^ yz 4- ar* as al- 
ready stated, {r being put z: 7) and v/(*y + «*) + |/(^« + >*} 
+V'(y2 + **) equal to 7* (a* — ab — jb*)*. 

SicoN DLY. We may alto render the function r (7W* -f mn 
-— »■) a square as follows. Let any numbers whatever be sub* 
fltituted for m and n in the expression ym* -f mn — • n*, and let 
the result be put under this form, av*; then if we taker = a^ 
f(7m* + mn — n^) will become r* »■, and consequently will be a 
square; we shall then have 

X ^ 4« (i»* +«*), jf = a {9mn + «*), « = a (w* — 8«ii). 

But in order to make z positive we must make m> dn. 

Ex. 1. Let us suppose ^ti =9, /i = i. 

Then 7»i' -\- tnn — n* =^.^3 x 5"; therefore a r= 23, and 
linicex=4 x 23X 8a»:7544,y=23 X73 = i679»2=23^ 9=»o7« 

Probably these are the smallest positive numbers that answer 
die conditions of the question. 

Ex. fi« Let m =: 10, n = i. Then ym* + mn -^ «■=: 709, 
a prime number, which can only be expressed under the pre« 
scribed form thus 709 x I't bere therefore « = 709, and x zz 
886436, y = 57429, 3 = 1 4180. 

XVIL QUESTION 257, *yAfr. W.Wallace. 

Let APBC be a parallelogram. Draw AB, one of the dia« 
gonals, and from P, draw any line cutting the diagonal in E, and 
the other two sides of the parallelogram in D and d. Then £D 
X £^ = PE*. Required the demonstration ? 

First Solution, ^^Afr. Robert Parkinson Brooke. 



ig. 19.PI. 1. Tbe triangles BEi, A EP;andPEB,AEDare similar, 
therefore PE : Ei : : AE : EB;and ED : PE : ; AE : EB; 
therefore, by equality, PE : Erf : : ED : PE ; or PE* zzLdx ED. 

Second Solution, byMr.J.T. M'Doneld. 

Draw CF (fig* 19. pi* i*) parallel to EP and equal to it. 
Then by similar triangles DE:CFz:AE:AFz:BF:BE=:CF:i/E. 
Hence ED x Erf = CF» = P&. 

Solutions were also received from Messrs. Bazley, Butterworth, 
Buxton^ Caviil, Filmaa, Kay, Marratt, Reeves, Snith, Swale, 
Toplii, Ty rotatof, and J. Wallace, 

^ XVIII 
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XVIII. QUESTION, 258, *y Amicus. 

Find the position of a plauie passing through a given point on 
the surface of a given right cone^ so that the periphery of the 
ellipse made by the intersection of the plane with the conical su- 
perficies may be a minimum ? 

Solution, by Aiaizus^ the Proposer. 

Let aCb (fig. so. pU 1.) be the given cone, and B the given 
point on its surface. Let a plane be drawn through B, and the 
axis of the cone, to meet the conic surface in the straight lines 
aC, ^C, and draw BA parallel to the base of the cone. Draw 
BD perpendicular to Ca, and let licdQ be the section whose 
transverse axis is BD. Then since BD is the shortest line that 
can be drawn from B to Ca, it is obvious that if any plane be 
drawn to meet Ca, in a point below D, the transverse and con- 
jugate axes of the section will be respectively greater than those 
of the section HcdD ; therefore the periphery of the former will 
be greater than the periphery of the latter; and consequently the 
cutting plane cannot meet Ca below the point D when the peri- 
phery of the section is a minimum. 

Let £^ then^ be the point where the cutting plane meets Ca ; 
then it is pretty obvious that BE must be the transverse axis of 
the ellipse. Bisect Bfl in 0,and let IH be the conjugate to BE; 
also draw EF and LOM parallel to AB. Put AB = a, AC = 
CBz: A.DB = r, DC = ^, BE z= ;r, IH = y. 1 — (y*-r **) 
=: tf, and n zz 3'14159, &c. 

Then DE = v^(a*— c*), CE=(7 — v^(;c*-c*), and by similar 
triangles AC : AB : : CE : EF, or 
i : a : : d— v'Cjc'— c») : (a-ri) ///— /(a«— ^))=: EF. But 

IH*=4lO*=:«LO-20M=AB-EF-(a*^i)(rfV('^*-^*))^;'*- 
therefore 1—^= » — I^. (^- •(**— c')) =^ 

and taking fluxions, we have 

Now by Art. 434, Simpson's Fluxions, the periphery of the 
ellipse whose transverse axis is x and conjugate axis y is zs: 

nx{i—^ — -3?* _ 4^ — &c.) 
^ a 2 ••4* 2'.4".6* 

zi vx (1 — A^ — Btf* — Cc^ — &.Ct), putting A =: -|t 
^ ^ 8«.4*'^ - ^V^*' ^^' And 



e. 
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the ellipse OH* : OZ* : : OH'— OK* : EK*. or 

n* : «» : : ««-4: EK» = ^ (»»' - ^^) ; 

fcenceEF = x=^ y + - v'(n*^>-* ), and P'F = « = « —7. 
And by taking fluxions, and reducing, we shall have 

which expression being integrated by infinite fteriesi and made to 
vanish when y =: A, we shall obtain the requisite time for passing 
over any given space. 

When the ^iven points are in a horizontal line, r is =: o, j=: i , 
H = the semi-transverse, n = the semi-conjugate^ and we have 

f = /-T~ n ^ —V ^ . f and when » = fi ; 

or the curve is a circle, wc have / = /-} — 7-^{x—m — i\ 

U It ought to be. 

If r be put for the radius of curvature at El^the pressure against 
the curyei or the force exerted against the string m the direction 

S£,is =gxi ^ + ^^^LIZJII Let P denote this force. 

iM substitute for i apd z their values found above, then we shall 
have . 

c my 

And when the points are in a horizontal line 

-,., fm ^+?U2Z1*). In this case if ^ = n 

= a^ and h = 0| or the body descend throuj^ a quadrant of the 

^pse, P will be = ^ (s .+ ^) : and when m is =: ii, P will 

be = 2S* which we know to be triie from other principles. 
The Rev. Mr. Toplis answered Ms question. 

B fl XXL 



P = 
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XXI. QUESTION «6i, by Amicus. 

Let there be an indefinite number of circles PAB, PA'B^, 
l^Af^W'p 8cc. ^tou/ching each other at P ; it is required to find t)^ 
nature of the Curve cutting these circles in the points B, B , B , 
&c. sOy that joining PJ^, PB^ FW^^ &c. the area of the circuUr 
3egments PAB, PA'B', PA^'^B^', &c. may be equal to die same 
given space ? 

First Solution, hf Mr* Lowry, R. Mb College* 

Let the l^ne PQ (fig. 83. pi. 1.' be drawn through the cen^ 
;tres of all the circle3, and let B 3^ B^^ be the cyrye rcquirod, 
such, that if any circle be described through P to intersect *he 
curve in B and h^veijLs cej;tr^ on the lii^e f Q, the segi;ienl PAB 
n>ay be equal to a gi veil space. 

Let O be the centre gfthe circ)e PAB ; draw BDt and make 
JftR perpendicular to PQ,. Put r =: the radiui PQ 01 BO^ 
y = PB, «f i=: the measure of the angle OPB to radius i» n =z 
the measure of two rjght^angles* ^d a* = th^ given space. Tben^ 
because the triangle POB is isosceles, the angle POB isz=« — s^, 
therefore PB is = r (n — 2f ), and the area of the sea or 
PQB =: Ir* (n — 2(p). Also the afea of the triangle POB is = 
JPO ;sc BQ X i?in PQB (or { sinBOQj = ir* sin sf ; iheref. 

the area of the segment PAB i^ = ir* i (n — zp) — sin af I =a\ 

But by the property of the circle PB* = PR x ar, and by 
trigonometry PR =: PB x cos 9 ; therefore r = Sf* ^-fr 8 jf cos 9 
= y ^ 2 cos 9, and if this value of r be substituted in the 
above equation we have 

o cos 9 ^ ^ ^^ y{n — af*— «m ap) 



equation of the curve required in terms of y and ^, and which 
is independent on the radius of the circle as it ought to be. 

When 9 is = o, y is = 2^(2 -J- «) ; $0 that if PI be taken 
^ aa v^(9 •v ^}» ^he ctirye will pass through L 

If instead of the area PAB being a given space^/tbe arch PB 
be of a given lengthy the problem may he resolved wit|^ the same 
ease. "For if c be thc'Iertgth of thearcfafwehaver(ii«— fi)':z r{ 

and by the property of the circle r = *— 4— , hence -J^'.' X' 
^ '^ ^ -f » 2 cos 9 acos^ 

in — 29) = Ct ana.y = £ the equation of the curve 

in*thiscase» 

These 



( »9 ) 

These iwo exsQiples are o!)Iy particplar cates of a more fc- 
lieral problem, namely, *' T*- ^etermtkie the curve BB^ which 
ihall cm an indefinite n.imber of cujves of the same species given 
by position in such a manner that similar functions {such as the 
arct» areas, &c.) of these curves shall all have the same value." 
flat vi}{^ and y \m co-ordinates of one of the given curves and. 
h be the parameter, radius, &c. which is supposed to be constant 
tor the saiQC cjurve bu^ to vary in passing from one curve to ano* 

iher : then /Px =: a constant quantity, P being a function of 4r 

l)ind f. Or if the curve be 4<^fined by an equation between the 

polar ordinate y^ and the 9rch 9, then / P f = i& constant c^uj|n« 

tity, P being a function of p and 9. 

Now when (he expressions / Pi and /Pp are integrab|e we 

can always eliminate p at we have done r in the precediiig px* 

Slcs, but when they are not integrate the problem is more 
Cttk to re«oI ve, and another kind of process is necessary for 
eliminating p. The method of treating the two expressions being 
precisely the same, we snail confine our attention to the lattef 
ipk account of the examples that follow. By taking the fluxion 

ofy Pf according to the methpd of diiferencixsg Ji cifrvavf 

imrvam we have 

H + pfii f-^)) =o*.or P^ + Q^ = « 

-^ P 

^ (^). And here, when Q is integrable^ pr 
P 

dqmtids ony P^, we can determine the value o(p by integrating 

tlie fluxional equation P^ + Q^ = p, and then p may be eli- 
minated as beforp. 

*Tp illustrate what has been said weihall resolve the preceding 
examples by this method. 

Wnen tlie area PAB'is a constant quantity. Draw Pb inde- 

ffnttely near to PB, and Bd perpendicular to Pb ; then B«=y{)\ 
tfae .fluxipn pf the area PAB = — iy*f = — 2f*cos*f^, 



i^ 



• See BossutCs Traites des Calcu!. Tome Second, P« BS. 

and 
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jmd f~-r ar* coi* ^ == a\ Jlere P = — ar* cos* ^, p =z r, 

9 A 

(~)= — 4r COS* ^,Q=:y - 4r co8« ^ = -^ y P?= — » 
^nd thete values of P and Q being substituted in equation a we 



atf ' r 



h^ve — «r* cos' ^ ^ + — — = o ; or, dividing by r\ 



2a* r 



— 8 cos* 9 ^ + — p- =; ©• 

But 9 COS* ^z: I + COS 29, hence — (p — cos »^ H — p"^^> 
and taking the correct fluents, we get 

2fl* 9tf* 

}i .^ 2^'— sin 8^ -^ zz o, or r*= r- ■ ' ^^ y 

Bpt from the equation of the cun*e 



■^ y* I, " 



sin 8^ 4Cos*^* ^ ^(«— a(p-$Inaf/ 



r*— — ^^ihence 

4 cos (p II*2^S1U 2p 

as before. 
Again when the arch PB is constant, we have the fluxion of 

ihc arch = -^ arip, and / — ar? = c^ Here P =: — ir,' 

p 
p = r, (-^ ) = — a, Q z= — 89 ; and these vdues of P apd (^ 

P 
being put in equation «, we have — 2rf — < 2(pr = Oj imd 

taking the correct fluent, rn — 2r(p = ^, or r = • 

And from the nature of the curve r = — ^— , hence — r^ 

a cosf 1^—- af 

— y . a f cos © , - 

= ^ — ^, and y = f as before. 

2 cos $ n — 2p 

Second Solution, by Mr. J. H. Swalk. 

Draw to the point P (Qg« 84. pU t«) ^ indefinite tangent 
RPT ; also draw all the diameters PL meeting the circles in JL,JL/^ 
&c. In PL uke PQ such, that the circle on the diaUieCer rQ 
may equal twice the given space ; then since. PQ cnti Ieqiii the 
circle PGQ a segment equal to the given space the cqrfe will 
pass through OU '^ - . 

Now 



( ft« I 

Now the treat of the sfrmi^ar segments PAft, P6G ; Ifk'H'i 
PG^^G^ and so on» will beas the squares of their bases PB. PG ; 
P3^ PG^ and so on. The curve in question will therefore be 
the locus of all the points B, found by drawing, from a given 
point P in the periphery of a given circle, any chord PG and 
bking PB* : PG* : ; ienQJl.circle PGQ : segment PG^G. 

Let tbe diameter PQ z: r, the measure of the angle QPG zrj^, 
the measure of two sight-angles or the . semi-circumlerence to 
radius i, = /. Then the area of the semi-circle rz \tr^\ and 
if I be the centre of the circle PGQ, the angle GIQ zz g^, the 
arch'GQ cz \r x 2/3, and the area of the sector QIG =:'ir*/3« 
Also the area of the triangle PGI zz ^r* sin 2/3 ; therefore the 
area of the segment PG'(5 zz \tr^ — \r* sin 2/3— ^ir'i3, arid 

PB» : B6* ■ : : i/r* : |^* — \r' sin 2/3 — ^1^3, or 

PB:PG :: -// : •(^ — sin 2/3 — 2^). 
Btit by trigonometry PG zz r cos ^, therefore 

PB = -77- ^ . — 'x^ which is the equation of the curve 

y[t — 2^ — sm 2;2J ^ 

in terms of tbe angle.QPG andtfae line PB. 

XXIL QUESTION o6a^ /^y Amicus. 

If two points be taken on any semi-diameter of an ellipse, so 
that the rectangle of the segments between them andnhe centre 
nay be equal to the square ofthe semi-diameter; and from these 
points straight lines be inflected to any point in tlie periphery 
of the ellipse meeting it again in two other points ; the straight 
line joining these points will be parallel to the tangent at the 
venex of the diameter. Required the demonstration ? 

SoLUTiOH, hyMr^ J. T. M'Donsld^^ 

• _ 

Let two points P and I (fig. 25. pi. i.) be taken on any dia« 
meter £F of an ellipse, or hyperbola^ so that PC X J[^I may be 
equal to the square of the semi-diameter CE or CF, and from 
these points let two straight lihes PQand IQ be inflected to any 
point Q in the curve meeting it again in L and M, then the line 
LM will be parallel to the Ungcnt at £, or F. 

It is proved in the Solution to Quest. ^36, in the Rifep6sitory, 
that if tangents he drawn to tbe curve from ^, the line AB, 
Wtttoh joins the points of contact, will pass through I ; alsa if 
Pf 1 be drawn parallel to AB meeting QI produced in H, and 
PQ meet AB in K, then 

PQ: PL :: KQ : LK and HQ : HM :: IQ :IM. 

Bui because PHi# parallel to AB.PQ : KQ :: HQ : IQ; 
dmtfore PL : LK :: HM : IM, and consequently LM i$ 

parallel 



pulrallel to AS ; 6ut AB is parallel to th6 tangent at E» as itf 
well known ; therefore LM is paralief to the tangent at £• 

Cor. If LI bo drawn fo'meet the curve in a, and HP in kj 
then Qm will be paratlel to LM. and PA = to PHk 

Solutions were also received Jrom Messrs. BUzley, Butter Ar6rtb,* 

Cavill» Fihnatt* Kay» aisd Swale'. 

XXIIL QUESTION ft«jj, ly Mf. CutlLi*f £. 

Having given Ae som ol the inffnite ierics -y + -y + t' + 

^— ^ &c. ill any given circumstance 6f Hie vafue'of af, it i)r 
required Erom thence to det^ratine the sum of the infinke seriesT 

— i. A — + T-"* H = + &c. in the same given circum- 

stance of the value of x ? 



First Solution,- ^y CANTAid. CAiBMiis. 



,3 



Put tt = *i+-*^+ -r-*- &c. anti 9 = the suof required* 
Then — — = « + JP« + ar'i + x'A + &c. byafitual divitioiif 



— — =: * 4 h — + &c. 

1— * ft 3 

vx 4 . ^j5 , **« J, « 

« ft 3 



X ft 3 



&c« 



MX = , + —-^ H i + &c« 

Therefore x zr — / irf. 

andy «w^/----jp = / jj^;^ — /x = w — <x, theiefore 

/ ux z=zux — vj: — jr + i;, and 

J =: — / ttx = « — 1 :*" r""^/ . ^ .where ossthe LLoF ^ 
xV X 



SlCON0 
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Second Solution^ by Mt.Bazlly^ 



X , X* , oe* t X 



4 



1* 2* 3 4 



Put :^+ - + ^ +A + &c. = S, 



and — r-*— — » + rH x + &,c.z=zs; 

a.i* 3.2* 4.3' 5.4* 



* . a:* . jc' 



then by subtraction h- + '+ &c. = S — x; 

^ 1.2 fi.8 8-4 

bui-'i H — +-* +&C. =/ -^ = hyp. log. = 



3 
»•« ^-3 3-4 



hence -^ + — + — + &c. ^=:~ / zi zzzS'^s; but 

.4 **/ 



/ « = 2*— /*«, and / xz:=z / =: — ^^f- =« 

consequently S — ^ = — (zx — 1 + a ), and 
J = S — 1+ ^i^^ = S — 1 +~ xhypJog.-i-^. 

Third I^lution, i^/ Afr. Jonathan Rssvus. 

Let — +— » + "1 + ^ + *c* =^« 
i» 2* 3» 4« ^ 

•HJ* jm5 JP^ « 

Putap+ 7- + — + — + &c. = w = hyp. log. • 

then multiplying by jc — 1, we have 
*• x^ :t* 
a a-8 3-4 . ^ ' 

or— + — . H ^ + &c,=: -^ -' + I : let this be 

« a-3 3-4 4-5 * 

subtracted from the first series and there remaias 

X X^ SC^ X""**! 

— .+ — -,+ — U + &C. =5 — 1 — - — t;, the sum required. 

Fourth Solution, by Mr. W. Wallace, R.M.CoUegc. 

LetPzi— , +4 +~ + &c. 
1* 2* 8 



Then 





Q = 


or 

• 


+ ^ 




+ 


4-3' 


+ &C, 


VOL. 


111. 


PABT 


I. 








t 



» 
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Then 


• 


xdP = 


2 3 


dixQ) = 




. t <• • 


• • •*.«*• ft 



V* 



therefore, remarking that * + — 4"-^ 4- &c. = — log.( i--^x)f 

23 

xdV zzi — dx log. (1 — *r), fl?{ArQ) z: P^/jif, and adding, 
?dx + JtrfP==:flf{AQ)— flf;clog. (1 — ;c). 
But Vdx + a»/P~ jf(Px), and dx log. ( i — x) =:£/| x log. (1— x) | 

~« i/r 4- — , therefore, 
1 — X 

d[?x) = rf(xQ - d [x log. (1 — x) } +^x -■ ^. 

and taking ihe fluents, 

Px = xQ — X log. (1 — x) -f. X + log. (1 — .v) J 

HcnceQ=P — 1 — i-=^log. (t — x). 

And when xz=:i, QrzzP — !• 

Solutions were also received from Messrs: Cavill, Filmatt, 

Harvey, and Watts. 

XXIV. QUESTION 264, by Mr. W. Wallace. 

If two circles have the same centre, and an equilateral triangle 
be described about either of them, and from any point in the cir* 
cumference of the other circle perpendiculars be drawn to the 
sides of the triangle; the straight lines which joins the bottoms 
of the perpendiculars shall form a triangle given in magnitude. 
Required the demonstration ? 

Solution, By Mr. W. Wallace, the Propoter. 

Let the perpendiculars be denoted by a, b^ c. Now it is pretty 
generally known, and it is demonstratedt in Dr. Stewart's General 
Theorems, (see the Original Series of the Mathematical Repo- 
sitory, Vol. I. p.p. 18 and 23) that both a + i + cand a* 4- A* 
4- c*are constant quantities: Therefore (a -\- b -\- c)*=fl* + 
i* 4- c^ + 2 [ab 4 flc-+- be) is constant, and consequently a^ + 
ac + be is constant ; and putting s for the sine of iso^, ^sab + 
^sac 4 ]sbc is a constant quantity. But \sai expresses the area 

of 
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Draw Em and ¥n perpendicular to HP produced* and Etr per* 
pendicular to FP produced. Then because the angles EPF, 
FPH and EPH aie the supplements of the equal angles A, B, C, 
the angles EP/», FPn, EPr/are each equatto the angle of an equi- 
lateral triangle, hence Em == Et/ =z= PE x \/{, and Fn = PF 
y y^^. Therefore the sum of the rectangles PF-E' , PH. Fit, 
PH. Em, or twice the are** of the triangle HEF is to the sum of 
the rectangles PE.PF. PR.PH, PF.HH as -v/i to i. or the area 
of the triangle HEF — Jy^i X HQ (HQ f 2DH).a given 
, magnitu'lc. 

The demonstration will be the same when the perpendiculars 
afe drawn from a point in the exterior circle. 

Solutions were also received Jrom Messrs- Butterworth, Harvey, 

M'Doneld, Swale, and Watts. 

XXV. QUESTION 265, hy Mr. Lowry. 

Let there be given, d rectilineal figure of any number of sides, 
and a space S : there may be found as many srraight lines a, ^, r, 
^, e^ &c. as the figure has sides, such, that if from any point 
V whatever within the figure, perpendiculars PA, PB, PC, PD, 
&c. be drawn to the sides ttf the figure ; the sum of the lerian- 
gles a X PA, b x PB, c X PC, d x PD, &c. sliall be equal to 
the given space ? 

First Solution, Hy Mr. Jonathan JIeeves. 

Let A be the area of the given figure, and a, /3,y, S, e, &c. its 
sides. Let S-^aA — n ; thr*n \\ a be taken rrr.Tix, hz^mfi^c^inyt 
dz=i w^, e =zz rjc, &c. they will be the lines required. 

For u is manifest thai PA x a -{- ?B x t {^ PC x c {- &c. 

will be = ( S ^ A) X i (PA X a f PB X /^ f PC X y 4- 
PD X J 4- &c.) = (S ^ A) X A =: S, the given space. 
Cor. Since PAx* 1 PBx/b' hPCxy I PDx S|&c.z:2A. 

wehavePAx- + PR / ^ f PC /^^ f PD x - I &c. = ^= 

n 71 n n n 

d given quantity, n being a given line. 

Hence it is obvious thai if lines be drawn from any point P 

within the figure to make angles whose sines are— , — , -, --, &c. 
o ° a pi y y 

with the sides «, /S, y, it &c. the sum of these lines will be equal 

aA 
to a given quantity » — • 

Sbcoko 
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Second Solution, ly yfr. J H. Swale. 

Let FGHIK &.c. (fitr. oy. p. i.) be agivea rectilineal figure, 
whose perimeter or sum of the sides FG, GH, HI, &c. = P, 
and area = PxQ« 

Let P X R = S, the given space; make 2PxQ:P x R = 
sQ : R = FG r a = GH : A == HI : c, &c. so shall a, b, c, 
&c. thus determined, be the lines to be found. 

From any point P within the given figure, demit upon the 
rospective sides, the prrpendiculars PA, PB, PC, &c. Then, 
since by the comp., FG : a = yQ : R = aQ x P : R x P=: 
2Q X P : S= FG X PA : fl X PA = GH : A z= GH x PB 
: ^ X PB = HI : f = HI x PC : r x PC, &c. we shall 
have by compounding FG x PA \ GH / P» I- HI x PC 
+ &c. : fl X PA » Ax PB 4;f ^ PC f- &c. = 2Q x P 
: S. But, the antecedents, in this genv-ral p'oportit^n, are obvi* 
ously equal to each other; therefore the consequents a x PA-I- 
A X PB f r X PC i &c. and S, the given space, are also 
equal. 

Messrs. Buttcrworth and Toplis answered this question. 

XXVL QUESTION 266, by Mr. Lowry. 

Let P he a given point in tlie axis of any curve AC^, and let 
a tangent to the curve at the point C, meet the axis in'E: draw 
PF perpendicular to the tangent, and CB perpendicular to the 
axis, and jr in PC: Then if m and n be any given numbers^ 

and the position of the point C be such^ that the product of PC" 

X CB"* is a maximum or a minimum, the rectangle FC.C£ is 

mm 

equal to — PC. Required the demonstration ? 
m 

First Solution, by Mr. J. Wallack, Edinburgh. 

Fig. 27. pi. 1. Put PB :- x\ BC = y, then PC*= «•+>*. 
and since by the question, PC'" x CB** is a maximum or mU 

nimum, PC* x CB"» or(x* f ^*- x y*" must be a maximum 
•r minimum; henct differentiatmgand reducing we find 

dx 
And by substituting and observing that ^ -^ is the exprcsiiea 

for the subcangent we getBC^^BP X BE + ^PC^^o. 
or ~ PC* = BP X BE — BC*. Bu( if on £P u a diameter 
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we describe a circle (which will evidently pass through F) and 
produce BC to meet it in G and H, then because EB x BP = 
BG% it follows that EB x BP — BC* = BG- — BC » = GO X 

, CH - EC X CF, therefore EC x CF =: ^ PC*. 

m 

Second Solution, By Mr. Lowry. 

Draw Vc (fig. 29. pi. 1.) indefinitely near to PC, and let Cp 
and ca be drawn perpendicular to Pc and CB. Put PC = r, 

BC =: y, and Cc, the fluxion of the arch Cb, z=. s. 

Then by the question, i^ y* =zr a maximv.m^ or a minimum. 

By taking the fluxion, and dividing by 2'"""^ >'"'"\ ^^^ get 

myz + nzy z= o, or- — z = — r y; hence- z' zi .yz. But 

m y ^^ m y 

by similar triangles 

Cc [— .9) : pQ, (£; : : PC h) : CF = — ^2, and 

s 

Ctf {y) : Cc(j) : : CB (y) : CEz: ^y; hence 

CF.CE=— 12 x '^y^Jtuz = — -A & theref. CF,CE= -^PC«. 

Several other theorems of a like nature may be deduced with 
equal facility. For example if PC^ x (arch C3)" be a max. or 

min.\ then— PC* = arch C^ x CF. For by taking the fluxion 
m 

of 2"* a", we get — 2 zr — —j. But — --=^ ; hence 

— a=: - » or — 2' zz 5 X CF. -» 

m z m 

Again if PC" X B^" be a max. or W«. ; then —PC* = 
- m 

-V, X CF X CE. For putting a: = B^jand taking the fluxion 
BE 

r w n ^ ^ -D » * CF.CE J 

of 2 Jc , we ffct z zz — .X. But -r--=: and 

^-=gg; hence -.-= -^g^. and -= =3j,xCixCE. 

Also if PB* vfarchC*)* be a max. or min.\ then— PB x 

* m 

CE =: B£.C^« For patting PB = v, and taking the fluxion of 
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V *" .wegct— -» = :~J. But r-= ^; hence 

-2 » X CE = BE X J. 

Likewise if PB"" x (area CBi)* be a wwijif, or min.; then 
— PB X BC = the area CB^. For taking the fluxion of 

IT* d , we have — v =. .-a = — —• a =z=— ; hence 

^ a yv y 

ft 

Afr. Swale s^ni an ansvjer to this question. 

XXVII. QUESTION 267, by Mr. Lowry. 

To find a curve, such, that any straight line being drawn 
through a given point to meet the curve in two points, the tan- 
gents to these points shall always intersect each other in a straight 
line given by position ? 

Solution, by Mr* Lowky. 

LetP ffig.30, 31- pK I') be the given point, and LM the straight 
line given by position; and let EKF be the curve required, 
such, that any straight line being drawn through P to meet the 
curve in E and F, the tangents EB, FB may intersect in the line 
JLM. Take any line PA for the axis of the curve, and draw the 
ordinates EG, FH parallel to LM : Also draw BI parallel to AP 
meeting EG in I. 

Put AP = a, PG = X, GE = y, HP = x' and FH = y\ 

Then i\y : : BI = ;r + a : EI = 4 (;c + a), and AB = 

CI = J, - 1 (X ± «) = yi^ ^4- = -?-x (l)':i^4. 

X — ' X "^x X \yj ^ X 

11'* /x^\' — ay' 
In the same manner we find AB= ?,- X (— /) + ir-* 

Hence Cx (^-\:^±^tA P)+-4^. 
X \ y / X X \y J ^ x' 

Now since -*- is :r — „ it is obvious that the above equation 

X X* 

will be satisfied when AB is any function of — or '^ : that is, 

^ ?/ // 

we may assume 
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Taking the first of these equations, and putting " = r ***" 
U = y ( - \ a function of '-, we have x ::z uy h yit and 
^'J "^ y^ = U, or (y»-Uy) i = (Uii± a)^. Putting 
P = Yi — -- — , and transposing, we havc^ -f PUyi = Py*«« 

To integrate this equation, put y = • ; then y — p* 

• • • 

and by substitution,-^ — PU - = P - ; or4— sX PUi=PiJ, 



«• z z 



Put - =: — PUi, then z h « - = Pi, or vi f zv ==: 
Vu X V, and integrating zv sz l Pu X v {- Cf or 

a= -^ X (/"Pii X i; + C). 
By assigning difierent iorms to the function U, and integrating 
the expression / —- PUi/, in order to obtain v; we may find 

(from the above formula for 2), innumerable curves having the 
property required by the question. 

Taking for U the simplest function of — , viz. n— , we 

" y 

haveU=n«.P = — TT-'— =-PU'^^ """^ 



a"^ , (putting a -s. « = i) ; and by integrating 
J.i; zz — {I. (ii»=fc i), or u= — — -— ^j. HenceyiPii xvzz 
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or putting C =-— *9 in order to make the expresiions homoge* 

neous. we have — - = H — r+ • 

y -- no c 

By putting — for », and a for n^, and redbcing.the equatient 

we get y* + — ,— t nx^ -F — ^ :r s= o. lor the equation 

<if the curve required, which is evidently a conic section ; viz. 
a panbola when a is = c, an ellipse when a is > r» and aa hy- 
perbola when a is < c. 

When y = •, — ^— «• =F — x — <* = o, hence c* = 
_. . . ^ and c =:± - . -i. or if m (s= PK) be the va» 

lue of X when V = Ot then c := ± — Tzr^ 

Now when a= r, the equsttion of the curve is^ 4I (ftx — • m)H 

= o,or y*=(ap +— ) ait. Also in thia case gr— 

^ i» or sm = + a ; hence an is the parameter of the para- 
bobj and PA is bisected by the curve in K. 

Again when a is > c, if the distance CP, between the given 

point and the centre, beput=: f, the semi-diameter OK =s #, 

Vid the parameter to that diameter = p, we havey* + "^ ** "^ 
^x + -^ftf* ~ /•) c= Ot for the equation of the ellipse, and 
by comparing it with the equation above, we find « = + i v^ t 

j^^ and /* = CK» = ± __5x±-5Tr? = 
PC X CA. 
When p s a/, we have ^^^^ zsz — , or c*=:a« x 

^?^^ V and the equation becomes ^ + «* sp 8(11 —- a) « — 
▼Ot. I If. PART X. F <« — « 
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Cor. When AB is parallel to the tangent at K. the lines DF 
and HF will coincide, or the line D£ will pa^s through P« 

Mr* Swale sent an answer to this question, 

XXIX. QUESTION 269, t; Mr. W.Wallace. 

Is it possible in every case to divide each of two equal but dis- 
similar rectilineal fijrures, into the same number of triangles* 
such, that those which constitute the one figure are respectively 
identical with those which constitute the other ? 

SoLUTioM, 6y Mr. Lowav. 

The possibility of dividing any two equal but dissimilar figures 
in the manner specified in the question, will be apjparent from 
the solutions oi the following problems : 

Prob. ^L To divide a given triangle into parts which shall 
form a rectangle. Fig. 35. PI. 1. 

Let BA be the longest side of the triangle, and draw HG to 
bisect the other two sides AE and fi£ in H and G. Make £F 
perpendicular to HG, and the triangle is divided by the lints HG 
and EF in the manner required. 

Draw AC and BD perpendicular to AB, nJCfting HG pro- 
duced in C and D; then, becr^tise AE anH BE are bisected in 
H and G, the line CD is partiliel to AB, and ihe iigxxiv ACDB 
is a rectangle*. Also the triangle AHC is evidently equal to the 
triangle HEF, and the trian.^ie BDG 'jqual ro the triangle FEG; 
therefore the parts which compose the triant^le ^^EB are identical 
to the parts which composer the rectangle ACDB. 

Prob. II. To divide a given rectann^le into parts which shall 

form a rectangle of a given length. Fig. 36, 37, 38, 39, PI. i. 
t Let ABCD be the given rectangle, and from C, to the Kne 
AB, apply Cd = the given length, and make DI perpendicular 
to C^. On C^ describe a rectangle CbaJ^ having its height 
{CcJ, or (Li) = DI,and let the side ba meet AB (produced if 
necessary) in M. Then M may fall between A and B as in 
fig. 2§t ^^ P'A produced beyond A, as in fig. 37 and 38, or ofi 
AB produced beyenc^ B, as in fig. 39. In the first case the rect* 
angle is divided in the manner required by the lines CL3 Dlt and 
KM. For ID zz da = C*. and the angle DCI = BrfL a 
IDL = aMd=: AMK = iCK ; therefore, the triangles CID 
and Mad, lOL and ZpCK, BL^ and AMK are respectively iden- 
tical ; therefore the rectangle Ciad is composed of the same 
identical parts (1, 2, 3, a) as the given rectangle ACDB. 
In the second case^ the point I may either fall on C^, or on 

Cd 
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C^ produced : When it falls on CJ, the rcctanj^lc is divided as 
required by *he line*? Cd and DI (fig. 37.) For since DI zzz da^ 
md the angle TCD = diAa, thr; trianc^les CDI .ind NWa arc 
identical; and the trapeziums IDB^/ and /^CAM, haviojo^ all their 
angles r^^ ^pectivcly equal, and the side DI ^ C^ and DB =C A, 
they are identical; therefore the rectangle CZtz^ is composed ot 
the %7im^ idertical parts f I9 3» 4)as the recrangic ACDB. When 
I ftlls on the line Cd produced (fig. 38.) let DI meet AB in G, 
anc? make an = IG and Cr = dl. Also draw nm parallel to 
A?i, and r% parallel to DI ; then, because Dl = da^ the triangles 
GSD and KCA, Mad -avA CID arc identical. Alsd, because 
IG zz an -T. tK, and C* zrz. dl^ the triangles ^MK, anm^ rCs 
and dlG arc identical ; therefore if the two first of these be faken 
from the triangle Mad, and the two last from the triangle CID, 
tJ ere will remain the identical parts bKdmn and rsDGd. There* 
iijit the rectangle Cbad is composed of the same identical parts 
(i« fi, 3^ 4) as the rectangle ACDB. 

In the third case, let ab meet DB in N, and take Am =: BN 
and aR = MB, and drawmn parallel to ab^ and KG parallel to 
DB; fi'.en, because Dl =: da — /'C, the triangles CDI and 
t/lda. IDL and ^CK, AKM and BLfl? are respectively identical. 
Also, beciiuse hm — B« and dK = BM, the triangles hmn^ 
BNM and RrfG are ivif-nticnl, and taking away those equal parts 
from the triangles A KM and BL^, there remains the identical 
parts mKNBn and NLCRM. Therefore the rectangle Chad is 
composed of the same identical parts ii> 2, 3, 4, 5) as the given 
rccungic ACDB. 

Cor. WhenDI — C J, the figure CdabviiW be a square, and 
Cd will be a mean proporti^mal between CD and C A ; hence any 
rectangle may be divided into parts that will form a square, by 
taking Cdd mean proportional between the sides of tlie rectangle^ 
and drawing the lines as in fig. 37 and 38. 

It is obvious from hence, how any given triangle may be di« 
vided into parts that wiil form a square. 

What has been done will enable us to divide any two equal 
but dissimilar rectilineal figures into parts which shall be respcc* 
lively identical. For hy the first problem any triangle may be 
divided into parts that will form a rectangle, and by the second 
problem any rectangle may be divided into parts that will form 
a rectangle of a given length ; therefv»re any triangle may be di. 
vided into parts tlut will form a recrangic o\ a jjiven length.--. 
Now let A and B be two equal but dissimilar reculineal figures of 
any number of sides whatever. Let those figures be divided 
into triangles by drawing diagonals, and let each of the triangles 
which compose the figure A be divided (by tlie prececding pro* 
blems; into paru that will form a rectangle whose length is any 
f iven line / : let chose rQctaqgies be joioed by applying; the sides 

/t« 
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ton AMr= tan(P'AM'+ PT'M')= 



y' 



f,.i* 






And from the second condition, angle AM'/^ = angle MMT', 



wc have yJZL/'- - A-P' 



Hence from the equations (i) and (2) we deduce 

px — apy — X •* •"• •• 13' 



./ ->•.'-. ^ vr 



therefore y-^P^-P'y ^ V'-^P'^'- ^yj , 

The result of which is, that the function y ^Px^^fry^ 

p X — 2py — X 

does not change ^hen x becomes x'l This is the hypothesis on 
which we must integrate equation (3), which corresponds to 

— - = Const. This expression, being integrated by the me- 
thod of finite differences, gives y = a: x Const + 9 [Const.) : 
hence we have ^ =: * x P + (p (Pj, or 

^p^x — 2py — xS ^ (p*x — 2py — x' 
from this expression, by assigning diflferent forms to the func-^ 

,y — 2p;t — d'vj 
tion f J ' ■ / ( we may find innumerable curves that 

\p X — 2py — X i ^ 

will answer the conditions of the question. 
Byassuming^ V -^ 7^ " l =0, we have 

^ ^^ (p^X — 2pl/ — JT) 

^ = * { lZ—2^— I \ ' ^^^^^' ^^ integration, gives *' + >« 
=r c", an equation to a circle. 

Again by assuming p { ^JJ-l^^x } =— "C^wc 

liave;f = (x — 2C) J^i~^~^ J , which, by integration, 

gives an equation to an ellipse or hyperbola. 

For a further detail I shall refer the Reader to the Memoir 
already mentioned. 

Cantab. Caiensis is requested to se^d to Mr. Glendxn- 
N it<c*iJor the Medal Jor solving tie Prize Question^ 
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NOTICES. 



L Dbatii op Mr. Cavendish. 

The scientific world hat to regret the loss of one of the most 
distinguished Philosopl^ers of this or any other age; we mean 
Henry Cav£NDish» Esq. who died near London, in March 
last, at the advanced age of 79. 

Every one ac'quainied with the present state «f Physical 
Science must know how much Mr. Cavendish has^ contributed 
to its improvement : Indeed it may be truly said ii$i his disco- 
veries and those of Dr. Black form the basis of almost the whole 
Science of Chemistry. Singe his death, Mr. Davy^ with that 
warmth of feeling which might be expected from a kindred 
spirit, has in his Lecture at the British Institution pronounced 
an elegant and just eulogium on his character. He said that 
^* of all the philosophers ot the present age Mr. Cavendish 
combined in the highest degree, a depth and extent of mathema- 
tical knowledge, with delicacy and precision in the methods of 
experimental research. It might be said of him what can per- 
haps hardly be said of any other perf(on, that, whatever he has 
■done has been perfect at the moment of its production. His 
processes were all of a finished nature ; executed by the hand of 
^a master, they required no correction, and although many of 
<hem were performed in the very infancy ot Chemical Philoso. 
phy, yet their accuracy and their beauty have remained unim- 
pairea, amidst the progress of discovery, and their merits have 

been illustrated by discussion, and exalted by time 

^ Since the days of Newton England has sustained uo loss so great 
as that of Mr. Cavendish. Bui it is to be regretted less, since like 
his great predecessor he died full of years and glory.'* 



II. — Brief NoriCEr of the Principal Papers rb- 
1.ATXNG TO Mathematics, in the Memoirs of thr 
French National Institute^ 

Vol. I. Contains, 1. Of the Motions of the Celestial Bo* 
4ies an their Centres of Gravity, by La Place. — t. New deter* 
mination of the Orbit of Mercury, by J. La Lande. — 3. On tho 
Place of the Node of Saturn's Ring, in 17901 by Flaugergues. 

voLt ixit PART X. G Vol. 
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Vol. II* containi, i. Report of Le Gcndre and La Grange, 
on Two Memoirs of Analysis, by Professor Burmann. — 2. Re* 
port on the Project of a Metalic Thermometer^ presented by Reg- 
xiier.— 3. Report on the Mvaf.ure of the Meridian of France, and 
on the resuhs which have been deduced to determine the Bases 
of a New Metrical System .-—4. On the Secular Equations of 
the Moiioni of the Moon, of its Apogee, and of its Nodes, by 
La Place. — g. On the Means of converting continued Circular 
Motions into Ahernate Rectilineal Motions, by Prony. — 6. On 
such Portions ok an Hemispherical Vault as can have their Soli- 
dity expressed by an Algebraic Formula, by Bossut. — 7. Remit 
of Experiments on the Quantify of Labour Men can perform 
under various circumstances, by Coulomb. — 8. Five Memws 
relating to Occultations, Eclipses, and the Comet, discovered in 
the year 17q8» by J. La Lande and Messier. 

Vol. III. contains, i. Report from La Grange and Bossur, 
concerning a Memoir by Callet on the Summation of certafn 
Periodical Series. — 2. Report of a Memoir by Riot, on the Imev 
gra^s of Equations of Finite Differences, by La Place and Profiy. 
— 3. Observations on the Tides at TencriiFe.— 4. On the Mo* 
tion of the Orbits of the Satellites of Saturn and Uranus, by La 
Place. — ^j. Determination of the Forces which bring Needles to 
their Magnetic Meridan, by Coulomb. — 6. On the Theory of 
the M«on, by La Place — 7. Experiments to determine the Co* 
hesion of Fluids, and the Laws of their Resistance in very Slow 
Motions, by Coulomb. — 8. On the Passage of Mercury over 
the Sun, on the jth of May, 1799, ^X D^l^nabre. 

Vol. IV. contains, 1. On the Integration of Equations of 
Partial Differences; and on the Vibration of Surfaces, by Biot. 
— 2. Two Memoirs on the Solstitial Distances of the Sun from 
the Zenith; on the Secular Diminution of the Obliquity of the 
Ecliptic; and on the Summer Solstice, by M. Due LaChapellc. 
-- 3. Memoir relating to a Work, by Maignon; on the Reduction 
hi the Apparent Distance of the Moon from the Sun or a Star to 
the True Distance, by means of a Chart. — 4. New Method of 
Determining the Inclination o^a Magnetic Needle, by Coulomb. 

Vol. V. contains, i. Report relative to Masts of Vessels, 
in which is introduced Interesting Information relative to Nau- 
tical Mechanics, by Leveque. — 2. Notice respecting the Great 
Logarithmic and Trigonomeiiical Tables, by Prony. — 3. Report 
relative to the Grand Trigonometrical Tables, by Delambre. — 
4. Ex}>lanation of a Point of History respecting certain Trigo- 
Dometrical Tables, by- Prony. — 5 On the Stcreographic Pro- 
jection, by Delambre. — 6. Description of Circles or Rings of 
Different Colours observed round the Moon, by Messier. — 7. 
Description of a New Compass, adapted to Determine the Direc- 
tiou atftd Absolute Declination ot the Magnetic Needle, by D. 

Casstni. 
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ARTICLE II. 
Satutipns to Questions pr^psed im Numhr IX. 

1. QUESTION 271, by Mr. Jqhn Dawes, Birmingham. 

The hypothenuse of a right-angled triangle being given, also 
one side of a rectangle, inscribed upon the other two sides ; to 
determine the triangle when that rectangle is a maximum ? 

First Solution, by Mr. Wallace, R. M. College.' 

Instead of confining the j^roblem to the particular case of a 
right-angled triangle, I shall give a solution, supposing it to be 
expressed more generally as follows. 

Having given one tide of a triangle, the opposite angle, and 
one of the sides of a parallelogram inscribed upon the other 
^wo sides; to determine the triangle when that parallelogram is 
a maximum. 

Plate 2, fig. 42 (A). Let ABD be the triangle, AD its given 
side, and B the given angle. Let CFGB be the inscribed 
parallelogram, and FG its given side ; then, when its area is a 
maximum, EG will also be a maximum. 

Let us suppose the lines BD and FG, and consequently the 
point F, to be given by position, and let that extremity of the 
line AD which is upon BG be conceived to change its position 
a little by moving from D to d^ while the line itself passes 
through the given point F ; then it is pretty evident that when 
BG is a maximum, the other extremity A will be carried along 
the line AB ; let 1/ F tf be the new position of tl^e line, which 
is indefinitely near to the former ; and let A^, D^ be perpenJi- 
cuI<irto#^.. 

The indefinitely small triangles A^, T>qd have manifestly 
ap zz dq\ therefore A^ : Df : : tan a : tan J, but A^ : I^ : : 
AF : FL), and tan a and tan d are evidently the same as tau 
FAB and tan FOB ; therefore AF : FD : : tan FAB : tan FDB. 
or, drawing DH parallel to AB, and AH parallel to BD, AF 
: FD :: Un FDH : Un FAH. Hence it follcrws that a line 
drawn from H to F is perpendicular to AD. 

Put 9= angle ADB, a=givcn angle HDB, jr: given lin^ FG, 
and c :r given line AD; 
Then because sin f> : sin's :: FG : FD and sin a : sin f :: AD : AB 

=HD, therefore, FD = ^^h, and DH = 'i^^ c ; but FD : 

' sui f sm OL 

DH : ; cos (tx — ?)) : 1, therefore cos (« --^ ^) : 1 : : -r-— i : 



r — -ci and hence 
sm c . 

sin *9 cos (« — ^) ==:^. siu ' a. 
VOL. illi PAP.T I* H 
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It will be easy to find such value) of f ai satisfy this equation, by 
the help of the trigoaometrical tables, and the common method 
of approx&teitiony and tUt it evidently the best mode of resolv- 
ing it. 

If wc suppose « to be a rigtitangle, then cos («— f ) =:sin 9. 
and thus the equation becomes 

^ c 

But in thii case sin ^ £= rrr; == — -. therefore we have AB' = 

^ AD c 

hi^j therefore AB is the first of two mean proportionals between 
the given lines AD and FG. 

Second Solution* iy G. V. 
Put the given hypothenusc = d^ CB or EG (fig. 42. pL 2.) 
the ffiven side ot the inscribed rectangle = b^ and the angl6 
DAB = $. Then BD = a sin 9, and DG = * tan 9 ; there- 
fore BG = a sin 9 •— £ tan 9, and consequently 
^ (^x sin 9 — b tan f ) = a maximum^ 
or, rejecting the constant factor b^ 

a sin f — ^ tan ^ r= a maximum* 

Thererore-L-_2L' L__L=o.that,s.acos?=:*sec*f=33j;^ ; 

therefore a cos' f =. 3 ; and a? cos' 9 = a* & ; 
thatiiAB'z: AD* x BC* 

Third Solution, i^Afr.JoHN Highman, Tottuss* 

Let the hypothenuseof the right angled triangle ABC (fig. 429 
•pi. 2,) be =: to a ; BG, one side of the parallelogram BE, = b^ 
and BC = x : Then AB = v' (a* — **), and oy similar tri- 
anglea x i / (a*— x') : : x — 3 : (• (a*—**) (x — b)) -=-* = 
£G, the other side of the parallelogram : But by the question 

^ ^ y \ / ^ j^usj be 51 maximum, and conse. 

quemly its fluxion ^ ~ Tv s= o: therefore A*ii* zz b x\ 

and « = V (* «•), and AB = •(a« - x*) = \/{a* - f Aa*)^). 
SotuHons wtre also received from JAessrs. Harvey and Zeno. 

II. QUESTION i72.*yAfr. Wallace, B.Jlf. C<?//^^^. 

Supposing a %o denote any given whole number, find a ge- 
neral rule for determining all possible pairs of whole numbers 

X, y, which are such that the archwhose tangent is - is the sum 

of two arches whose tan^^enti are ^ and -, the radius of the circle 

u 
li<nng unity 7 
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Solution, 6yjtfr« Wallace, the Proposer. 

I shall render this question a little more general, by supposing 
ihat it is proposed to find all the possible values of whole num- 

bers X and y, such, that tlie arch whose tangent is - is the sum ■ 

of the arches whose tangents are * and -« Let the aroh whose 

X y 

tangentis - be denoted by A- , and let a similar notation bp ap* 
plied to the arches whose tangents are - and ~. 

^a ivs 4B 

Then* because by hypothesis A^ = A - + A - , by the arith- 

' ' *^ u a; y 

n n 

metic of smcs, - = \ = -^ ^ ; hence we have 

a n *> ^* ^ 

xy — n' = ax + ay^ and jf ss tf ^ ; and as y must 

be a whole number, x — a must be a dirisor of «* -f- a'; let ^ 
be any- divisor o( this quantity and a the quotient ; that is Mt 
pq^n^ 4- a% then x ^ a ^ p ana x = « -f ^, and since 

y = a -f ^, therefore y = tf + a* These values of x and y 

indicate sufficiently the general rule required, which may also 
be expressed in symbols as follows : 

Let p and q be any tw« such numbers that »* + «* ^ /?• ^A 

A- = A-' + A 



4 a -^ p ^ -^ 9 

Ex, t. Let n =: 1, and a = i, then ii^ + 4i* = t=ixa: 
In this case p and a can each have only one value, vis. p ss i* 
9 =: a, therefore Ai =A^ + A-^. Hence it appears that an 
arch of 45"* is the sum of two arches, namely, that which hu its 
tangent equal to \ the radius, and that which has ita tanjaent ^ off 
the radius ; and tnis is the only way in which an arch of 45^ can 
be resolved into two arches, having their tangents exact parts of 
the radius. 

Ex. 2. Let n z= 1, a = 2, then n* + tf* = 5 = i x 5» 
therefore in this case also p and q have only one value, viz. p zz 
I, ^ z= 5. Hence we get A | s= A ^ + A ^. 

Ex. 3, Next let n = 1, a =: 3, here »* f a' = 10 := 
1x10 = 2x5- In this case^ and ^ have each two values, 
and DO more, viz. p ^ 1 j ^ = 10, and p:=z^^qz:^y^ there- 
fore, A4 = A J + Air; alsoAi = Ai-f-A|. 

Because Ai = A4-»-AiandAf=Ai+ A+t thctc- 
iore, A 1 =fl A j- + A f • Similarly, f lom iVie two N^\>wa A K.^ % 
wegetA I » 9 A i+A f + a Att and A 1 «% fi^-V K^ V^ KV 

H a 
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/ 

These iormulst, and others of the same kind, which ma^ be 
found by the rule investigated above, afford, as is well known, 
the roost simple means of any for the determination of thf: 
ratio of the diameter oF a circle to its circumference. Among 
the formula:, which consist of three terms, the following, viz. 
Ai=:3Ay-f- 2At+ 2Att *» particularly sjmple, on 
account of the denominator 18 admitting of being resolved into 
factors. It is also, as far as I know, new. 

Solutions Wife received Jr am Messrs. Highman and Zeno* 

III. QUESTION 273, *;;Afr. Wallace. 

Let T (1 ) denote the sura of the angles of any polygon, T (3) 
the sum ol all the products that can be made by takmg them by 
threes, T (5) the sum of all the products that can be made by 
taking them by fives, and so on ; then, supposing radius to be 

unitv, 

' T(i) — T(3l + T(5)-Tr7) l-&c.= o. 
The signs being f- s^nd — alternately. Required the demon- 
stration. 

FiHit Solution, by Mr. Wallace, the Proposer. 

Leta^ a'f a\ &c. dienote wny angles, and. /, t\ t\ &c« their 
tangeiits, airid let 

Pzr(i-h/v^— 1) (! + /'•- 1) {t + iW—n^c. 

Qzz{t — t^/ — l) (I— /V — 1) (i — <'V — i)&c. 
Then by the arithmetic of sines, 

tan (* f « + a' + &c. (= —1^—^,) 

hence, developing the functions P and Q, and putting T (i) for 
the sum of the tangents, T (t) for their products taken two by 
two,T(3) for their products taken three by three, and so f)n, we get 

.. Now if «r, a\.a"t &c. be supposed to deno|c the angles of a 
polygoiis tli^r sum is always a multiple, of two right angles* 
theretore tan (« -\- mf + a" ^ &c.) = o, so that in this case 



T (i)-T( 8) 4- T(g) — T(7) -f &c. 
'^i^=^T.)T ^-T {6) .^ Sec. = °' ^"^ consequemly 

T(i)— Tf3) +T(5) — T(7) + &c. = 0, as was to be dc 
ononst rated. 

Cor. If we suppose that «-+-«'-}"*''+ &c. r: any odd 
number of right angles, then tan (a + a' + a^H- &c.) &c. = 
infiniiy, therefore in this case i — T(2) 4-T (4) — T (6) + 
&c. =o. 

Scholium. If we suppose the number of arcs to be thrie; and 
that a -^' of + x*^ =z any even number of right angles, then, from 
she fotegeing demonstration, 

tdn a h tan «' + tan •/' — tan a lau a' tw\ a" -sno* 



i 
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And therefore T (i) — T (3) + T (5) — T (7) + &c. - o, as 

was to be demonstrated. * 

jind thus the-question was answered by 2^no. 

IV. QUESTION 274. by Mr. Wallace. 

Let A and B be two given points in the diameter of 9 circle 
equally disUnt from the centre. In A fi take a point P, so 
that P C X rad. = A C\ Let C P meet the circumference in 
D. Draw A £, B £ to anv point in the circumference, and take 
the arc D Q double D E, and join P Q. Then shall A E X 
B E=rP Q X rad. Required the demonstration? ' 

Solution, by Mr. Wallace, the Proposer. 

Fig- 4.S- P^* 2. Join EC, QC : jLet D C be denoted byr, AC 
by o, P C by b, and the angle D C E by 9 ; then D C Q z: 2 ^. 
By the nature of the circle A E = \/ (a* + r*— 2 arcof.^j, 
but by hypothesis, a* =:ir ; thereforeAEr--v/ {r{b V r — 2 a cos ^)). 
Similarly B E=rv^ (r(A+ r ^-^a cos'?))). Therefore AE + BE 
. = rv' [{b -h r)* — 4 rt* co8*>p), that is, putting again b r for tf% 
AE X BE=rV (** -h r' — a*r (1 —2 cos'^)) : but 1 -r- 
2 cos'f r=:co8 2 ^, and »/ (^' + r* — 2 A r cos 2 f ) = r x C Q ; 
therefore AE X B £ = r x. C Q, as was to be demonstrated. 

Remark. From this proposition we may easily resolve either 
of the following problems. From two given points in the 
diameter of a circle equally distant from the centre to draw two 
lines to meet in the circumference, so that their sum or difier* 
ence may be given. For if A E X B E be given, then it is 
manifest from the proposition that P Q is given. And because 
A E» ^ B E" r: 2 A C* f 2 C D\ therefore ( A E + B E)» == 
2 AC -f a CD* + 2 C D x C Q* hence it A ir+ B E be 
given, it is evident that C Q will also be given. 

' Second Solution, by Mr. Lowry. 

• 

Join EC, QC (fig; 43, pi. 2), and draw PH parallel to AE, 
meeting EC in H, and join HQ : then because P H is parallel 
to A E, PC : H C : : AC. EC ; and by hypothesis PC : A C 
:: A C : E C ; therefore H C =: AC. And because in the tri- 
angles A CE, C H Q, A C is := to H C and C E to C Q, and 
the iin^le A C K -. to the angle E C Q, therefore A E is = to 
H Q, and the angle CAE r= to the angle B H Q. But the 
angle PH Q is the sum of the angles CH Q, C H P; that is, 
equal to the sum of the angles CAE^CEA, or the angle 
fiCE ; therefore the triangles PH Q, B C E, have tlie angles at 
H and C equal, and the sides about these angles proportional^ 
vh. \ni : H Q - A B : : CB = C H : C E; therefore those 
triangles sw€ cquiangiilart ancj H Q = AE ; P Q : : EC : B E, 
orAE X JB£ = PQ X EC. (i-E.D. 



( 59 ) 

V. QUESTION 275, by G. V. 

It It required to find the nature of other curves than conic 
lections* having the property which is provdd in the solution of 

question si 7, to belong to the ellipse? 

I 

First Solution, by Mr. Lowry* R. M. College. 

Let P (fig. 44« pi* 2>) be a given point, AB a straight line 

S*ven by position, and AP perpendicular to AB. Required 
e nature of curves, such» tbi^t any straight line being 
drawn through P to meet the curve in E and E', the rectangle 
of the perpendiculars drawn from these points to the line AB 
may be equal to the square of AP. 

Draw El and E^K perpendicular to AP produced; abd 
p%it a = AP, z = PE, z' zz PE% and ?j =: the angle EPA* 
Then PI=rzcosf andPK=2' cos p ; henceGE=:AI=2 cos^a, 
E'H = AK = 2" cos (p — a, and GE x HE' = (»cos<p — a) 
t«' jcosp — a) = AP* — «•, or zz^ cos ? — («+ r') a = o. • •( 1) 

But since EE' meets the curve in two points only, the relation 
of z and 9 will be expressed by an equation ^f (he second de* 

See, the roots of wnich are z and z' ; namely an equation of 
e form 2* — 2P2 4- R = o, where P and R denote certain 
functions of 9, the relation of which is to be determined from the 
conditions of the problem. Now, by the nature ot equations, 
aP is = the sum of the roots z, z', and R = their recungic ; 
that is 2P = 2; + 2^9 and R=zzz' ; therefore, by substitution in 
equation (1), we have R cosf — aPa =:0| or R=:2Pa-r> coif; 
hence the equation 2* — aPr -(- R = o, becomes 

9 o ^P^ / % 

2* — 2P2 + =0 (2) 

COS 9 ^ ' 

which is a general equation for curves having the property re- 
quired, where P may be any odd function of cos p and sin p. 

If the relation between rl and IE be required, let r — Pr 
and y:^lE ; then cos pzzx^z^ and z* — - aPs+aPaz ^xtzo, 

aP 4P* 

hence2=(*-fl)— , orx»+/=(x— a)*^ ...,..,. (3j 

the general equation of the curves in this case. 

It P = r cos 9 = rjr -r 2, then «» + y^ = f*— «) * 4r*-r r*, 
or X* -f ^*= (* — a) ar, an equation to a circle whose radius is 
y^ (r* — 2tf r), and the distance of its centre from P =: r. 

X 



c^r- 



K c^rcos^ ^ *i, , \ ^c^^z 

or c*;r* 4; r'y" =z (x — a) ac* r, an equation to an ellipse, or 
hyperbola, whose semi-axea are v^ (r* — atfr) and c V * ■ "^ ■, 
«id the distance of the cedtre from P c? r. 
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must now be an odd function, of - and - • Let M be any ra« 

tional homogeneoui function of z and y, of « -4- i dimensions, 
and N a rational and homogeneous function of n dimensions; then 

^i^and-^ will be functions of — and^; and as the one 

will be an odd and the other an even function, the quotient of 

the one divided by the other, that is -^ will be an odd fiinc* 

tion of the same quantities; we may therefore assume 

p r=:^; accordingly, substituting this value for P, and alsa 
M 

^ for cos ^in the equa ion (1), it becomes, after reduction, 

(x*-t-**— a«)M— *(x 4-fl) N = o ....; (s) 

which is another general equation for curves having the pro* 
perty required. 
Let us uke M = x -f ay, N r= A. These functions give us 
(*• + *•—«') (x + «y) — Ajc (* + fl) = o, 
which is an equation to a line of the third order, having the 
property required. It we suppose a =:^ it becomes simply 

jr* -4- «*y -~ Ax — Aa = o, 
an equation to a hyperbola. 
Again let us suppose 

M = x^'\' aky + |8/. N = A«4-By ; 
then we have 

(;r»+ *»— . fl') (x*-h«Ty -f-/Sy*) — a? (x + a) (A;r + By) = o. 
which is an equation to a line of the fourth order. If however 
we suppose b =: a, it becomes 

X (j^-^My 4- g/) — (ar + a) (A* + B>) = o 
an equation to a line of the third order; and^f we again sup- 
pose B ::= O9 this last becomes 

J?* + axy + j8y • — A* — Atf =: o, 
which is an equation to a conic section. 

VL QUESTION 276, iyAfr. Wallace. 

If from the focus of a parabola, a perpendicular be drawn to 
any tangent to the curve, and a circle be described on the focus 
as a centre to pass through the vertex, the meridional parts cor- 
responding to the arc of the circle between the vertex, and per- 
pendicular to the tangent, is equal to the excess of the parabolic 
arc, between the venex and point of contact above that portion 
of the tangent which is intercepted between the same point an4 
the perpendicular. Required the demonstration ? 
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First Solutioi^» by Mr. Wallace, the Proposer* 

Let F (fig. 46, pi. 2,) be the focus, V the vertex, VBE a cir- 
cle described on F as a centre witb the radius FV; VAa tangent 
to the curve at the vertex, CA a tangent to the curve at any 
point C9 meeting VA in A. Join FA meeting the circle in B» 
Then, from the nature of the parabola, FAC will be aright angle* 
Produce the tangent CA so that CAD may be equa) to the para- 
bolic arc C.V. Then AD = arc C V — tan C A. Let C'A'D' 
be another position of the tangent CAD indefinitely near to the 
former. Draw FB'A^, and produce FA to meet CD' in «. 1 

ha FV = 1, BV = ^, the enlarged meridian to arc ^ = m ; 
aisp let the parabolic arc C V be expressed by 2, and the tangent 
CA by / ; then AD =z x — /• By similar figures FB : FA ; : 
BB' : A a; but FB : FA : : cos (p : 1, and BB' : A'a : : dp\ 
d (f — /); therefore cos 9 : 1 i\ d^ \ d [z — 0» ^^^ ^ («'—') — 

^ : but it is well known that dm = — —i therefore 
cos 9 cos (f 

d (z — /) = dm, and z -^ izszm^SLt was to be demonstrated. 
Second Solution, by Mr. Lowry. 

• 

Let F (fig. 47, pL 2,) be the focus, V the vertex, and EG a 
tangent to the parabola at any point £. Let FP be drawn per- 
pendicular to £G, meeting the circle described with the centre 
F and radius FV in I ; then, by the question, the meridional 
parts corresponding to the arch VI is equal to the arch V£ — tan 
r£« Draw EH, IK perpendicular to the axis VD, and let EN 
be a normal to the curve at £• Put s zz the arch VI, the en. 
larged meridian corresponding to that arch=:z,VFzra=:i of the 
parameter of the parabola, KI = u, VH = x and HE = y ; then 

by the nature of the projection, z is 11 rad« : cos VFI, or z z= 

as as , • ai . r • 

\r^i = -77-. 5\ ; but J = J, 1 ■ ^, , therefore z =z 

cos VFI v^ (a* — u") Y (a* — u^y 

J^ ^ ■ * and z = /-T-— » = fl X 1. i/— ^31^, the meridional 
a — !*• J a — I* a — u 

'parts corresponding to the arch VL 

Again, by the nature of the parabola, HN =: aa, and GV n 
VH ; therefore GN = a (a + x)^ and GF =: a H- at; hence 
FN = GF = iGN.andPE = \ GE. ButGE= ^ (4^*+/) 

= -^ • (y* -+- 4a*) ; therefore EP rr X y^ ( j«-|. 4a*). Now 

the length of the parabolic arch VE is = ^ / (y* + 4a*) + 

I % 
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t6a*b^v (a*— v') 8a* ^»p fa*— i>') a^h*v (a* — p*) 

^p (36a*+ 1641*^* — 87tf*p* — i6a*A*p* + 6gaH^— i8p* 

^ (4«»— 3P»)i : • 

Whence taking the fluents 



/> 



/i=ri p {a*-^) + 4**p (K- i'*)-r-(4«'-3"*) + ''^'^ 



3 4V3 

3^p._ ip» (93fl±J5i', ^. ^„ f5^«.j. ^.^.j 



" -i-a'*Rv':4 



.(4a'_3P»)i ''' 

where L denotes the hyperbolic logarithm (sa -h t/v/a).^-' 
(211 — £^v^ 3), and R denotes the length of a circular arc radius 1, 

and sine i/v^3 -4- s^« When vz=za^ the expression becomes 
T+*** + ^7-3 '^ ''•^•'^ + 4 • 3)+^"^'-^ + ia**R/l, 

where A denotes the length of a circular arc radius 1, and sine 
i ^3» or A denotes the length of an arc of 60°. 

The foregoingexpression being mubiplied by ^ =: 3*14159265 
will give the content of the whole external figure, and deduct- 
ing from thence 4^^;c?the content of the internal space leaves 

^x5a*»+-f*l^xh.l.(7+4^3)+'4-+^+i'''*Av'3} 
f 12 3 4 

for the content of the remainder, or the quantity of metal in the 
vessel. Now tV • 3 X h. 1. C7 + 4 y^ 3) = .380173. and 
-yAv'3 =: -6046 nearly. By means of which the foregoing ge- 
nersd expression for the quantity of metal in the vessel will be- 
come ^X (•8546a*6+ 1*380173 a6* + -Jfe*)=: 50 oz. of sil- 
ver = 8*2012339 cubic inches : whence 8546a*& + 1*080173 
ab* + 1-6' = 2*6105338, and by uking b zz *I5, as in the ques- 
tion, the equation may be reduced toa*-f-a X .242249 = 
20*3470146 from whence the value of a is found = 4*391268 
inchesj and the content of the vessel from thence will be found 
44*3372 cubic inches, or little more than a pint and a half of 
wine* 

Second Solution, by Zeno. 

Let 4r = the diameter at the top, = also to the depth 
4>f the bowl ; e s=:*3 =: twice the thickneis, 9 zz 3*14159265, 
and a zz 8*8012339 cubic inches =: 50 oz. of silver of 
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•tandard fincnesi. Then (Hutten't Meniuration P. 3*4) 
**'''^ — = the content of the bowl, and {2X [-c)(x+cyx —=: 
the content of the bowl and silver together : Hence («x-K) x 
(x + c)*x j^— 20?'. 2L -tf,or{9ap'+5r;^* + 4c'x+c'-ft«')x 

"^-ss: tf ; therefore 4p' + •*- x + — ss— ^, and by completing 
*a 5 5 5^» J r « 

the square. x = — — t/ (—--—) = 4'449547 5 l^cncc 

Q 5 

ftx^ ■ : 46' 126 cubit inches zz i\ pints nearly. 

VIII. QUESTION 978, by Hermodorus. 

Given the perspective projection (or representation) of a 
straight line, ana of one point A therein, and the vanishing 
point B (and its distajice) of that straight line ; to find another 
point C therein, so that AC may have a given ratio to the origi- 
nal thereof ? 

Solution, by IlEK}dODOiiVs,tke Proposer. 

Let D (fig- 49. pi- 2,) be the intfrsection of the original of 
AB, and let D be given ; from B draw BO = the given dis- 
tancc and parallel thereto Da nieeiing OA joined in a. Let C 
be the point required, and let OC joined meet Da, produced if 
need be in r. Then it appears by Dr. B. Taylor's perspective, 
(1719) l^rob. 3, that this question is reduced to Loc. 6. Lib. 2. 
Sect. Rationis. 

iST. jB. II tht ratio which AC is required to have to^be 
that ot m to ir, then it appears by the cor. to the said prob. of 

Taylor that CB = ^ x qj^ • 

ji SoiuHon to this question was received from Mr. Phelan. 

IX. QUESTION 279, Ay G. V. 

If is required to determine the n.iture of the curve which 
tou 'l^es an infinite number of lines of a given kind, described 
up«»n a plane according to some determinate law : for example, 
^K'c may suppose the lines to be ihc parabolas described by a pro- 
jectile thrown from an engine, with a given velocity at every pos* 
iible elevation in a given vertical plane. 
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First Solution, by Mr. Lowry. 

ljcif[x^ y, a] = o, be the general equation of the given 
cunrei ; the expression f (x, y, a) = o, denoting a given func* 
tion of the co-ordinates, x^ y, and an arbitrary quantity 4, which 
is comiaiit for each curve^ but varies from one curve to another. 
Then we have to find the nature of the curve that will touch all 
the curves that can^be formed from the general equationy ( jt, y , a) 
==0 , by giving suciijessively alt possible values to a. Now the 
point ol contact beihg common to both curves, they will have 
the same co-ordinates ;r, y, at that point, and the same equation 
between these co-ordinates, but with this difference, that the ar- 
bitrary quantity a will be constant in the equation of the givea 
curve, but variable in that of the tangential curve. Or, in the 
tangential curve^ a must be a function of x, (y being also a func 
tion of x), so that the equation of the curve may be expressed 
in terms of the co-ordinates x and y, independent of the arbi- 
trary quantity a. Now since the curves have a common tangent, 

the expression jf t- for the iubtangent must be the same when £ 

is constant as when it is variable, or a function of x ; and it is 
clear that this can only be the case when the fluxion of the equa- 
tion y {;», y, ^) =: o, taken relatively to a only, is equal to o** 
The fluxiott being taken on this supposition, we shall have the 
value of A in terms of sc, and this value being sub^ituted in the 
general equationyf;t,y, a) = o, there will result an equation con* 
taining only x and y, and which wiU. be the equation oi the 
curve sought. 

In the example in the question, let ADB (fig. jo, pi. 2,] be 
one of the parabolas described by the projectile when thrown 
with a velocity sufficient to carry it to the vertical height AS. 
Draw AB parallel to the horizon, and put AH s x, HO =: v, 
AS = //,.and the angle of elevation BAG =: a. Then by 

Q- y n ' sina «» 

dimpsons fluxions, page bqj;, v ::; * — — -. r-, or 

r ^ r e> ou y co%a 4/lco$*a 



u « 



• For if« ^/{M,y, 0) = 0, then («) * ss r- x 4. - y=o, a beii^ comtant; 

• • • 

and (»)' s=-r jr + T jf +-rtf= 0,11 being variabk. Hence it ii obvious ihac 
y y a 

the vtlan of 7 9 d|diiccd fron thesf cquatipm , cvmpt pouibl/ be due tame oiilcsi 

m 

-r 4 be 96 0, Set Woodhoasc*s Pnnf iplci of Analytical Ciiloihrioii^ page 9flk ' 
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^ ^jg ^ ^^ 1 • But by the nature of the parabola, w— ^{mu), 

hence—-; ^^^^ r^=:v^(wiM),or(a i-x— tt— -) • (wn) -^ 

^tny z== O* Take the fluxion of this equation, considering u only 
as variable, then we have u ^[mu) + (a + x — u ) X 

—77 — f =z o, and by reduction u == ' . This value 

being substituted for u in the above equation, we have 

or, (tf — *_2)'=J7^^». and when a = J, x' = ^«i/, 

an equation to the semicubical parabola. 

Again let the given curve be a cycloid, and AEB (fifir. ^13, 
pL a,) the generating circle. Let the lines be drawn as before, 
and let DP meet the circle in £. Join EB, and put AP = 11, 
PD = V. arch HI = s, AB = a, BH = x and HO = j.. 
Then by the nature of thfc curve, DI is parallel to IB ; therefore, 
by simiUr triangles, EP z= y^ (tfu — u*) : PB = « — uii 

DP= c: the subnormal PI = ;(^'* "" ",\ = tri/lZlii. 



a-^u, 



Also IH = AI — AH = tt + V v/ fr* — =^)— a — x : OH = 

u 

y : : PI = t/ \/^^^ : PD = v ; therefore y \/2-IZif =: 

(u— a~x) + PV ^~^ c)rp=y-f (a + x — w)-^^—-^. 
But by the nature of the curve, v zz 2 -)- ^(au — »*) ; there* 
f ore « + v/ (ail — tt^) = y + (a + x -^ u) \ / ^ , Taking 
the fluxion of this equation, x and u only being considered va« 
riable, and putting for s its value — — — ^ . ^ , and dividing by 
£^ we have 

and, by reducing, a^^u zi {a'^x^^ 11) ja ; hence 21 = a — x. 
And tnis value of » being substituted in the above equation^ 
it becomes 

tOL.XlI. PAaT|# &J c-V 
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a + • (ojc — **) z=zy + ix y ; hence 

« — \/ {ax — X*) = y, the equation of the curve re- 
quired, which 18 that of a cycloid equal in all respects to the 
given one, but placed in an inverted position. 

It is obvious that the curve required is the evolute, and the 
line DO the radius of curvaturcp of the given curve AD. 

If it were required to find the curve which is the caustic of 
reflection or refraction for any proposed curve, the process would 
be nearly the same as in the preceding example. The si 8th 
question of the Repository, (and indeed any other of the like 
kind when the nature of the curve<is to be determined from cer- 
tain properties of the tangent^) may be resolved in a similar 
manner. Thus if AB == ti, (fig. to the solution to that question)^ 
A£ z=i AT, ED = /, and the sum of the sides = a ; then by simi- 
lar triangles, u — x : y :: u : AC = — ^ — : hence 
o ^ u — y' 

ley 
u + — =^ — = d, or «• — ux+uV'^au + ajip =: o. 

Taking the fluxion, supposing u only to vary, and dividing by 

u ; then ^u — x + jr = a, or « = — ■ ' ^ ; and this value 

being substituted for u in the above equation, we have, after pro- 
per reduction, 2ax zz {a 4- a: — y)\ an equation to the paraiiola. 
It is obvious that this process il precisely the same as that for de- 
ducing the particular integral from the general one in the solu* 
tion to the question on page a 14. 

See also Lesson 17, '* Lessons sur le Calcul des Functions," 
par M. La Grange, 

m 

Second Solution, iy Mr. Wallace, It. M. College. 

It is pretty evident that the curve whose nature is required 
must pass through the intersections of every two adjoining lines 
described as stated in the question, supposing these lines indefi- 
nitely near to one sfnother. And this principle has suggested the 
fbllowing solution. 

Let F (a , y, p) denote any expression which, beiidea constant 
quantities, involves two variable quantities Xy y^ and an indeter- 
minate quantity p. Then, supposing x ^nd y to be the co-ordi- 
nates of a curve, and p a quantity which may be called its para'- 
mttcr^ because we are to suppose it analogous to the parameter of 



* Sevrnl examples of this kind may be found in jLandenTi Residnal Aaalyiisp 
Chap. VI. ukcrc they are rciolvcd by a differenc method. 

a 
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I shall nov^ ^ppty ^^ reiult of the preceding inreitigation to 
t few particular examples. 

Example i. Fig. ^5, pU 9, Let A£ be a straight line given 
by position, and let an indefinite number of straight lines DC, 
&c. meet it in Dt &c. so that perpendiculars DP» «c. 'drawn to 
them at their intersection with AE^ shall pass through P» ajriveti 
point: it is required to find the nature of the curve ACFthat 
touches all these lines. 

Let C be the point of contact ot the curve and the straight ^ 
line DC. Draw PA perpendicular to AE. Put PA = tf, 
AB = X, BC ST >, and AD = p. The triangles PAD. DBG 
are manifestly similar, therefore JPA : AD : : DB : BC, that 
is, a : p :: x-^p : y, therefore ay = ^* — ^\and 

F(x,y,p):=p* — px+(ty—o; 
hence taking the fluxions, supposing p alone variable, we have 

(£11^) = .,_, = ., 

therefore ^ r=: i x, and tnis value o{ p being substituted in the 
equation^ it becomes I x* — \x^ + ay zzo; hence we get x^ =z 
Aay^ from which it appears that the curve is a parabola having' A 
lor its vertex, AP for its axis, and 4AP for its principal para- 
meter. 

Examples. Suppose an indefinite number of straight lines 
of a given length to terminate in two straight lines given by po- 
sition at right angles to one another. Required the nature of a 
curve that shall toich all these lines. 

Fig* 5p9 pl* 2* Let AB and AC be the two straight lines given 
by position, and D£ any one of the indefinite lines of a given 
length; suppose F the point of contact, draw FG and FH per* 
pendicular to AC and AB. Put AH =: x, HF zz y^ the line 
D£ =: a : let the quantity which we have in the general investi. 
^tion denoted by^ be in this case the angle DEA: Then AD 
s= a sin ^, and GD = x tan^, therefore, Sie equation F (x,y,p) 
r: o, is here 

y — a sinp+ xiznp zzo; 
and hence, taking the fluxions^ p being variable, and x zniy 
constant, 

— a cos ^ + • — ?- =0. 
^ cos*^ 

Hende we find xzzza cos' p; and as AG must be related to 

the angle D, exaQtly as AH is to the angle E, it follows that y=: 

ii8in'/>: therefore co$Y as (—)^ and sin* p :sez {*-)^t and t 



= cos'/ + tm*p = {— )'-^.{2)T jg tj„j ti^ equation of the 
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Ex. 3* Let us now suppose that the curve is required which 
shall touch all the parabolas that caa be described by a projectile 
thrown from an engine with a given velocity in a given vertical 
plane. Let ACD (fig. 57. pT. s.) be any one of these para- 
bolas, HK its axis, AD an ordinate to its axis, AE = a the 
the height due to the velocity of projection. Let AB zz x, and 
BC =: y be the co-ordinates at U any point in the curve. Let 
the parameter of the axis be p^ and considering AD as a function 
of the parameter, let it be denoted by ^. By the theory^ of 
proiecttles HK = a«— Ipf and by the nature of the parabivla 
AH* =: j^ X HK and AB X BD IT j» k BC ; hence we have 
tkese two equations ; 

(1) qx-^-x* = py^ («) J* = \^p—p^* 

Therefore, F (*, y.^) = ;c* + joy — ^« = o, 
and, taking the fluxions, suppoting p and q to be the only 
variable quantities, 

tlierefore '2- ss^: Now from the first equation we find 

*■ = y ; and from the second ^ =: — ^^^^ consequently 

XIZJL — * *" P ^ and hence y* — qx zz zap — p\ or, substi- 
tuting for y* its value in the second equation, ^ap^^p^^^qx =: 
^ap ^ p* ; hence we get qx = zap^ and from this, and the first 



** nax 



equation, we find p = — , q = • : these values of 

^ '^ 2a — y ^ 2a '^y 

p and qt being substituted in the second equation, and the 
common denominator rejected, it becomes 

4tf* ** = (8 d* — 4ay — x») «* ; 
hence we get J^ay = 4a* — x* for the equation of the curve ; 
from which it appears to be a parabola having its focus at A the 
common intersection of all the parabolas ; its axis perpendicular 
to the horizon ; and its principal parameter equal to 4a. 
Mr, JPbelan sent an answer to this question* 

X. QUESTION flSo, by Mr. Cunliffe. 

Suppo<>e one end of a string fastened to a point in the periphery 
of the base of a right cone whose convex surface is perfectly 
polished ; and suppose the string to be wound three times tight- 
ly about the cone, and the othef end thereof brought to a point 
in the same right line with the vertex and the first point. He- 

Suired the dimensions of the cone, having given the lengtli of 
ic string and the distances of the two ends from \Vve Nti\^^ * 
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the three nutnberf whose sum = i + « -4- ^ , and sum of their 
squares = i* + a" + 5*. In the second sett n = 3,0 = i, i = 3, 

and N :^= v .. . __ ^^^ g^d 5J, 4y, By are three num- 
bers whose sum = 34-4+6, and sum of their squares s;: 
3* -t- 4' + 6' ; therefore ^\, 4^, ^^, 3}, a J, J are 6 numbers 
aniiwering the question. 

It is evident that questions of this kind admit of a great ▼»• 
ricty nf solutions. But answers my be obtained in a manoer 
•omewhat different from the above, by means of a magic square 
(onfaimng magic squares ; for it is a property of such iquarea 
thai the sum ol the squares of the numbers in an outward rank 
. or column, is always equal to the sum of the squares- of the num* 
bers in the opposite outward column ; and as this is a property 
1 have not found in any author, I sliall subjoin a square 01 ths 
kind. 

The annexed square is a magic 
square containing magic squares: 
for if the 4 outward ranks are taken 
away, there will remain a magic 
square of 36 cells; and when the 
4 outward ranks of that square are 
^so omitied, a magic square of 16 
cells is left. 

Now if we take the numbers in any three sides of the three 
squares for one sett of 1 8 numbers ; and the numbers in the three 
opposite sides for another sett of 18 numbers, and divide t^o 
imu one s(tt, and -also into another sect, proportional to thMf 
numbers, the, two results will answer the question. 

A. Solution was received Jrom Mr. FBCLAtlt 

XII. QUESTION 282, iy L. N. M. C. 

If a hexagon be described about a circle, or an ellipse, the 
three diagonals drawn through the opposite angular points of the 
figure will intersect each other in the same point. Required the 
demonstration ? 

FiR»T Solution, by the Proposer, 

Prop. !• Fig. 59, pt. fi. If four tangents dA, £A, ^D, eD, 
be drawn to a circle or conic section, and AI) meet the curye in 
n and p; then the lines a(,c</, which join the points of cootaa. 
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ff:ff : : HP iHa:: am : a¥; but/F is = aF, tberefore qj 
IS = a7n. And in the same manner it may be shewn that 
pe ii =^ do. Again, if the tangents/ F, CB be produced till 
they meet, they will be- equal, and, therefore, because qn is 
parallel to/c, ^ will be = nc» And, for the same reason, am 
will be zz dOt therefore the parts am, en, do^ pc and fg are equal; 
and since ^E and yE are equal, ^ :/E :: pe : fq; therefore 
(because ^K and/ K intersect in K, and ^P and ^P in P) the 
points £, P, K are in a straight line. 

This method of demonstration will also apply to the ellipsCt for 
it is easily shewn that the distances am, en, od-, ep^ ^^^Jg &re pro- 
portional to the diameters to which they arc respectively parailel« 
and the tangents «E,yE being also proportional to the diameters 
to which they are parallel, eh* will be to/E as ep to^,aiid con- 
sequently the points £, P, K, B will be in a straight line. In- 
deed the demonstration for the ellipse may be easily inferred 
from that ol the circle, by considering the ellipse as the section of 
a cylinder, or a cone, of which the circle is the base. 

XIII. QUESTION 1183. by Mr. Cunliffb. 

To express the »th power of the arc of a circle in terms of 
its sine 3 radius being 1 ? 

Solution, iyJlfr.LowRY. 

Let a denote any arch, and y its sine ; and put u for the series 
which is the expansion of a". 

Then since w =fl**, we have uzzna^'^ a : or because a = — :- — rr* 

J n— 1 u , . nuy J nu ai 

and a =-, we have u =: - ., ^ , -, and --r ^— ^ 

a «i/(i-/) VU-y*) y 

Assume now « = y» + A> ""^"^ + By ''+* Cy "+^ + &c. 
then since, by the binomial theorem^ 

by multiplying these series we get 
^j^J^j^: „/+«(A+f)>"+* +«(B+4A+li3;^-+* 

8*i^ S.idaO 

Again taking the fluxion of the expression for », and dividing 
by^, we have 

u 
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V 

* by multiplying the two series we get 
?'=.y+((,+.)A+i:f)V+2 + ((,+4)B+lMl)A+i:^>:K"+* 

And by equating the co-eflScients of the Irke powers oiy^ in the 



two scries which express the values of ~, rr and -:?, in or* 

, •(!— r) y' 
der to make them identical, we have 

^^ a.4.6.7 2.4.5 2.3 ' 

D ^- 1 ,1:8:5;7.8«_^ i>3./(6^-2}^^ 1.3(4^-4)3. (2^^ 
■^ 2.4.6^8.9 2.4.6,7 ^•4'5 ^^ 2.3 ' 

&c. &c. &c. 

Where the law of continuation is obvious. And these values 
of A, B, C, D, &e. being substituted in the series assumed 
for 1I9 we shall have the series for the nth power of a as required. 

XIV, QUESTION 2S4, by Mr. Cunliffe. 

Find three numbers whose sum shall be a square, and the 
sum of their squares an eighth power ? 

Solution, iy Afr. Cunliffe, the Proposer. 

I shall begin with the solution of the following problem, viz. 
To find three numbers whose sum shall be a square, and the sum * 
of their squares a biquadrate ? 

Let x\ 2xy and sy* denote tlie three numbers, then 
jr* 4- 2xy ■+• 2y* is to be a square^ and **+ AX^y^-h ^y^ zz 
(x* + ay*)* a biquadrate : that is *» + 2xy + »y and x* + 2^* 
must both be squares. 

Put ** +2Ary+2y* = [ry — x)* zzr*y* —2rxy+x* : whence 
xzzy\ (r*— a) -T- 2/4-1); take y=:2(r+ij ; then *=:r*— 9: 
whence ;c* + ay» = (r* — «)H- 8(r + !)• = a sauare. The last 
expresiioB will be a square when r = — > 3 ; but this value would 

L» ffivc 
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-^(r^_„.)— r' hence :7^^r:i:j;Tj -»• V^ (r*-r;»J"" r) 

mm 

= o. Also r = a — t/, and r =: — t^ ; therefore « ^,j + 

y a^ ^; = o; or by reduction.r (r + i;) := z • (r* — »•), 

the tame a& before. 

The lame result may be obtained by the following method. 

Put p zz the angle PBA, n z: a semicircle, or the measure of 
two right angles, radius == i, and y = PB: Then it appear* 

from the 2nd Example, on pa. 28 of this vol. that zzz " ^ ^^^ - — • 

and because V = —^. we have z = ^ ^^ ^ ^ aminimumi or 
^ cos 9 2 co$'9 

jL = a minimum. Therefore, taking fluxions, 

cos^ cos'f ° 

— II {co$*(p/— 2^ cos*$ + 2(p (cos*^)* =: 0. 

or ( — n -f 2$) (cos'(f )' — 29 cos*^ == o. 

But (co8*$)* = — 2(p sin 9 cos 9 ; therefore 

.'^ cos 9 AB 
(ft— 2?) sin 9 cos 9 — cos"$ zz o, or {« — 2$) =1 ^i^^ = ^> 

«^« archBP 
and smce « — 29 = the measure of the angle BUFi s=; t pQ » 

we have AB X PO = arch BP x AP, as before. 

To find the arch whose versed sine is equal to the arch multi-* 
plied by the sine, radius being i , it is easily found by a few trials 
that the arch is greater than 133^ and less than 134®. Hence by 
proceeding as in the solution 10 question 25^, We have 

^Q6**33= ^'1238516 Log. 134= 2*1271048 

17581226 17581226 

©•3657290 0*3689822 

Log. sin 133' ' 9-864i>75 Log. sin 1 3 4^ 98569341 

10*2298565 10*2259163 

L.vers. sini33 ^io*2 258955 L. vers. sin. 134* 10*2290845 

— 40310 31682 

• 403^0 
Sum 71992 
71992 : 31682 : : 1^ : 26^} nearly. 
Hence 134* — 26fi = i33*33'i = angle BOP -= bopz 

therefore the versed sine ba zz 1*6800^7. and BO ^ ■ X^»- ^^ 

1*689037* 

the radius required. ... 

Solutions Wire also received from Mefsrs. Harvey and PhehuL 
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XVII. QUESTION «87, *y Mechanicvs. 

By what force must a body be attracted so, that, in a passing 
from one given point to another* the line of swiftest descent 
may be a circle ? . ' 

Solution, ty Mr. Lowry. 

Suppose the body to have descended from A to F (fig.65.ph s.) 
and put A£ =: x, £F =: y, arch AF = 2, and the force sohciting 
the body in the direction of the ordinate EF zz ^. Then it is 
proved in Art. 576 of M*Laurin's Flvtxions*, that ** the line 
of swiftest descent is of such a nature, that the sine of the angle 
contained by it at any point F and FE, the ordinate perpendicular 
to the horizon, is always as the velocity of the body that de- 
scends along it at F". Now when the bp^y descends from rest 
at Ay the velocity at F is = V^f^y* ^uid the sine of the^ngle that 

the curve makes with FE, at F = * ; therefore ?• = Kf 2lS1, 
jbt i* = i*— jrr, where a is a constant quantity. 

But «• zr ^' + ir; therefore >• + *'= i« -j!^ 

•r i* (a — 2/^}) — }* («^i) ; and therefore i zzy y — ^^^ . » 

from which equation the nature of the curve may be determined 
when the force is given. But when the nature of the curve is 
j^ven, and it is required to find the law of the attracting force, as 
m the question; let £ zz py he the fluxionary equation of 

the given curve ; then -r = p, and p* = ' Sl r * * 
thercfore'^^ =: —^ — , and taking fluxions, and dividing by 2/, 

we have $ z: / ^ . \! » for the force required. 

^ (P +1)' X/ ^ 

Ex. 1. When the curve is a circle, as in the question; 

let c be the centre, and r the radius ; then^ by the nature of the 

* = > ;r^ ; therefore^ = ^^^^.p^^z ^^—^, 



curve, 



* ADeatiiiveitusitioBafthis property«filie coivtof^incktttdcsoeDtitgiveii 
ngep of Mr.Woodhoiiie^t "TrcttiwoaliQpsmncmcal Problciuib ^^ 
■Iciiliu-ofVanitioai^" latdx pubKfhed. ^ . 
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It is obvious that the perimeter 6f the iriahgle APQ Is a 
snaximum when the curve is convex, and a mitiiiriuili Vrh^n it 
is concave towards A. Also RP -t- PQ + SQ ii a friakitnum 
vhea the curve is convex td RS» iuid a mininnim when k is 
concave to RS. 

From what has been provcil above we are led to the detlidft* 
ftration of the following theorem, which is One of thofte left uA^ 
Remonstrated by Dr. Waring in his Pfoprieiates jtigtbraicatum 
Curvarum'. , 

Let a polygon PQRST, &c. (fig. 67^ ph a J of any numbed 
of sides, be described about th^ oval figure ABCDSi mA let the 
side^ \>c divided in the points of contact, so that 

PB :.QB : : (cot-J- cosec) GOB : (cot-f- cosec) APB 
CQ : CR ; : (cot + cosec) DRC : (cot + cosec) BQC 
DR : bS ; : (cot + cosec) £SD ; (cot + cosec) CRD 
' ES : ET : : (cot 4- cosec) ATE : (cofc + cosec) ESD 
&c. &c.. 

Then the perimeter of the polygon PQRST, &c, is less than 
the perimeter of any other polygon of the same liumber of sides 
that can be described about the cur ve^ and whose sides ait! divided 
in any other manner. 

For suppose^ when the perinieter is a minimafti^ that on^ of 
the sides, as PQ, is divided in soiii^ other matmer id th^ pmnt of 
conuct B, and let pq be drawn so that 

bp liq i\ (cot -|- cosec] ^^C : (cot + cosec) Arl. 
Then, by what has been proved above, AP "^ p? 4- ^Cf is tess 
than AP •+: PQ + QC ; therefore the perimeter of the polygoft 
Tp^RST, &c. is less than the perimeter TPQRST^ &c. (the ksUt 
of all by hypothesis), which is absurd. Therefore the perimeMr 
cannot be a minimum wh^n PQ. is divided in ^ny oth^ matmer 
than that specified in the proposition. It may be proved in thte 
same way for any. othei* side. 

,, Cor. By compoortdihg tb^ abbve propottions, Wfe havie 
Pfi X CQ >!C OR X ES &c. = BQ X CR ^-D8 K ET ftc. 
Therefore if a polygon PQRST &c, of any mittib^r 6f lid«, 
be described about th6 oval figure ABCDE, to that PB x CQ x 
DR X £S &c. ssBQ X CR 3c DS X £T &c. th^ pfcHmet^ 
of this polygon is less than ^e (Perimeter of any o&m pelygoh 
of the same number' of sides that can be described abo&it the 
curve. This is another of Dr. Waring^s Theorems^ 

By a similar. mode of investigation we tare led to thii AUt^tkty 
o\ several analogutia pr(]pOtfitJons relating t6 figuftes delcribed oh 
the surface of a sphere. 

(i.) Let AB, AC (fig. 6d, pi. s,) be two great circles j^iVeti by 
positioni and tiiOn a eurve oi any kind, given by positi^ 6n tho 
vurfiite ot a sjAere ; a&d let it be tt^tiirtd to \di^# \hi^ gre^t tiN 
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cle tangent POQ, to tbat the intercepted trcli FQ may be the 
gre^teit or least posaible. 

Let poi] be another great circle tangent indefinitely near ta 
PQ, and intersectinff it in 0\ About the pole 0' degcribc the 
tmall circles Pa, Q7; then fa is the little increment of P0\ 
and (fh th^ Hulc decrement •! O'Q ; therefore the whole vaha* 
tK>n of PQ is zz pa-^ ab, which in the case of a max. or a 
min. is=too, or pa:zqb. Now the little eiemeatary triangles 




Q^ : : un 0>P : tan Qqt. 

l^^t in the spherical lectors PO^a, QO^^t y^^e have 
p, ^ pn O-P X ^ PQ> , ^j Q^ ^ «n CyQ x^ |^0^5* 

raa. ^ raa. • 

theretore Pa : Q6 : : sin OT : sin O^Q, 
and sin O'P : stn C'Q : : tan O'pP : tan Qqb. 
Thereforcp ultimately (or when the points o, O^ O coalesce^! 
sin OP : sin OQ : : tan OPA : tan OQA. 

(2). Let it be required to draw PQ so that die sum of the 
•ides AP, AQ may be a max. or a min. In this case tb^ 
incren^eat Pp is c^u^l to the decrement Q9. But pP = 
¥a ^ sin 0>P and Q? s= Qi -J- sin Qqb 5 th^reifore 

fa -r sin 0>P = Q6 -e- sin Qy6, or 
Pe : Qi : : sin O^pP ; sin Qqb. But it has been shewn ?tbov# 
that fa : Qb : : sin OT : sin aO, 
the^tUupppOytjfitiQ'Q i: pm 0>P : am Qgi ; 
that is» ultimately, sin OP : sin OQ : : sin OPA : sin OQA. 

(3), Let it be required to draw PQ so chat the perimieter of 
the triangle APQ (or the $um of the arches RP, FQ and SQ) 
may be a maximum or a minimum. In this case pF -f pa is ±= 

«f + fb. But ;^p + ;w = P/i tcpt + cosecj Q>P. wp^ 
q -^ qb '=. Qb (cot + cosec) Q96 ; therefore 
E^.iQA()|inO'P:iinO'Q) ;: (cot + cosec)Oy P : j^q 
and, ultimately, 
sin OP : »ia.OQ : : (cotrl-cqseG)O^R : (cot+cosec) OQS* 

(4). I^t it be required to draw PQ so that the area APQ^ 
or the ipace ^SPQ, ipay be a maximum or a minimum. In 
this case the little trian^es pO^P, Q0'& are equal, and since / 
ffy Md q^ ^proach Mid^fi<titely near to aa equality with 
PO^ and QO^, ' those triaosles may be con^idei^ed as isosceles, 
and Gonsequemly when ihcy are equal in area, the sides O^P, 
O^Q will be equals or OP =: OQ ; hence the tfingeni PQ is 
bisected in 0« 



» I 



^ip 



* Sec Vincc's TniooocDctfy, in edition, Axt*i7a. 

It ft 
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From what has been demonstrated the truth of the following 
theorems is obvious. 

1. Letagreat circle polygon of any number of sides be described 
about a curve on the surface of a sphere, so that all the i idef 
may be bisected in the points of contact. Then the area of this 
polygon will be less than the area of any other polygon^ oi the 
same number of sides, that can be described about the curve, 
and whose sides are divided in any other manner at the points of 
contact. 

2.Let agreat circle polygon PQRST &c. of any number of 
sides be described about a curve on the surface of a sphere, 
touching it in the points A, B, C, D, E, &c. and let the sides 
be divided at the points of contact so that 

sin PB : sin BQ :: (cot+cosec) tlQB : (cot f cosec) APB 
. sm CO: sin CR :: (cot+coscc) DRC : (cot + coscc) BQC 

sin DR; sin DS :: (cot+cosec) ESD : (cot + cosecl CRD 

sin £S : sin £T :: (cot f cosec) ATE : (cot-f cqkc) ESD 
&c. &c. 

Then the perimeter of this polygon is less than the perime(fer 
of any other polygon of the same~nuipber of sides that can be 
described about the cur\'e, and whose sides are divided in any 
other manner at the points oi contact. 

In this case sin rB x sin CQ x sin DR X sin ES &c. = 
sin BQ X sin CR X sin DS x sin ET &c. 

The problem^ in the question, may also be resolved as follows : 
Draw 0£ (fig. 66, pi. 2,) parallel to AC, and put A£ = x^ 

EO =y, EP = t; = — y-r and c = the cosine of PAQ; then, 

when PQ is a minimum, we have 

»:Ar+i/::PO=^(t;H/— 2Ci/y):PQ=^^/{t/M-/— «^»A 
Take the fluxion of this expres8ion,supposing v to be constanC,theii 



9 ^ ^ ^^ ^^ ^^r 1/ (v*'hy'—uvy)^*^ V+y— Soy ^j =• .• 

Therefore, by reduction, i/* [v-^cy) = xy (y — cv)^ • 

or, v:x:: {y — cv)y : {o^cy)v :: — ^ : — ^. 

^ _ V — cy y — cv 

But — ^ — is the tangent of OPA, and — ^ — theUnjrent of 
v-^cy ° y — cv . ^ 

POE or OQA; therefore OP : OQ(:: t; : ;rj::tanOPA: 
tan OQA, as before. 
Again, when the area is a maximum or a minimumi 

v:y::i/ + *:AQ=2l2±l\ therefore AP X PQ =(*+») J^^ 
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a max* or a min. Take the fluxion^ supposing v constant, tnd 
Vit have 

^{x^rv)i^r{X'\'vY^zz o, or ^ — =: — yr=:9; therefore x+oss 

2^9 or :r= t^9 as before. 

Again, when the sum of AP, PQ is amaximum or a minimunit 

we have AP + PQ = i; + x + 2i2±i2. Take the fluxion, 
supposing V constant, then i -1-/ ( "^ J + y -=^, - 

or~— = — ?-; therefore^ — r::~ = — V • = t;, or»* = ;rv; 

hence 9 : x : : y : i; : : sin OPA : sin POE (= OQA). 

The problem may be resolved in the same manner when any 
function whatever of the lines AP, AR, PQ is to be a maximum 
or a minimum. 

A solution to this question was recavedjrom Zeno. 

XIX. QUESTION 289, by S. VH. 

Draw a straight line through a given point to meet a given 
curve PZQ, in the points P and Q, so that either the line PQ, 
the arch PZQ, or the area PZQP may be a minimum. 

Solution, ij' Afr. Lowry. 

Fig- fipf p'. «• Let O be the given point, PQ the required 
line, and let PB and QC be tangents to the curve at P and Q. 
Draw pq indefinitely near to PQ, and with the radii OP, OQ 
and cehtre O, describe tiie arcs Pa, Qft. Then, it appears 
from the solution to the preceding Question, that, when PQ is a 
minimum, the increment ;7a is equal to the decrement qb. And 
tmct pq is indefinitely near to ^Q, the little triangles /^aP, qQh 
may be considered as rectilineal and right angled at a and b ; 
therefore since pa =: Pa -r- tan OpV and qb = Q6 •?- tan QyA, 
we have 

?a : Q6 (: : OP : OQ): : tan Op? : tan Qql. 
But the angles 0;e?P, Q96 (O9A) are ultimately equal to the 
angles OPB, OQC ; therefore 

O^ : OQ :: tan OPB : tan OQC. 

Again, when the arcli PZQ is a minimum, the increment P;^ 
is equal to the decrement Qg. But ;^P = Pa -r sin Opf and 
Qy zz Qb -r sin Qy6, therefore 

Ptf : Q6 (: : OP : OQ):: tin anP t tin Qgt, 
that is, ultinjatdy, OP : OQ : : tin OPB : tin OQC. 
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anr equation will be found, expressing the relation betweea 
X and y. 

To apply the general sohnion to the particular question under 
consideration, let us suppose that in ng. 73, pi. B, AB is the 
straight line given by position, H the given point, and HEC the 
given angle, EC being the normal to the curve PQ. DrawHA 
perpendicular to AB, put H A r=: &, the given angTe E = «, and 
assuming A as the given point, let AD=x, DC^zy, and EC 
z=:v, as in the general solution ; then the angle HEtA^zor-^fUid 

AEiz . / ~;/ ; theref. *= ; ^, and d<bzz . i ^ " , » 

sin (a — 9) ^ 8in(fle — f) sin\a — p) 

and cos © i <[> = -r— r-—^--,. Now cos $= cos a cof f«— ^H- 
^ sm *(x — (p) ^ ^^ ^' 

sin a sin (:« — ^), therefore, 

i cos ^^^ b cos a cos {« — f ) J^ ft sin aJf 

sin '(a"^~^) «in*(a— ;p) "*" sin (« — ^Y 

and, integrating, we get 

V =yco$ (pi/ *= —-^—^ ^ sin « X log. un { {«— ^) f C. 

this equation determines the normal n, corresponding to any 
pointEinthcaxis,andifwesubsiitureinitthevalue8ofii,sin(a— 9), 
and tan { (x — f)^ wiiich may be deduced from the two equations 

h cos (a — ^j 

y = » sin 9, — : — 7 rrr — x = » cos ^i 

^ ^ sm (a — 9) 

we shall have an equation expressing the relation between the 
co-ordinates * and y. 

The expression for the normal may be considerably simplified 
by referring the curve to a difFcrent axis : For draw He perpen- 
dicular to CE, and through s draw Ac^. Then it is evident that 
the point H, A, g, E are in the circumference of a circle; hence 
the angle B A/S is equal to EHe, which is the complement of a 
given angle ; theretorc the angle BA)3 is given ; and the line A0 
is given by position, and may be taken as an axis to the curve. 

Now HA : £i : : sin HEA : cos HEe^ that is 6 : £i : : 

sin (« — ?): cos a. therefore Ef= gin (a^— <p) ' ^^ "* "^^ 

put v' for the normal Cs referred to thcf axis A^, and f^ for the 
angle which the normal makes with this axis, then, observing 

jhat a 9 = 90^ — $'» and consequently that tan | (a -^ 9)=^ 

cot (46^+ i ?';• and log tan 1 (a ~ 9) = — log tan (45^ + !?>') 

we get 

v'^=:h sin « X log tan (45^ + i?') + C, 
an equation which is more simple than the former. Sin^e it 
appears that the lii P He which is perpendicular to EC always 
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intersect it in A/3, a line given by position, which we have assum- 
ed as a new axis to the curve, it follows that whatever be the 
tnagnitude of the given angle a, we need drily consider the case 
in which it is a right angle, every other one being reducible 
to this. 

Second Solution We may also resolve the general 
problem by the theory of Evolutes and Involutes^ for we can 
always determine by the direct method of fluxions, a curve to 
which the normal shall be a tangent, as is shewn in the solution 
of question 279. If therefore in any particular case a curve 
which touches all the normals be found, then, any curve which 
IS the involute of that curve, that is, which is generated by the 
extremity of a thread evolved from it, will manifestly be a curve 
of the nature required. 

If we suppose that in the question we have just now resolved, 
the given angle is a right angle, to which case every other is 
reducible, then, the curve which touches the normal in every 
position is a parabola as has been shewn in the first example of 
the second solution of question 279. Therefore the curve whose 
nature is sought is in every case the involute of a parabola. 

Second Solution, by Mr. Lowry. 

Let P (fig. 74, pU 2,) be the given point, BA the straight 
^linc given by position, PGD the given angle, and FD the 
curve to which DG is a normal. Draw PC perpendicular to 
DG, and PB, to AB, and join BC ; then because of the right 
angles PBG, PCG, the points P, B, C, G are in the circum- 
ference of the same circle, and therefore the angle PBH is 
equal to the given angle 1 GC. Therefore the straight line HC, 
which passes through a given point B, and makes a given angle 
with a straight line PB given by position, is given by position ; 
i|§d.if PH be drawn perpendicular to HC, H will be a given 
point. Let this point be taken for the origin of the abscissa HE, 
the line HC being considered as the axis of the curve; and 
put X zz HE, y z=L ED, a = HC. and i = PH ; then the 

subnormal EC is = ^, but EC is also z=z a — ;c, therefore 

X 

a — OP = -ir. Again, because the angle PCH is the com- 

X 

plement of the angle ECD, the right-angled triangles ECD, PCH 
are similar; therefore b : a : : a — x : y, or by zz a{a — x) ; 

X X* 

and by completing the square, we have a = -+ y ^ by\ ; 

this value being substituted for «, in the equation a — x = i^, 

VOL. III. I^RT I. K, 
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wc have, after proper reduction, bx^ — otyx — yy^ = o, for th€ 
fluxionary equation of the curve. 

To integrate this equation, let it be put under the form 

J — a: 4 — T -^ = o, and let -^ = p\ then by substitution, 

X ^ x^ X ' 

b X 

h — xp — yp'^ zz o, or^ zz -^ : taking the fluxion, and put. 

ting for y its equal px^ we have 

abp xp pi .. , ,. • ,. 

^»=— y + -t - ^. or /x = {jpx— 2i) f — p*x ; 

therefore x — J -,xi> " , orif V=.-J- — i,andQ=-T ;; 

then X = Pa;? — Q^, which equation (being of the same fonn] 
may be integrated in the same manner as that on page 40 of this 
volume, or page 84, vol. 2. 1 hen we shall have x in terms of 
;e7, or p in terms oi x, and then the relation of x and jr may be 
deternjined by mtegraiing the equation y = xf(x). But^since 
these integrations are likely to lead to complicated expressions. 
Jet lis try if a simpler result can be obtained by seeking the re- 
lation between the normal CD, and the angle that it makes with 
the axis C H. For this purpose let CD be denoted by z, and the 
angle HCD hy(p; then y zz 4 s:n (p, EC = z cos^, AC =• 

b tan (p, X =: ^ tan 9 — 2 cos ?, ^ = z sin (p + z cos f ^, and x = 

— V z cosy + csinp(p : therefore EC :z z costzzz— = 

cos 9 r * rr * r ^ 

zsmtpi nr-- -^ • — ; -] or ssin*(p+2cos$sin©0 

^t'^-T-cosip — 2Cosj + zsin(p(p' ^ T TT 

b(p , . • 

— — z cos '$> f 2 cos 9 sin 99 ; therefore i (sm*9+ cos*^) ^r 



COS 9 



, or (because sin *p 4- cos *9 = 1), z z: — — ; and taking 



cos ? cos (p 

the fluent, we have z = b >< log. tan (45° + |(p) + c, for the 

equation of the curve sought. 

As another problem of this kind, let it be proposed to find 
the nature of the curve, that shall cut at right angles all the tan- 
gents that, can be drawn to a given curve. 

Let IB and BA (fig. 75, pi. 2,) be the co-ordinates of the 
given curve lA, and GE, ED those of the curve sought, and 
put GI iz w, IB = fl, BA zz b, GE = x. ED =: y, and the 
subtangent CB z= c {3, function of a and b determinable from 
the equation oi the curve] ; then by similar triangles 
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m 

h :c :: y: EC =-r» but the subnormal EC is = ~, therefore 

?=f.»'i=i (■) 

also X •= m '\- a — ^ — c ( j) 

and eliminating h and c from equation (i)» by means of equa- 
tion (2) and the given equation of the curve, we shall have the 
fluxionary equation of the curve sought. 

Let, for example, the curve GIA be the common parabola, 
having its vertex at G; and parameter =r 2^; thena=GB, 
A r= B.\, and m z=z o. And by the property of the curve, 
a* := 4^6, and CB = c = i a ; 

therefore 7-= — t and x zz a ^ — ^'azzl a ^ ; 

a a ^ ^ a 

hence, by completing the square^ 

therefore 2px zz y [x -\- • (x* + ^py)) \ and by reduction 
jfy? — xyx — yy* rr= o, the same equation as in the last problem. 
The curve DF is evidently the involute of the curve GIA; 
therefore the curve required by the question is the involute of 
the common parabola, H being the vertex, and P the focus 
(fig. 74, pi. 2.) 

Again, let the given curve be the semicubic^l parabola of 
ifvhich the equation \s a^ z=z \^ pb^ \ then the subtangent BC 

ii = |tf, and therefore r- zz \ y—\ hcnce;riim f a — - y/ 



b 



— fazr: ;» 



^a — '^\/^\ orifm = i/>. 



then X zz {p +. |^i — y — , from whence we get a z=z ^x ; 



3p 
a 

therefore ^ = 1 4/ 3£ = 1 1/^ =^4. and 4" +" ^- ^ ; and 
^ V a ^ V X X »/x 2 '^ 

taking the fluent, we have \/ p a y/ x zrzy^ or px = y', an 
equation to the common parabola. 

Innumerable problems of the same kind may he resolved in a 
similar manner, lor let/ (jr, y, a) zz o, be an equation to a straight 
line (or a curve), a being an aibitrary quantity, and let it be re- 
quired to find the nature of the curve to which this line is a 
normal. Then because the distance EC, or the subnormal, may 
be always expressed in terms of x,/ and a, we shall have a func- 

tionof (;r, y^ a) zz ^« and if the arbitrary quantity a be elimi. 
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nated (when it is possible) from this equation, by means of the 
equationy(x, jy, a) = o, we shall have the fluxionary equation 
of the curve sought. 

Mr. W. Wallace is requested to send to Afr. Glen din* 
viHG^s for the Medal for solving fhe Pnze Question. 



Having a little spare room we shall insert a solution to the 
3^jth question, which we have received from one of our cor-^ 
respondents^ and which^is rather different trom any of those in 
the last number. 

The question was •' to find the fourth root of — a.'* 

Solution, by Z. 

Let X be the root required. Then a* z= — « , or ;e* 4- ^ :rLd; 
and adding 2 a.* */ aio both sides of the equation so as to make 
the first side a complete square, we have 3^ -4- 2x^ v^ a + az^ 

SLof ^ a, and extracting the root, ** -*- \/ a = If xal • a ; 

or X* 4I xai */ 2=z ^^ */ a. Again, completing the ijiuare, 

3? i xot^ y/ ^ -fjv'^ — — ^\/fl» and extracting the root 

,q:«i • i = ±a^ x^f^l or . = + «i (ii^). 

the root required. 
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NOTICES. 

I. Mathematical Works lately puhRshed. 

A Third volume of Dn Hutton*s Course of Mathematics, 
for the use of the Royal Military Academy. This volume con- 
tains additions to some of the subjects treated of in the two 
former volumes ; also such other new branches as appear best 
adapted to promote scientific education. 

A Treatise on Isoperimetrical Problems and the Calculation of 
Variations. By Robert VVoodiiouse, A.M. F.R.S. 

The Principles of Fluxions. By William Dealtry, M.A. 
Professor of Mathematics in the East India College. 

The Philosophical Transactions of the Royal Society of 
London, for 1810. The Mathematical papers contained in this 
volume are, 1. Observations on Atmospherical Refraction, as it 
affects Astronomical Observations. By Mr. Groombridge* 
— 2. On the Annual Parallax of « Lyrae. By Dr. Brinkley. 
•^3. Supplement to the first and second pan of the paper of 
experiments, for investigating the cause of coloured concentric 
rings between object-glasses, and other appearances of a similar 
nature. By Dr. HERbCHELL. 

An Account of the Trigonometrical Survey, carried on by 
order of the Master-General of his Majesty's ordnance, in the 
years 1800, I9 2, 3, 4, 5, 6, 7, and 8. By Lieut. Col. MuoGEt 
oi the Royal Artillery. F.R.S. and Capt. Tho. Colby, of 
the Royal Engineers, Vol. 3. 410. 2I. 2s. 

The Cambridge Problems, being a collection of the printed 
questions proposed to the candidates for the degree oi Bachelor 
of Arts at the general examinations, from the year 1801 to the 
ycar*i8io inclusive. By a Graduate of the University. 6s. 

Six Lectures on the Elements of Plane Trigonometry ; with 
the method of computing Tables of Natural and Logarithmic 
Sines, Cosines, Tangents, &c. By the Rev. B. Bridge^ 
Professor of Mathematics in the East India College. 

An Introduction to the Theory and Practice of Mechanics^ 
for the use of schools. By W^. Mar rat. 8vo. 

The System of Mathematical Education at the Royal Naval 
College, Portsmouth. Part I. By James In man, A. M. 
Professor, Royal Naval College. 8vo. 4s. 

ITie Elements of Linear Perspective, designed for the use of 
Students in the University. By D. Ckesswell, A.M. Fellow 
of Trinity College, Cambridge. 

New Principles of Linear Perspective, or the art of designing 
on a plane the representation of all sorts of objects, in a more 
general and simple method than has been hitherto done. B]r 

VOL. 111. PART I. O 
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Dr. Brook Taylor, L.L.D. and R.S.S. A new edition 
with a portrait and life of the Author. 8vo. 14s. 

Lectures on the Elements of Algebra: designed for the Uic 
of Students of the Fast India College. Second edition. By 
Rev. B. Bridge, Professor of Mathematics in the EaK Indu 
CoPege. 8vo. 7s. 

A compcn^iions and practical Treatise on the Construction, 
Properties, and Analogies of the three Conic Sections. By the 
R6v. B. Bridgk. 8vo. ^s. 

Elements of Geometrical Analysis, and Plane Trigonoroetryp 
with an appendix, notes, and illustrations. By John Leslie, 
Professor of Mathemaiics in llie University of Edinburgh. 8vo. 
Second edition. 

A Treatise on the Equilibrium of Arches, in which the theory 
is demonstrated upcn familiar and mathematical principles. Also 
the method oi finding the drift and shoot of the arch. By Jos* 
GwiLT, Architect. 6s. 

IL Mathematical Works in the Press. 

An Elementary Investigation of the Powers and Properties 
of Numbers, with their Application to the Theory of ArithmeCic, 
the Indeterminate and Diophantine Analysis, the Division of the 
Circle, &c. By Mr. Barlow, of the Royal Military Aca^ 
demy Woolwich. 

A General History of Mathematics, from the earliest ages to 
the close of the 18th century, in three octavo volumes. By 
Michael Fryer, Secretary to the Bristol Philosophical 
Society. 

AnElementary Treatise on Astronomy. By Robert Wooo- 
HOUSE, A.M. F.R.S. 

III. Foreign Books lately imported. 

Traite Elcmentairc des Machines, par Hachette, 4to« 
plates, 9I. 12s. 6d. 

M^moire sur la Projection des Cartes G6ographiques, 'par M. 
Henry, 410. il. is. 

Tables Barometriques Portatives, par BiOT, 8vo. 4s. 

Statiques des Voutes, contenant I'Essai dune nouveUe 
Theorie dc la poussee, parBERAUD, 410. plates, 15s. 

Connoissance des Texas ou des Mouvemens Celestes, for 
1809, 1810, 1811, and 1812, at 14s. eaeh. 

Journal de I'Ecole Polylechnique, 410. No. 10, 14s.; ditto. 
No. 13, 148. ; ditto, No. 14, il. is. ; ditto, No. 15, 14s. 

Historic de I'Astronomie depuis 1781, jusqu'a 181 1. pour 
servir de suite a THistorie de I'Astronomie de Bailly« ptf M» 
VoiKOK, 4to. il. ios» 
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Tables Astronomiques publiees par leBareau dcg Longitude • 
de France, 4(0. iSs. 

These de Mecanique, soutenue le 9 Mai, 1811, devant la 
Faculte des Sciences de Paris, suivie du Programme de la These 
d'Astronomie, par Pierre-Marie Bourdon, 410. «. 

Introduction a, la Phiiosophie des Mathematiques, et lechnie 

de rAlgorithmic, par M. Hoene de Wronski, 410. il. 8s. 

Mathematiques Puies, Cours Complct, par Francceur, 
s vol. 8vo. il. los. 

IV. JOURNAL DE L'ECOLE POLYTECHNIQUE. 

A Brief Account of the AUmoirs and other Articles relating to 
Mathematics contained in the Journal de L'Ecole 
PoLYTECHNiQUK, published by the Council of Instruction 
of that Establiihment. 

The Polytechnic School, at first denominated the Central School 
of public works, was instituted by the French National Conven- 
lion, in the second year of the Republic ( 1 794) for the instruction 
of youth in the mathematical and physical sciences, previous to 
their being admitted into the schools of application of public 
service. The constitution of the school has been repeatedly 
changed ; it however still exists, and ever since its establish- 
ment has been under the direction of the most distinguished 
cultivators of science in France. The work entitled •• The 
Journal of the School" has been published at different intervals 
m cahiers or numbers, and the 1 ^th has lately come to England. 
They contain the decrees of the French government relative to 
the constitution of the school, the plans of the different courses 
of instruction, and memoirs by the professors, and in some in- 
stances by the former el^ves of the school on various branches 
of pure and mixed Mathematics, Fortification, the arts of De- 
siffHt Chemistry, the Belles Letters, &c. As an enumeration 
of those relating to mathematics cannot but be interest in j[ to the 
readers of the Repository, we proceed to give their titles in 
their order. 

CahierI, commences with an article entitled Sternotomies 
byMoNGE, giving an account of this branch of instruction, 
the manner of teaching it, and the operations performed by the 
tUvfS. This is followed by similar articles on Civil Archi- 
tecture, by Lamblaroie and Baltard ; on Fortification, by 
Dobenheim; and on Design, by Neveu. Next follows 
a Course of Analysis applied to Mechanics, by Pron y, divided 
into lessons. Lesson 1st gives general notions of indeterminate 
analysis. Lesson ad treats of equations conuining two variable 
quantities. Lesson 3d treats ofequations containmg three vaii* 



( 100 ) 

• 

ables, and gives an application to curve surfaces. Lesson j^th 
treats of first difierences of functions, and gives an introduction 
to the method of tangents, witli applications. Lesson 5th 
treats of first partial differences. Lesson 6th contains the nota- 
tion of differences of all orders. After some articles relating to 
general physics, &c. the Cahier concliHics with a memoir on the 
determination of shades in dcs'gns. This subject is discussed 

under two heads or questions : — <2''^'"''^' '• '^^ ^^^ ^^^ ^^^ ^ 
the variation of the apparent intensity of light upon any given 
surface. Quest. 2. In imitating tiie form of a body, by painting, 
and knowing the law of the variation of the apparent intensity of 
lii^ht at its surface, to observe strictly this law in the picture. 
The problem which is the object of this memoir was resolved 
jointly by several elcies of the school. 

Cahiku II, contains; — 1. The continuation of Prony*S 
Lessons, viz. No. 7. Of the general relations of diffeiences, in- 
dependent of any particular k laciuns of the variables. No. 8. 
Formula for calculating the differences of algebraic functions 
of a single variable. No. o. Of the differences of transcend, 
cntal functions of one variable. No. 10. gives demonstrations 
of the formuliL' for the differences of logarithmic and exponen- 
tial functions. No. 11. Demonstrations of the formuliE for 
trigonometrical lines in terms of the arcs. No. 12. Continu- 
ation pi the subject of lesson 9th. No. 1 3. Formulae of the 
differences of the functions of several variahlcs, and an exposi- 
tion of some properties of series deduced from the preceding 
theory. — 2. An experimental and analytical essay on the laws 
of the dilatability of elastic fluids, and on the expansive force 
of the vapours of water and alcohol at different temperatures, 
by Pro NY. — 3. Two articles, viz. Sten'otomie^ in continuation 
of that in the first Cahier ; and analysis applied to geometry, 
bothby jMonge. — 4. Notice of an elementary course of ana- 
lysis, by La Grange. 

Cahieu III, contains: — 1. Continuation of Prony's 
Lesson's of Analysis, viz. No. 14, Considerations on the prin- 
ciples of the inverse nu thod of differences. No. 15. Distinction 
between integrals and the sums of functions. Integration and 
summation ol the powers of one variable. Of the determination 
and use of arbitrary constant quantities. No. 16. Integration 
and summation of functions composed of factors in arithmetical 
progression, with an application to series of figuraie num- 
bers. No. 17. Application of the method of indeterminate co- 
efficients to the iniegraiion of rational functions. No. 1 8. Sum- 
mation of products, one by one, two by two, &c. of a series 
of quantuies increasing by equal intervals. No. 19. Inlergftls 
and sums of different orders. No. 20. Reciprocal transforma- 
tions of imaginary transcendentals into redl transcendentals. The 
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general term of double factors which produce imaginary quan- 
tities. Determination of the factors of a:" + r**. Cotesian 
theorem. Values ot the powers of a cosine or sine in terms of 

the sine and cosine of muhiple arcs. Devclopcment of x^ — r^ 
into a logarithmic scries, Trig( nomcrrical researches, by LAM- 
BERT. No. 21. Introduction to the imegratiou of linear equa- 
tions of all orders. Application of Newton 's differential me- 
thod to the determination of the constant quantities with the 
condition of satisfying a certain number of ()bs'*rvations or given 
values. Method oi interpolation. Addition to No. 13.' Dif- 
ferences of any order. Of the product of an exponential quan- 
tity by a variable. No. 22. The complete integration of linear 
equations, when the second member is equal to o. General 
property of recurring series. 

Cahier IV, Continuation of Prony's Lessons, viz. 
No. 23. On recurring series consiilcnvl as resulting from the 
developement of rational fractions. Agreement of the theory 
which results from this consideration, with that deduced from 
the integral calculus. General propeities of recurring series. 
No. 24. On the decomposition of rational fractions into partial 
fractions. No. 2^. Treats of the complete integration of a 
certain equation, and of the case of iniegrability of another, 
from which is deduced the comj;lcic integration of linear equa- 
tions, resolved in No. 22, when the second member instead of 
being zz o, is any function whatever of x the variable quantity. 
No. 26. Of differential equations in which no difference is sup- 
posed constant. On the change of a constant difference into 
another equal to any constant quantity. The integration ot a 
certain assigned equation. No. 27. Considerations relating to 
high differentials, and the multiplicity of integrals which may 
be deduced from them. No. 28. Of the arbitrary function! 
which ought to complete integrals, &c. No. 29. Of equations 
to partial differences, &c. No. 30. Integration by partial dif- 
ferences of a certain equation. No. 31, Of a particular algo- 
rithm, founded on the analogy between the indices of differences 
and the exponents of powers. Fundamental theorems in the 
the method of differences. Transformation of formuhe for 
xliffcrences into those for integrals of the same order. Relations 
between integrals and sums, &c. No. 32. On the transition 
from the method of differences to that ol the differen'-iv;! calculus, 
&c. A method of constructing graphically the quantities 

T-s T-.i &c. (when ?/ is a function of a:), and the differentials of 

different orders of the area of a curve. Method of interpolating, 
hy addition and subtraction only, any number of terms between 
the terms of a given numerical series. On the elimination of 
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arbitrary functions by diflerencincr. A general theory of lb* 
osculation of curve lines. On the characters which distinraiih 
maxima and minima in the case of any number of variaiilef. 
Application of the method of tangents to the determination of 
the roots of equations. This lesson terminates the direct and 
inverse method of differences. 

Cahier V, contains: — i. An account of Prony's Coune 
of Mechanics, given in the 5th year of the Republic. 8. Me- 
moir on statics, containing the demonstration of the principle of 
virtual velocities, and the theory cf moments, bv Fourier. 
Q. An essay of numerical analysis on the transformation of 
fractions, by LaGkange*. 4. On the principle of virtual 
velocities, by La Change. 5. On the determinacion oft 
plane which remains ^.Iways parallel to itself in the motion of a 
system of bodies acting m any manner whatever on one aiiother 
and free frv;ni all external action, by La Plack, 6. Dc« 
scription an»l use of a dynamometer, an instrument for discover* 
ing and comparing ihe relative force of men, of horses, &C. 
also for estimaiing the rcNisrance of m^ichi.ies and th.e moving 
powers to be applied to :hcm, by Regn iek. 7. On the prin- 
ciple of virtual velocities and the decomposition of circular 
motions, by Prony. 

Cahier VI, contains: — 1. An address by Prony to his 
scholars at the commeneement ol his course of analysis, a. A 
discourse on the ohject i>f ihe theory of an iiytic functions, by 
La Grange. 3 A discourse relating to the teaching of de- 
scriptive geomciiy, by Gayvek >jon', 4. Solutions of some 
problems relative to spherical triangles, with a complete analysis 
of these triangles, by La GRAN(;Et. 5. Theory of the mo- 
tion about a free axis of rotation, of a bodv of an invariable 
figure, urged by any power, by Pro NY. 6. On mechanics, 
by La Plack. 7. On curves of double curvature, taken from 
the works of Monge. 

Cahiers VII and VIII, contain the first three parts of a 
work by Prony, iniitled '* Mtcanicjue Philosophique ou Ana^ 
/)>•(? RaisonnU des dwerscs parties dt la Science de I Equiliire ei 
t/u Mouvement.'' 

Cahier IX, which is to contain the sequel of Prony's 
wv^rk, has not come to this country, and probably is not yet 
j)ubhs;jed. 

Cahier X, contains : — 1 . Solutions of several problems in 
geonieiiy, by M. Brianchon. 2. Memoir on polygons and 



* 1 his essay has been given in the Mathematical Rcposiioiy, Vol. L Fntlll* 
P.igc 24. 

f This memoir has been given in the Mathematical Repositoryi VoL L 
Pan III. Page 1. 
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polyhedrons, by Poinsot. The subjects treated in this me- 
moir are referred to what is called the geometry of situaiion. 

3. Note, on I he application of the theory of particular solu- 
tidns ot differential equations to some questions relating to the 
art of the en^iiieeit" 

Cahier XI. contains : — 1. Memoir upon the curve surfap« 
all the normals ot which are tangents to the same sphere, Ii^ 
MoNGC. 2. Memoir on the curve surface, the normals to 
which are tangents to the surface of a cone with an arbitrary 
base. 3. A deta led analysis of different questions relating to 
the motion of a body urged by any powers, by Pro NY. 

4. Memoir on the applicatitm of algebra to geometry, by Mo n gb 
and Hachefte, with a supplement by Hachette and 
Poi&sON. 5. Memoir on the plurality of iniegral* in the 
calculus of differences, by Poisson. 6. Considerations on 
the integrals of equations to finite differences, by Biot. 
J. Memoir 011 elimination in algebraic equations, by PoissON. 
8« Memoir on the theory ot the motion of projectiles in a re- 
tisting medium, by Moreau. 9. Memoir on Gnomoniclcs, 
by Le Francois. 

Cahier XII, contains twenty lessons on the calculus of 
functions, by La Grange. These, with the addition of two, 
have also been published in an octavo fornf, as a distinct 
work. 

Cahier XIII, contains: — i. Memoir of the curve surface* 
all the normals of which are tangents to the same developable 
surface*, by Monge. 2. Memoir on the curve surface which 
envelopes the space run by a sphere of a variable radius, and 
of which the centre describes any curve of double curvature, 
by Monge. 3. Memoir on particular solutions of differential 
equations and of equations to differences, by Poisson. 4. Me- 
moir on equations to mixed differences, by Poisson. 5. lie- 
searches into some points of the theory ot derivative functions, 
which lead to a new demonstration of Tay lo r's series, and to the 
finite expression for the terms which are neglected, when the 
series stops at any term, by Ampere. 6. On the composition 
of moments, and the composition of areas, by Poinsot. 
7. General theory of the equilibrium and of the motion of 
systems, by Poinsot. 8. Memoir on axes of synchronous 
suspension, by Biot. 9. General demonstration of the prin- 
ciple of virtual velocities^ independent of the consideration of 
inSnitely small quantities, by Ampere. 10. Formulcu for 



* A developable luHkc is that which may be expanded upon a plane, 
wifhottt tearing;, or dttpfieatuie* See £aais de G^oncttiCy No. 96, by La 
Caoix. 
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passing from a <8ystem of rectangular co-ordiilales <o. a system 
of oblique co-ordinates, and to another system of rectangular 
co-ordinates. Properties of sui faces ot the second degree le- 
ferred to their conjugate diameters. On the contact of conic 
surfaces i)t the second order, hy Livkt. ■ 1 1. -On curve sur* 
&ces of the second det»roc, by Brian lhon-. 
V Cahier XIV'j cunalns: — i. Memoir on opticks, by 
Malus. 2. Essay on the description of lines and surfaces oif 
the second degree. On the dctcrminaiion of radii of curvature- 
and tanJ5ents to lines of curvature, byDui'ix. 3, Sequel of 
the memoir on optics, hy Malus, 4. Extract from lessons 
given at the Polytechnic school on snjtuijf points, (that is, 
multiple points, conjugate poin's, &c.) of carves, by PoissON. 
5. Memoir on the oscillations of pendulums in a resisting me* 
dium, taking into account the extensihility of the thread, or rod 
of the pendulum, hy PoissoN. 6. Memoir on the advantages 
which result in tlie theory of curves from the consideration of 
osculating parabolas, with reflect ions on thj dilFcreniia! functions^ 
the values of which do not change by the transformation of the 
axes, by Ampere. 7. Memoir ou the transformation of co- 
ordinates, bv F'ran<:ois. 8. Memoir on the integration of 




GOLFiEU. 10. Memoir on the theory of sound, by PoissoN. 
1 1. Two lessons on the calculus of functions, in addition to 
those in Cahier xii. hy La Grange. 

Cahier XV, contains; — 1. Memoir on the secular inequa- 
lities of the mean motion of the planets, by PoissoN. 2. Ex- 
planation of a particular difficulty which occurs in the calcu- 
lation of the attraction of spheroids difl'cring very little from a 
sphere, by La Grange. 3. Essay of the application of ana- 
Ivsis to some questions of elementary geometry, byMoNCE. 
^. Construction of the equation of vibrating cords, by MoNGE. 
g. On the method of the greatest common divisor applied to 
rlimination, by Bret. 6. Memoir on the motion of rotation 
ofihccauh, by Poisson. 7. Memoir on the measure of the 
refracting power of opaque bodies, by Malus. 8. Memoir on 
ihH'errnt points of analysis, by La Place, viz. 1st. On the 
calcuhis of generating functions. 2d. On the definite integrals 
of equations to partial differences. 3d. On the reciprocal passage 
of real to imaguiary results. 4th. On the integiation of equa- 
tions to finite differences, not linear, 5th. On the reduction 
of functions into tables. 9. Memoir on the variation of arbi- 
tral y constant quantities in questions concerning mechanics, by 
Pv)issoN. 10. Additum to tht: memoir on pendulums^ printed 
in the 14th Cahier, by Pui:i60N. 
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ARTICLE III. 
Solutions to Questions proposed in Number X. "^ 

1. QUESTION 291, iy Mr. German Buxton, London. 

To'find two numbers whose difference is a square, and if any 
number {n) be added to each, or to their sum, they will make 
three other squares. 

First Solution, by Mr. Lowry, R. M» College^ 

Let X and y he the numbers sought ; then by the question 
« — jf, X -h n,y -^ n, and t -{- y + n are to be squares. Assume 
^ + w = »*, and;^ 4- w = »* ; then x =: v* — n, and y 
zzw^-^n^ and, consequently, 

X — y = !/• — a;*, 
and ;r + >f + 11 = t;* + a;* — If. . 
We have therefore only to make v^ — »• and t;* -f a'* — » 
into squares. Now v^ — w^ will evidently be a square when 
V zi r^ ■{- J*, and a; zr r* — J* ; or when v and w are equal to 
those quantities multiplied or divided by any number, con- 
stant or indeterminate, positive or negative, r and s being any 
numbers whatever. But the assumption most convenient for 

^ 4. j« r* ** 

our purpose will be i; = — -^- — , and w = ; and these 

^ 2ms 2ms 

values being substituted in the second expretsioot it becomes 
r"5 n, which is to be a square; and, therefore^ (mul« 

•~JI 

tiplying by 4W* j'), ftr* + 2J* — ^m*s*n must be a square. 
It would bie difficult, however, to resolve this expression in its 
present form, but if we put r zz s + t it will be transformed 
into 4 J* 4- 85'/ + (18/* — 4»f*«) s* + Sst* + 2^, which is a 
complete biquadratic, having the co-efficient of the first term a 
square, and therefore may be resolved by known methods. For 
this purpose we mutt assume for its root, such a function 
of s, / and m, as will make all the powers of 1 hisfaer than the 
first, disappear from the equation, and then s mav be determined 
in terms ot /, m and n. This will be accomplished by taking 
2s* + 2st + (2/' — nt^fi) for the root ; then the square will be 

4J*+85V i- (i«/*— 4«*fi) 5* +8i/'— 4i/i»*»-f- (2/*— «*«)% 
which being equated with the above expression, there will 
result 2/* = — 4^/m*ji + (2/* — f»*ii)* ; from whence we get 

2/* 4- »V , 2/* 4- «*«• 

therefore we have 

TOL, III. part X. P 
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X = I j — n, and V ss f 1 — «• - 

where r =: , i « and i = , ^ ' — # ; 

^tm n ^tmn 

i and m being any niunbers taken at pleasure. 

2 -f- n* 94*11* 
If we suppose mzzizzi. then r= and^ z: — i^^ 

and if fi = 3, then * =: 22 Hi, y = 2a, x^y = (H)*t « + «^ 
If « r= 4, « = 22 H,> = 21. * - y =: (f)*. * + 11 = (V-)* 

If «*be =: 2 and/ = 1, then r = — rj and J =; — j— ^1 ; 

hence if « = 1, x = 5 ^|^, ;^ = 5J. x — y = {•f^)\ * + » 

If we put »=: r*-4- 5*, and .a; = r* — j*, the expression 
i;* + a;' — n will be transformed into 21^ + 2Jf*' — «» w 
4^4- 8*'/ + iaj*/« + 8^/' -h 2/* — ». putting r 5= j + /. 
And if 2S* + 2St + 2/* be assumed for the root» we shpll find 
that the terms containing s^ on both sides of the equatkin» will 
destroy each other, and there will remain only 2l*-HK=4/^f io 
that nothing can be determined from this assumptKHi.rcipecting 
the value of j. We are led however to a curious enough con- 
dusiout for since sl^ •«— n =1 4^^, — nis =: 2I*; therekxre it fol- 
lows that, if n be the double of any biquadrate number 1^, andx 
be taken = {2r* — 2rt + /')* + n, and y = (art — i*)* -f « ; 
then X — y, x — «, y — n and x + y — n will be squareSt when 
r and t are any numbers whatever. 

If, for example, we suppose r = 2 and / 1= 1, or 11 z^ 2/^ =: s, 
then x= (2r*— 2r + ij* + 2=: S7, and y ss (2r— . if 
•1-2 = 11. 

Second Solution, iy Mr. CuNLiFFE,£. Jkf. 0/£fj<. 

Let A* — - n and b^ — n denote the two required numbers ; 
it is obvious that this notation answers two of the condkioes, 
that is, n being added to either will make a souare. It then 
only remains to 6nd such expressions for a and v^ as %nll make 
a«^-^» — II and a*— i* squares. Puta*^i* — iir:(tf+i*-^)*, 

which gives a == T^^v ■ * * Again, put «• — i* = {Tb'-^)\ 

and this gives a =: — — ; thereiore— — = — ' = 1 — Z" 

hence *•-iS^i^' = =:pS^^ Md completwg U« 



> , = 2sn X 
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square^ &c. 

^^ 2lr*+ 1) ^ • 

whence it appears that in order to have 6 rational, i*f^. — j^nr* + 
6*V*— 4»r + s* must be a rational square. 

whence r = - ^°^'^ >. Writing sr*— ^—s.in the place of 
the radical part in the above expression for ^, we have ^ =r «*- x 

4i'+n* • "" "ip+TP = 
\^, 4 : using the latter expression for t, 

a zsz ' = — . Therefore 

ar 4Jtj 

are general expressions for the reauiied numbers^ in which ii» 
may denote any given number, ana s be taken at pleasure- 
Other general expressions for the numbers, might have been 
deduced from the foregoing conclusions, but those put down 
are sufficient* 

Third Solution, &y Mr.PtTLKVnzLAif^Carlowt Ireland. 

Put a and « 4- jt* for the two numbers ; then a -f «, tf 4 n 
+ X*, and fitf 4* n -f :r^ must be squares. Put a + n tz w*; 
then a = to^ — n; hence w* + x\ and aw* — • n + «• must 
be squares. Assume w + ^ for the root of the first ; then 

w* + aw^-+-^«=w*+jc*, w =: ^^^dp« and an/* = ^** ^/ ^ ; 

hence fe^^—ii+**=asquafe. Thalis4i*-'^-r-+ ^ 

^ p* 
— !• + «*, or its equal --y + -* — n must be a square, there- 
fore multiplying by 4^, ax^ ^ a/^-- 4^*11 must be a square^ 
Pat X = ^ 4- «; then we have 

«x*4«/— 4^=4^+8/i»*+(iai*— 4n)^*+8^j' + af*=a 
rational square. Put a^ + a^i + (aj* — «) for the root, 
and equate iti square to the above expressioni^ from whence 
we get (ft#* '— !»)* --* 4/^ =s a/; hence p cwies ovt 

Pa 
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** ^ "i I., and from thii. the nunlbers are easily founcl* 
Messrs. Caviil* Harvey and Watti, and Kyn-anttoered it. 

t 

11. QUESTION aga, ly Mr. Cunliffe, R.M. College. 

If ^ quadrantal arc of a circle, radiui i» is divided into any 
four parts, the sum of the products of the tangents of every two 
of these part? is eqtial to i -f the continued product of all this 
four tan^nts* Required proof ? 

Solution, by Mr. Joseph Williams. 

I^ «» ^9 y% h be the four parts and their respective tangents 
A, B,-C, d; then since a + j3 + y + 8= go*, 

tan («+^)=:taB (go^-T(y--J))z=cot fy+ J) = ^^^^^ ); 

therefore, (by the formula for the tangent of the sum of two arcs, 

page aa, of Mr, Woodhouse'sTrigonometry.) =: "" ' ; 

therefore AC + ad +b c + b*d=i — ab — c D-f abxc-d, 
and AC+ AB.-h AD + bc-*- b-d + c-p = i— *a*b.cd. 

Solutions toer^ also received from Messrs^ Cavill, Eratosthenes, 

Kyn and Phelan, 

III. QUESTION 2g3. by Mr. Dawes, Birmingham. 

In what latitude on the longest, day will the shadow of a 
point of a gnomon^ describe a right-imgled hyperboU upoQ an 
horizontal plane* 

First Solution, iy Mr. Phelan. 

Let Mzo (fig- 76, pi. 3,) be the hyperbola described in the 
required latitude on the summer solstice; v the top of the 

fnomon or vertex of the cone formed by the intercepted rays, 
'roduce the abscissa Nz to meet the side qv of the cone in Y, 
then will ZY be the transverse axis of the hyperbola. 

L^t MO be the ordinate tQ the abscissa nz, and qopm a 
circular section of the cone passing through m, o. Describe 
a circle through the points v, y, z, and draw vw parallel to the 
diameter pq and let it meet the circumference in x. Then the 
triangles vyw,- qyw are evidently similar, as are also the 
triangles vwz, nfz f hence 

wY : wv : : ny : nq, and wz ; wv : : nz : NP ; therefore 
>VY X wz : wv« : : MY X NZ : NQ X NP. But by the pro- 
fCTty of thj5 circle nq x np = mn x no ;;:^ MN* j and \ff 
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the property of ihe right-angled hyperbola n Y X N z = M N* ; th.ere* 
for WY X wz — wv* =: wv X wx ; and consequently 
wv s=: wx. £ut wv bisects the angle Yvz ; therefore the 
angle xvz is equ^l to the angle XVY ot to its equal xzw« 
and the angle at x is ccnnmon to thxs triangfes zxw, zxv, there* 
fore they arc similar, and vx : xz :: xz : w^x = |vx; 
hence vx = xz y^u. Now the angle WVY =: the angle wvz 
is the sun's declination =: 83*" 28^, and the angle VWY is the 
co-lacitude, then by trigonometry^ xz : vx : : 1 : v^8 : : sin 
aa* 28' : sin Z- vzx = ^ VWY s= 34' 17' ^he coroplemem 
of the latitude* 

S£COi«rx> Solution, by Mr. Cunlifie. 

I shall first find the equation of the curve described by the 
shadow of the top oi a pole, upon an horizontal plane, and from 
thence deduce the answer to the question. 

Let HP (fig. 77, pi. 3,) repretema pole perpendicular to the 
horizon, VN a ponion of the curve described by the shadow of 
the top of the pole upon the horizontal plane hvn: driaw the 
meridional line hv meeting the curve in v. Let hm represent 
a position of the shadow oi the pole, and draw nm perpendi- 
cjilarto HV; also draw pn. 

Put HP=A, HMzix and MNny, then ?M=|/(A'+**-f y*J 
and BN = V^(a^ -^^y')* By the principles of trigonometry, the 
sine of the sun's altitude will be expressed by A-~v^(A*+a*+^*), 
and its cosine by v^(** + y*) ^ •fA* 4- x*+ y*), radius 1 ; 
also the sine oi the suns azimuth vhn will be expressed by 
y -r- -t/l** -4- y*), and its cosine by ;r-7-y^(ap^y). . 

In the spherical triangle zps (fig. 78, pl« 3,) the side zp re- 
presents the complement of the latitude; the side ps the com- 
plement of the declination, or sun's polar disunce, and the side 
zs the complement of the sun's altitude. Then the angle pzs 
will represent the sun's azimuth. 

Put sin ZP =r c, cos ps := 1/, radius i ; and let the cosine of 
tlie altitude, azimuth, &c. be expressed as above. Then by 
a weH known tlieorem 

sin ZP X sin zs X cos pzs + cos zp x cos zs = cos PS, 
and this expression by the foregoing notation becomes 

that is fx + A 1/(1— c*) zzd •(** 4- **+)'•)» 
or (Tyzzx* ic'—d') + 2chx •(!— c"H-A* (t— r*— i*). 

This equation expresses the property of a conic section, as 
is very Well known ; therefore a conic section is the curve de- 
scribed by the shadow of the top of a pole upon an ^horizontal 
plane. 

When c, is greater than <{, the curve will be an hyperbola^ 
^hen e^ual tp d^ a parabola ; and when less than d^ an ellipse. 
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When the co-eflBcients df jr' and x* on opposite akkf of the 
equation arc equal to each other, viz. c^^-d * =: <i*/or c^d^%f 
iht curve will be an equilateral hyperbola ; these things aietoo 
well known to need proving here. 

Upon the' longest day, when d = sin 23^ s8* then c ss sai 
of 34° 16^ 29""^ the complement of the latitude ^g!" 43^ 34^^ 

Third Solution, by Mr. Lo^ky. 

Several writers have shewn that the curve described bjr the 
shadow of an object, upon the plane of the horizon, dtiiiii|( the 
sun's apparent diurnal revolution is a conic section. This has 

Seneraliy been^done bv conceiving the rajrs intercepted by the 
ighest point of the object to form a conic surface, the intier* 
section oi which with the plane of the horizon forms the curve 
required. The axes^ parameter &c. are then determined bam the 
propenies of the cone. See Simpson's Fluxions, p|ge 545, and 
Mathematical Dissertations, page 155. In what tollows 1 pro- 
pose to deduce the equation of the curve from the principm of 
trigonometry independent of the properties of the coiic^ and 
then resolve the particular case speci6ed in the question. 

Let CH (fig. 79. pi 3.), drawn perpendicular to the horison, 
represent the gnomon, and let ca be its shadow when the sun 
is on the meridian, cp its shadow at some other time, and 
PAQ the curve required. Join ph, and AH, and draw PB 
perpendicular to CA. Then will the angle pc A be the azimuth, 
and the angle cph the altitude of the sun when the shadow of 
the point of the gnomon is at p. Put z = PQ, v=:PH, A=.CH, 
(p z= the angle pca and d = the angle CPH ; then if we can de- 
termine the relation between 9 and B in terms of z and v, and 
known quantities, so as to exterminate Q and v from the equa- 
tion, we shall have the relation between z and f • For this 
purpose^ conceive a spherical triangle to have for its angular 
points, the zenith, the pole and the sun*s place ; then the side 
between the zenith and the sun will be the co-ahitiide, or dis- 
tance of the sun from the zenith ; the side between the zenith 
and pole will be tlie co-latitude; the side between the sua 
and pole the co-declination ; and the angle at the zenith the 
sun*s azimuth. Put a = the co-altitude, ^ == the co-declina- 
tion, and c =: the co-latitude ; then by the common rule for 
finding an angle from the sides, we have 

cos b — cos c cos a . • r .t • ^u -^- M. 

; : z= the cosme of the azunuth = cos f. 

sm c sm a 

But sin a = COS Q = z -r- t', and cos a = sin = *^-r- ^9 
therefore substituting these values of sin a and cos a in the 

. V cos b k cos c ^ J T 

above equation, we have — r^ — — — ; ss cos f » ana it 

^ • z sm c z sm r 
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wc exteftaiinate », by means of the "equation v* =r z*+A% we 
shall have the equation of the curve in terms of z and ^, It will 
be more convenient for our purpose, however, to have the 
equation in terms of the rectangular co-ordinates cb and pb or 
X and jf. Now cos ^ = x -f- 2, therefore by substitution and 
dividing by £, we have 

V cos b-^k cos c::zx sin c, or v cos b=.h cos r + ^ sin c, 
and squaring both sides, in order to exterminate v, we get 

(4P*-fv* fA*) cos*A=:il* cos *c + 2hx cose sin c+x* sin % 
or cos*/y* -l-**(cos*A-sin'c)-ftA;ccosc8inr4-A' (cos*6-cos*r)=:o, 
which is an equation to an elFipse, a hyperbola, or parabola, 
according as the co-efficient of x* is positive, iiegatjve or nothing ; 
and a right-angled hypeibola when the co-efficients of y*andjv^are 
equal ; therefore the curve is an ellipse vrhen the declination is 
greater than the co-latitude; an hyperbola when it is less, and a 
parabola when it is equal to the co-latitude. In the rectangular 
hyperbola, cos* b z=: sin *r -— cos '£, or sin r = cos ^v^2, and 
therefore in the question, where cos ft 1= sin 23*" 28^, we have the 
logarithmic sine of ^=97506331 ; hence c = 34'' i6^| nearly ; 
and the latitude zi 55"* 43^^. 

The axes may foe determined from die equation, by finding 
the value of x when y =: o, in which case we have 

^ th cos e sin c . - /cos •^ — cos *c\ 

COS *p — sm c \cos "6 — sin* cj 

and by completing the square, and extracting the root, 

A sin £ coi.^ 1 A cos ^ sin ^ . ^ J. , 

jc = -. r— 1- + rr r-^, the sum of which 

cos *6 —fin V — cos *P -— $in*c 

, - sA sin ^ cos i . . J ,1 1 . . 

values of * = n «— -^ >• evidently equal to the trans. 

cos p ■— sin *0 ' * 

verse axis, and the distance of the point c from the centre of the 

curve = at * * ; hence by substituting this value for x 

cos b — sm *c ^ ** 

. . ^ • aA sin ^ 

we have the conjugate axis = r^^ :— »-:. 

-^ ^ •(cos 'A— sm V) 

IV. QUESTION 294, by G. V. 

Find three square numbers in arithmetical progression, the 
sum of the square roots of which shall be a cube. ^ 

FmsT SoLUTipN, by Mr. Lowry. 

I^ ^S y\ ^^ ^ ^ ibe numbers required; then by the 
nature i»f ariibioetiGal pi^grtsiioa, %y^--^zzz\ Fnt y^vzzx^ 
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thcny + 2yv — v' = z*. Assume/ + ayir — t/* zz (-w — y J*; 



i* * «jr 



then >* + ^yv — »• =^*= -, p* ly + jf% or ^y — » =-7 » — 

— y, and by reduction y = -, ^ ; therefore x ss y — «» :i 

! t ■ ■ t and2=r - 1/ — y 3± 2 1 ^ 4 

«r — 2rj r ^ ar* — %rs 

These values of »« ^ and z are the roots of three 0quaret in 
arithmetical prog[ression» whatever the values of r , s^ and v may 
be ; and it is evident that they will be equally so if the common 
denominator 9r* — %rs be « rejected; we may therefore take 
X = \%r$ + 1*— r*)i;, v = (r* + **)»• and « n (arj 4.r*— 1> ; 
and the sum of the three roots is then := (r' 4- ^$ + ^Y^ 
which is to be a cube. Now there are seveial ways in which 
this last condition may be satisfied, but the most obvioui it, tu ' 
make v zz (r* 4 ^rs -f /]*, and then we shall have 

y = (r* + **) tr* + V' + s*)\ 
and z c= (2rs + r*- s*) (r* + 4r* + **)*. 
where r and « may be taken at pleasure. 

If r =: ft and s zz t^ then x zz 169, y 1= 84^^ z = ii8g, and 
the three squares are 169', 845* and 1 183*« which I believe are 
the least whole numbers that will answer the question. 

TAe same ansivered otherwise* 

Putting as before, a*, y* and 2* for the numbers, we have 
2y* = ** + 2'» or y — OP* m 2* — ^*, and by resolving the ex- 
pression into factors (y — k) (^ + x} = (s — y) (z + y. 

Assume n{y — x) zzz m[z — y)^ and my -V x)zzz n{z +/) ; 

fH" JL. ft fg* 

then ny — nx '=. mz — wy, and y z= 



Also my + mx :=: nz -{■ ny, and y n 



m + n 
nz — mx 



- mz + nx nz — mx 
hence = . 

or, (y72 - n) w»z + (w — «) «t=:(w + n) n:r— (m-f-n) wat; 
and by reductten (2nm + m* — n^) x zz {2nm. -f «» — m«)2, 
which equation will be satisfied by making ;t=: 2nm + n* — m% 
and z zz: 2nm -f m- — n* ; and then ^ is ~ m* + n\ These 
values of x^ y and z, are the roots of three squares in arithme- 
tical progrrssion whatever numbeis are taken for m and n ; and 
their sum is = m* -f ^n + h*, which is to be a cube. Sup. 
pose now that m* 4- £^mn '^ffvi the product of the two factors 
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fn f an and wiH- 6/f, then m^ \- ^mn +«* — >«•+ {a-^-h) mn 
"*" ahn^^ and to render these expressions indcntical we must 
have /2 + 7> - 4 and d& z: i. Now it is evident that the ex- 
pression (w -4- an) (m+ Jn), and consf'quently m* f 4i»n •+- «*, 
will be a cube when each of its factors is a cube ; let us there- 
fore assume m + an zz {r [- aj)',and m^tnzz (r V h)^^ then 
m -+!► a« = r^ -f- y'^as -j- ya*s* -(- aV, and if for a" and a' we 
substitute their values ^a — i, and iga — 4, drawn from the 
equations a + A =: 4, and a^ zr 1, by exteiminaiing'^, we shall 
have 

»i+a«ir(r'— 3rj — 4J«) l-(3r'^-f 12m'+ 155W 
and in like manner by cubing T-I-^j), .and substituting for 
t^ and b^ tlieir values found from the above equations, by exter- 
minating a, we get 

and it is evident that these two equations will be satisfied by 
making m zz r^ — 3rj* — 45', and n — y*s -f i2rs* -h 155 . 
We have therefore 

X = fi«m f «* — m% y rr »i* -f- n*, and 2 = 2»i« + «* — «*, 
where m zr r* — gr^* — 4.9' and « z: 3r'i + i2r**+ 15^^; 
r and s being any numbers whatever. 

The question may be resolved in a similar manner when the 
sum of the roots is to be an nth power, by putiing m + an 

= (r + as/ and « 4- hnzzzir-^ Aj)'. 

Second Solution, by Mr. Cunliffe. 

It is well known that v(q* — ^* '^" ^Pl)* ^iP* "+" ?*) ^"^ 
v{p^ — g* -t- 2pq) express the roots of three squares in arithme- 
tical progression, and their sum is v{p^ -i- ^pq + 9*), which 
put = a^f whence i; = a' -f- (^* -f 4^y + y*). In order to 
have V an int^er, put a = s{p* + 4)^^ -H 9*)j then v 
a^ ' 

('. . ,,, . . - .. , -w - . ^ . 

(^*_^^ 4. 2^j)j which are general expressions for the roots oi 

three squares in arithmetical progression, the sum of the roots 

being a cube : in which expressions, p^ q and s may be taken at 

pleasure. 

Ex. Take^:=2, 9 = 1 and s=, 1 ; then the roots are 169,845 
and 1183. 

It may be remarked, that the sum of the roots tf^^4-4^+9*) 
may be put equal to any number whatever ; therefore any num- 
ber whatever is capable of being divided into three parts, whose 
squares will constitute an arithmetical progressioD^ in an infinite 
variety of ways. 
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Third Solution, /:y Jtfr. Abraham Kyk. 

If a:*, y* and z* arc the numbers, then ^-^ y + z = a*. 
By the nature of arithmetical progression y* — x^z^^ z' — ^ ; 
therefore (/— jr) (y + jf) = (z —y) {z + >r). 

Suppose y f x = m (? — y) and mly — ;r) = z + jf ; 
then from the first equation x =: 01 (z — ^) — y, and from the 

second x 5= ^ ; therefore ni(z<-y) — yzz '■ • , 

n ^ iff y n 



and 



If m=8> and fl=:ii. ^^ = tS-» * = tt. « = iV whose squares 
rir t iW and 1^ have a common diflerence. 



Fourth Solution, by Mr. Wallace,/?. Jlf.O/&r^. 

Let x^f y* and z^, be the three squares sought. By the 
question a' + z* rr fiy* ; therefore ay* — **irz', a square. 

To reduce this expression to the known theory of indetermi* 
nate equations of the second degree, let us assume y = a^ + y% 
xzz x' -+•«/. and then we have 2y^ — x* ir j/*— .9f'*r=rz*. 
Now as every expression of the form x* + cy* may be made a 
square by assuming x =: ^' — CJ*, and y = «/>j, (Euler's 
Algebra, Part II. Art. iSa), in tne present case we must assume 
a/ — ^* + ay*, y'zz 2^y, and then we have 
jf =/>* + 2y* + 4^9 = (^ + 27)*— ay*. 
^=^« + 2y* + 2pqz=:z{p + yj« + 9*. 
M=p^ -^ 29*, 
and x -h y ^ z = 3^' +• 29* + 6/^y = ^{p 4- y)» — y*. 

We must now make ^(p 4- 7)* — 9*, or putting ^^ iz p -^ q^ 
2^'* -^ 9* a cube. Now there are two known methods by which 
every expression of the form «/>* + cy* may be made a cube* 
(See Euler's Algebra, Part II. Chap, is.) 

It will be a cube if we assume 

p =s m(am* 4- en*), 9 = n{am* -i- c«*), 
m and n being any quantities whatever. 

It will also be a cube if we assume 

p zz miam^ — 3f«*)t 9 = n{'^am* — c«*), 
and in cither case op* + ^9* = {am* + cn*f. 

Applying these formulae to the question under consideration^ 
we may assume 

/= «(3»i'— »*)> 9 = «(3^'— »*) (0 

0r we may assume 

/=:;7i(8w» + 3«'), q=.n{gm* + n*] (2) 
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cular to the lines sv, pq and sn respectively. Produce am to 
meet ow, drawn parallel to pq, in \v, and draw ox perpendi- 
cular to pq; ihen, because ot the right angles at p, w and q, 
the points a, p, w, o and q are in a circle; therefore because 
the chords PQ.and wo are parallel, the antrle wqp = the angle 
OPQ, and since ox z= WM, the ri^iit-angled triangles WMQ 
and oxp are equal in every respect; therefore MQ =: px, 
and consequently pm = qx : Hence, by the property of t!ie 
circle, ox • am = wm • ma =: pm * mq. But op* + oq* 
= QX* f px* f- 20X* = PQ* — aqx • px -h «ox* ; and, by 
a well known property of ihe conic sections, QX • Px :=: (PM • 
MQ=:) PQ • p, where ^ = a fourth part of the parameter 
(Emcrsort's Conies, B. I. P. 68, and B. II. P. 65, Cor. 3); 
therefore op* -f OQ*s=PQ*— «pq • ^ +- &ox*. Draw oz 
perpendicular to SN, then because oq bisecis the angle SQP, 
oz'is =: ox, and therefore zn ir pq : hence by similar tri- 
angles SN : sz = 8N 4* PQ : : an = am : oz rj=. ox : : 
20X • am = 2 (PM • mq) = aPQ • p : 20X*, 

. f • SN X PQ ^— 2PQ*. ^ 

therefore aox* =r ■^ — ^ X 2PQ'p =: 2PQ*p + — ^= — ^ 

SN &N 

and op* + OQ* =: PQ* + — ^ — '^^ 

SN 

therefore OP* + oq* : pq* : : sn + 2p : sn, a given ratio. 
The upper sisn being for ihe ellipse and the lower one for the 
hyperbola. When the curve is a parabola, the angle paq 
funned by the tangents is a right one, and consequently the 
angle qop formed by the normals is also a right one ; therefore 
the sum of the squares of op and oq is in that case equal to the 
square of PQ. 

Second Solution, 6y ^r. Wallace, the Proposer. 

Let CA (fig. 81. pi. 3.) be the semi-transverse axis, F the 
focus, b6 a chord passing through the foe us, bd, &</ normals 
intersecting each other in h, and meeting the axis in d and d : 
Draw HE parallel to the axis meeting the chord in e. 

By a known property of ihe couic sections, CF : CA (: : DF : 
fb) : : HE : eb and c* : ca (: : ^f : f6) : : he : e6 (Emerson's 
Conies, B. I. Prop. 11 Cor. 3. and B. II. Prop. lo. Cor. 4}; 
therefore eb 1 e^, and 2B£^ : 2EH^ : : ca» : cf% and conse- 
quently 2BK* -I 2EH* : 4BE* : : ca» 4- cf» : 2Cas that ig 
(Elements of Geometry) bh* + Ah* : b/>* : : ca* f cf* : 2CA*, 
therefore bh* f Ah* has to Bt* a given ratio. 

VI. QUESTION 296, by Mr. Cunliffe, 
Suppose vmR a curve in a vertical plane, and p a gives 
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point in its axis ; to find its nature so that the pressure of a given 
weight m« attached to a string m p, fastened at p, and resting oh 
the curve, may be every where the same. 

First Solution, by Mr. CuNLiFFS»/ie Proposer. 

Draw the vertical line PV (fig. Sa. pi. 3.) for the axis of the 
curve, V being the vertex or highest point thereof. In PV pro. 
duced talie po to ov in the given ratio of the weight m to its 
pressute against the curve. With the centre o, and radius ov^ 
describe a circle which will be the required curve. For, sup- 
pose m to represent any position of the weight suspended by a 
string pm, and resting against the curve; and draw the radius ow»^ 
By a known property of the circle, the radius om is perpendicu- 
lar to the curve at m. Therefore by the composition of forces, 
the weight m, its pressure agaiilst the curve at m, and the tension 
qf the string P191, will be respectively as the lines po, cm and 
p/R, and in the several directions of those lines. That is the 
weij^ht niy is to its pressure against the curve at m^ in the con* 
stant ratio of Po to om, and consequently the pressure of the 
weight m against the periphery of the circle, will be every- 
where the same, whatever is the length of the suspending string 
Pfff, within the proper limits. 

Remark. It is manifest that, the length of the suspending 
string pm, must be greater than pv and less than pv -f- aov. 

Second Solution^ by Mr. Lowry. 

Let mo (fig. 8a. pi. g.) be a normal to the requiredcifrve at 
mj and let the vertical line mg represent the given weight or 
force of gravity ; draw gp parallel to mP, then^m will represent 
the pressure ot the weight against the curve, and which is, by 
the question, to be the same for every position of the string; 
and consequently must have a constant ratio to the given weight. 
Therefore ^as must have to j'm a constant ratio, or becatise of 
the similar triangles pmg and omp, om must have to op a 
constant ratio. Vye have therefore to find a curve vmu such, 
that the norm^il om shall have a given ratio to the segment op 
intercepted between the normal a^d a jr|ven.foint in the axis. 
This is the same as question 288, vol. 11/ and it might be a suf- 
ficient answer to the question to refer to the solutions there 
given, and where it is shewn, that' either a straight line or a 
circle will answer the proposed conditions;, but since tlie 
fluxional equation which occurs in the solution may. be inte* 
grated differently and* rather more elegantly'tban is tnere done, 
I shall again go through the whole of the'^lution.' 

Let m£ be drawn perpendicular to PO, aari *put pb r: :r, 
xm = ^, and the ratio <]lt «o : op =: t i a ; atien the tiormal- 



* + ^ :: 1 : H, 
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miissKf 4/(1 +'^» andthesubnonDal.BOss^; tbae- 
fore, by the question. 

To int^gnte this equittion put *r ■=: p, then it beconea 
add, taking the flaxioni, we have 

die terms on the right hand side of the equation to jl com* 
Bon denoininator), *© ("^ + /tf + VpJ 'JT^^Zys' ^^^ 
/ = /i, or X = ■£, therefore 



np 



«+Af +7^ = (i + 19+ yp) 7(TTp) 

«r(* + ^y)- X (I— ;^4:pij) = ©; which gives 
(ar + pyY = o, and 1 — . ^^ ,. = o. From the first of 

these equations, « + />| = «, or p = — ^^^^^^ — , (a being an 
arbitrary quantity), which being substituted for jo in the original 
equation, wehave^i = «jf -1/(1 + ^ ~ ^ \ V and by reduc- 
tion, y* -f («—«)• = »• a*, which is an equation to t circle 
whose radius is «a. 

From the second equation 1 — » ^ . =0, we get p = 
-J— 5— — r, which being substituted in the original equation we 

tn equation to a straight line. 

Hence it appears that if a straight line p«s be drawn to 
make an angle with tht venical line po, so tliai its tangent may 
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be = |/(ii» — 1 ), and any circle vwr (whalercr] be described 
to touch the line ?m$f and have its centre in the vertical line : 
Then either the straight line or circle will answer the conditioas 
[>f the question ; (or the pressure of the weight, at any point* 
in either of them, will evidently be tlie same whatever 'thi 
length of the string may be. 

Messrs. Eratosthenes, Harvey tfjii/ Watts also answered ii. 

yiL QUESTION «97, fy G. V. 

Required the n^ure of a curve such that a tangent being 
drawn from any point in the curve to' meet the axis, the distance 
of the point of contact from a given point iti the axis shall have 
a given ratio tb the segment of the axis between that point and 
cne tangent. ' 

^ First Solution, by Mr. Lowry. 

Let p (fig. 83. pi. 3.) be the given point in the axis, and ca 
the curve required ; then by the question, if CT be a tangent to 
any point of the curve, CP oas to tp a given ratio, luppoic tbat 

of 1 to II. 

Put po = ;r and DC = y, th^ the snblangent td sss y •: , 

J 

and TP =: V ^— x = ^^ ~^ ; therefore, since n x cp?=tP, 

y ^ / 

Let both sides of this equation be divided by >^, then we 
shall have ^ •(^, + 1) — ^=ii^= (i)', therefor# 

n^ = (^\ X — j-4 5 and taking the fluents, nOag.y^]og^) 

ss log. (^+ /(^ + !))• <^ beingtbc value of jf when x=z o ; 
and,pas'sing from logarithtes to numbers, ^= - + ^iy + >)j 
hcnce^l--* = i/(**+/). and (^ J .^^^ 
ibatfortazz SL^^y -^ ■ t the equation of the curve. 
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If II zi 1, then X =: f , or y* = c(«x + c), an equatioa 

to the common parabola, of which p is the focus and cthe 
semi-parameter. 

Second Solution, by Messrs, Kyn and Willxaua. 

Let AC (fig. 83. pK 3*) be the required curve, F the ghren 
point in the axis, and c any point in the curve. Let ap =«, 
PD = jir, ci> = y ; then, by the question PT : PC :: n : 1, 

or PTim X PC But td = -^, from./he expression for the 

subtangent. 

dxv dxy — xdw 

And PC zz /(**+/) ••• ^""^ 7 """^^ = " ^(** + »'^- 

Let X := zy .*. dx = dzy 4- zdy^ 
.*. by substitution dzy^ + zydy — zydy = ndy \/(«'>*-+-y*) 

.•. dzy* zz nydy y/[z^ 4- 1) ' — '' -^ 



• • 



» 



• (^*-i- 1) y • 

Let y = 6 when xzzz o, and .•. z = o, 
.-. h. 1. [z f y/[i +2'))z:h.l. ?^ .-. 2 + -•(! + 2*) = 7* 

^ y ^» 6* 

.-. T*+/=-^^ ^ + X* 

^ «+^ ,*2«+2 «41 I. 

If «— i,;c='^— ^ .-. /z: 2i;r + ** = (2;r + f)* 

an equation to a parabola. Also in this case pc =: pt, a pro- 
perty of the parabola, where p is the focus. 

Eratosthenes and Mr. Phelan also answered H. 

VIIL QUESTION 298, by Mr. Lowry, R. M. College. 

To determine a curve that shall cut an indefinite pumber of 
curves of the same given species, having a common axis^ so that 
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all the tangentt drawn to the given curves at tbe p<Mnt» of inttr* 
section may tend to the same given point . 

First Solution, by Mr. Wallace, /?. M. College. 

Let A (fig. 84. pi. g.) be the given point, and pq any one of 
the curves given by position to which ab is a tangent at B. 
Through a draw any straight line AC given by position : and draw 
BO perpendicular to AC ; and supposing the curves given in 
kind, as well as that which is required, to be referred to AC as 
an axis, let ad = x and ob =^ be their common co-ordinates. 

Let us suppose that the nature of the curves given in kind is 
defined by the equation v =: O9 where v is put for an. expression 
of calculation, involving, besides the co-ordinates x and y, and 
constant quantities, a parameter p which is constant for any one 
of the curves, but which has different values in different curves. 
The conditions of the problem shew that dx \ dy : : x ly^ but 

from the equation v = o we have ( j- ) ^x + IT") ^ = O, 

therefore dx : dy :: — ( j* J • v3" )• *"^ hence 

( 7* I ' \d^ ) ' "^"^ ^^ appears that the nature of tbe CMrve re- 
quired is expressed by the two equations 

each of these contain the indeterminate quantity ^, but by elimi- 
nation we may obtain a single equation involving only the co« 
ordinates x, y and given quantities, which will be the equation 
of the curve whose nature is required. 

Ex. Let us suppose the curves given in kind to be parabolas^ 
each having its axis PF parallel to a line given by position, which 
line we may assume to be AC From p. the vertex of any on# 
of the paraoolas, draw pe perpendicular to ac. Let bd meet 
pp in G. Put AE = a, EB = ^, the parameter = p. Then by 
the nature of the figure p X PC =r bg*, that is, in symbols^ 
f^x — a) = (y — i)* ; hence we have 

V =p(x— tf) — iy — t)* 



X : y : : — 



©='■• (f) =•"-«• 



Therefore the nature of the curve which is the locus of b 
will be expressed by these two equations 

p[x — a) — (s — b)^ = o ( 1 ) 

px — ay (y — 4) =0 [u) 

by which we may resolve three distinct problems. 

Firsts we may suppose that the parabolas, besides having their 
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axf s parallel to AC, have also a common vertesi given by posi- 
tion, then, to determine the nature ot the curve we have only 
to eliminate p (which is indeterminate) from these equations, 
and we get for the equation of the curve 

(«a — ^) ( > + h) zz 2ab, 
which shews it to he a hyperbola. The asymptotes are mani- 
festly para lie! to the co-ordinates, and the curve passes through 
the given point a as well as through p the common vertex of the 
parabolas: And if x ^nd y denote the co-ordinates of the centre 
of the hyperbola, it is easy to ses that x = I- 2a and Y= — b. 

Secondly, we may suppose that the parabolas have all the 
lame parameters, but that their vertices are at different points in 
a line parallel to AC : or we may suppose that the axis of a given 
parabola slides along the line PF given by position and parallel 
to AC. Then in this case p is constant and a an indefinite quan- 
tity. Now the equation (2) is already free from this quantity 
and gives us 

ipxz=:y {y — b) 

for the equation of the curve, from which it is easy to see thai 
it is a parabola. 

Lastly, we may suppojie the vertex of a given parabola to be 
carried in a line perpendicular to the line AC In this case h is 
indeterminate and must be exterminated from the equations (1) 
and (2), which done we get 

px^zz 4(^-/1)/ 
an equation to a line of the third order. 

Second Solution, by Mr. Lowry, tkc Proposer. 

Suppose the given curves to be defined by the general equa- 
tion/ ( J, j^, a) — o, where x and y are co-ordinates, and a ah 
arbitrary quantity, which is supposed to be constant for all the 
points in the same curve, but to vary from curve to curve so as 
to form a series of curves differing insensibly from one another. 
Then, by the question, it is required to find a curve that shall 
cut all these curves in such a manner that a tangent drawn toany 
one of them at the point of intersection shall pass through a 
glvco point. Let ab be the axis of the given curve AC 
(hsj- 85. pi. 3.) P the given point, and cc^ the curve required: 
Draw CD and PR perpendicular andPE parallel to AB. 
Put^ = PR — LD, cz=. RA, jf iz AD and y— DC J thcu X :y 11 

PE : CE :: c + x : y — i, and therefore t=; ■ , • 

y y — b 

Also by taking the fluxion of the expressiony(a:,j', a) consider- 
ing a as constant, and extermitlating a from the equation which 
results, by means of the equation /(T/y,tf; =5 Or we shall 
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obtain -r = a function ot x and y =/(^» ;/), and »'^all then 

have jL z=,f[x , J/) for the equaiion* pf the curve in termi 

of X and y^ independent oF a as it ought to be. 

Example i. Let ihe given curves be a series of parabolas 

having their vertices at a, and formed from the equation 

fl;r — ^* = o (which .corresponds wiih the general equation 

J^(Xftff a) zi o), by taking successively all possible values for a ; 

X fit/ 

then, taking the fluxion^ we have ax == 2)7, or .- = -^i 

but a =— , therefore T = — ::r/iAf,i(), and we have ^ — 7=—; 
X y 3f '^ if—* y 

or, by reduction, x'j — ^tfx -^ cj/ zz o, which is an equation to 

the common hyperbola. 

To construct the curve, make ai = Aa =: c, and on 11;, 
drawn perpendicular to ab, take if := 2*, and draw fh parallel 
to AB ; then will f& and fh be the asymptotes to the hyper* 
bola, and y/fiftc the semi-transverse axis. For if fh meet DC 
in s, then fs =• x — r, and cs = y — a* ; therefore fc x Cs=z 
(X— c) [1/ — 2b) - xj/ — 2bx — cii^^kc : but tif — 2bx ^ cy=,o^ 
and therefore fc X cs = fiAf, as it ought to be. 

When 6 = o, or the given point is in the axis of the parabola, 
the equation becomes x — c = o, and the straight line i& will 
then cut the curves in the manner required. 

Example 2. Let the curves be a series of ellipses describfd 
on the axis AB when tiie other axis varies. Put ^ = the con- 
stant axis AB, and a =z the variable one ; 
then, by the property of the curve, a*, {dx — x*) -- </V*=5 o> 

Wd taking the fluxion, j = ^.^^— 2^) ^ 

therefore, since 4^ ==: , J__ "» , we have, by subststutiony 

x Qdx — a^c' J ■ , f + x 2dx — 2X% , 

J = y{d^ ^) ^ con^qucntly --y = ^^^^—^ , or by 

reduction, 

dcy ^ 2bdx — («f -t- d) xy 4 ti^ = o, which is als6 an equa- 
tion to an hyperbola. 

When ft 1= o, or the given point it in the axis of the curve, 
the eauation becomes 

dfjf— (2f + rf)xj/ =: o, orifc-^(2r+if)x = o, 

and X = — -— % ; therefore if a point i be iound in. the axis ab 

iMlkt tint i my be to e-^d, as ax to 11, as4 a line ik be 

R a 
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drawn perpendicular to ab, it will cut the ellipses in the manner 
required. 

Example 3. Instead of one of the axes being constant we 
may suppose both of them to vary ; but then tlwy must have 
such a relation that the one may be expressed in terms of the 
other. For example, let ihem have the given ratio of 1 to n | 
that is, lad zz an; . 

then T zi-r — :^, and sincea =:-j =, or 1 = j «» 

u J nY+x* . nV— X* , X 2n\9fX 
we have tf siz — :2LZ_ d^2X^-^ .and 5-= ^ i* 1 ; 

therefore r = tt^ — »» and by reduction 

cn*y* — rx* + ii*xy — *' + ai/i'^x =: o, an equation to a line 
of the third order. When n = 1, or the curve is a circle, the 
equation becomes cj/ — ex* — x^* ^ x' + 2bj/x = o, and, 
when & == o, or the given point is in the axis,, we have 
t(tf^ — X*) — xy •— X* = o. For the construction of the curve, 
in thii case, see Maclaurin's Algebra, pages 312 and 313. 

The quesiion may be resolved in a similar manner when any 
property whatever of the tangent, subtangent, normal, line 
making a given angle with the curve, 8cc, 1% known, that will 

enable us to find the value of .r in leims of x, j/, and known 

quantities. 

Suppose, for example, that the tangent CR (fig. 86. pi. 3.) 
instead of passing through a given point, were required to be of 
a given length ; then 

y 

/ : ^{i*+}*) ::y: cii=4 v/(*'+i') = * constant quantity c, 
therefore y (*• 4 }') = c'y', and * = V^iflzLid) . 
consequently we have ^ ' ^ '^^ ^ r=/(x,^,), for the equation 

X zx 

of the curve. In the parabola, where —:::= — , we have 

y y 

V^(c* — y) 2X * . « . 

^ ■ S5: — 9 or 4**4-y — c* z= o, an equation to an 

ellipse, of which the axes are | c and sr, and centre is A. 

As another example, let it be required to find the nature of 
the curves when the tangent is to touch a given circle. 

1fi\ f be the centre of the given circle and ?h (6g» 87* pK 8«) 
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its radius: through p draw kpe meeting the ordinate CD in K, 
and the tangent CH in K/and draw pr perpendicular to the 
axis AB. Put HP == r, PR =: i, AR=f, PE = t/, EC = v, 
and KP = z; then kh =: t/(«* — r*), and by similar triangles 

K.H : HP : : kb : ce rr ,^ — ^, = «; therefore r*(z + !/)• 

y{i — O * I ' 

= tt* (z* — r^)^ and by completing the square, we have 

z = -= i irv 4- K i/(«* + f* — r*)), therefore kk = 5?4-» 

a' — r' * 

z=, —• T-^ 5 % and since -r == , we 

tt* — r* y u 

have T-=: ^—r^ =-^ I*' ^' ' ^^ putting 

for 1/ and u their values Jf f a and^ — i we have 

ior- the general equation of the curve. The question may b« 
resolved in a similar manner when the tangent is required to 
touch any other given curve, or when it is req uired to cut two 
straight lines given by position so, that the rectangle of the seg- 
ments between the points of intersection and given points in toe 
Jines may be equal to a given space. 

Messrs. tiarvey and Watts sent an answer to this ({ttestion* 

IX. QUESTION 299. ly Hermodorus. 

Given the vanishing line its centre and distance of an original 
plane and the projection of a straight line, and ot a point in that 
plane; through that point to draw a straight line so that the angle 
made by the two straight lines shall be equal to that made by 
their originals. 

Solution, &^ Hermodorus, the Proposer. 

Fig. 88. pi. 8* Let the given vanishing line be hd, x its 
centre, x a perpendicular to hd equal to the given distance, 
FD the given indefinite projection' of a straight line, and Gthe 
given point. 

Let FD meet hd in d and join ad, in ax produced take 
XY = XA and join YD, suppose gf to be the line reauired 
xnaking with fd the angle gfd which is to be equal to uiat it 
represents: produce gf to meet hd in h and join ah, then 
(by the principles of perspective) the angle had is equal to that 
represented by gfd. Join h y then the angle hyd = che angle 
HAD; iheretore the angle hyd = the angle hfd^ whence 
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Ty F« H, D arc in a circle, therefore the angle ghy is equal to 
the angle FDY. 

Construction. Find y as in the analysis and join oy 
upon which describe the segment of a circle containing an angle 
equal to that conrained by fo and yd : if it meets the line up 
in two points eiiher of them solves the problem, if it touches b'd 
the point of contact is the only solution, if it neither touches nor 
cuts HD the problem is impossible. If fd coincides with YD 
and o with v the problem is indeterminate. 

X. QUESTION 300, *;f Amicus. 

To find curves that have the following property, viz. that 
If p be a given point in the straight ]ii>e apb given by position 
and any straight line whatever be drawn through p to meet the 
curve in two points, and tangents be drawn at these points to 
meet the line ab in £ and f, the segments p£, PF shall always 
be equal. 

Solution, &y A. B. 

Let the straight line drawn through p, (fig. 89, pi. 3,) meet 
the curve in m and N, and draw the ordinaies mr, ns to the 
axis AB. Put PR =r x, and mk =: y, then the subtangent £R 

= — ^r^» *"^ PE = — PF = — -^ — |- X (which must be a 

_^ ydx—xdy 



function of ^ J = /*( ")• ^^^ ~ " 



dy dy 



=: ^, therefore ^ zz /*(-); whence - = / ^ =s 

di c/i- -^ ^>^ y Jji:L\ 

F /. j ; but this leads to no useful conclusion, because, what* 

ever be the equation of the curve, by putting 11 • ^ — *, that 
equation may be transformed into another equation between 

y and «, whence we may derive — =F(tt) ir Ff-J. The 

question must therefore be resolved by other considerations. 
It requires that the two following conditions be fulfilled : FirH^ 

•T 

that for every value of r , or u, which is always a positive 



tity 
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tity, there shall be two values of i . since mk must cut the 
curve m two .points. Secondly, . that , or - ^ 

^* 
(which is the value of pe) shall be of the same value with oppo« 

site signs, the two values of -. The first of these condi- 

tions requires that we suppose « = u^ + y'(u), u and u' 
being functions of u, which valiie, on account of the double sign, 

will give two values of - for every value of u\ but the 

. . . ' '^ 

second condition will not be fulfilled unless a constant quantity 

be written in the place of \}\ Hence the curves that satisfy the 

question must fulfil these two conditions. 

X z=zy ' u. 
Where u is any function of u* 



X , X* 



If we put u zz B + Ctt+ Dtt*zi B + c -^-4- D -;,thecurve 

y &^ 

mnW be defined by this equation 

i =z A + /(B-f C-+ D^), 

y — »^ ^ y y*J 

which includes all the conic sections, and leaves the point p in* 
determinate or arbitrary. 

2 9 

If u=: B + c ^+D^ + E— if then 

y^ ' y y 

1 ' ji X^ X^ 

1 zz A + i/(B +C-+D-7+E -t), which includes all the 

if — ^ ^ y y ^ , 

lines of the third order that satisfy the question. 

Solutions were also received from Messrs. Harvey and Watti 

and Mr. Phelan. 

XL QUESTION 301, i> H. 

Supposing a particle of matter at rest any where upon the 
surface of a solid of revolution which revolves about its axis in 
a given time, and that the particle is attracted towards the 
centre with a force which is as some determinate function of 
its distaiKe from tbe centre : What ought to be thie fbnn of the 
•olid i ' 
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Solution, by G. V, 

Let c (fig. 90, pK 3,) be the centre of the solid, PC its axis 
of rotation, paq a section of the solid by a plane passinf^ through 
its axis, CQ a perpendicular to the axis mi-eting tne section in Q, 
and A, a'' any two points in the section PAQ, indefinitely near 
10 one another. Join CA, ca", draw ab perpendicular to CP, 
and a'^k, a^d perpendicular to ca and ab, respectively. 

Put cq zr a, CB z: jr, B A = y, CA j: r ; then ad = -^ dfjr, 
and AF = — dr. 

hctjr denote the function of r which is proportional to the 
force tending to the centre, and let ^ denote the absolute value 
of that force at q and c the measure, of the centrifugal foice at 
the same point : then the force at A tending to the centre will be 

g X "^-t and the centrifugal force acting in the direction ba 

will be ^^. 
a 

The panicle at a is kept in equilibrio by three forces, vis. the 

force gAr acting in the direction AC, the force -^ acting in the 

direction B A, and the reaction of the solid. And by the principles 
of statics any two of these are to one another as the sines of 
the angles their directions make with that of the third : there* 
fore, observing that aa^'f and aa'd are the angles which the 
lines AC, AB respectively make with a perpendicular to the 
curve at a, 

trIL : — : : fsin aa^'d : sin aa'f i : ad i Af ::) du : dr; 
^Ja a ^ . 

and hence 

Jrdr = ^ . i \jdij. 

Let Frbe the primitive function of/r. that is, let/r — -. ^; 

then similarly^ = -^; let the values of fr ^nd fa be sub- 

stituted in the fluxional equation, and it becomes 

, dra c J 

dfrz= -T- . - .yfly; 
aaa g 

and hence, taking the fluents, 

Fr =: — T- . - y + Const, 
2ada g 

To determine the value of the constant quantity, let x = o, 
then, because in this case^ z: r r= a,* the equation becomes 
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>. Utm M.ifWf Bjon^ pf ^ MUftion is nunifcsUjr the 
two first tenns of toe a«r^pq;pent qf iqe fmictfop 

^ ^ a* — - (a* ^ J**) 1 1 'l'^ these, whep -> is ^ unall fnctbn, 

o o 

^and cosMiqMfltly » (4^ »^ )r^) ftlso a small quan^, will be 
>se«iy cq^ tfttb« w^olf fiinefion, fberMore. 

-: t M ?=■ « 5 »' ^ y («" — y*) I "»'ly«k . 

and r* = a* (o» — y*) aearl^. 

Hence putting x* + / for r*. we get 2_" ■«*=«*—/ ; b«i 

f " ■ ■• 
£_ = ; ■ .?. ,. neariy, because by hypothesis c is small 

.i«?«Eec»of^; t^creforq, 



^ 



-,*•=«•-./. 



The solid if thoiefofp q^y m oblate apheroid whose gieatar 
axiaita and l^Meraxii -^r «; and this will be true, what* 

ever be the law of the force tending to the centre. 

If the solid be supposed equal in magnitude to the earth, and 
to revolve in the same time, and have the force of gravity at its 
equator the same ; then^ : c : : 2^9 : ^, therefore the ratio gf 
its axes, or 2g : 2g — c will be that of 578 : sjj. 

Mr. Phelan sent a solution to ihis question 

XIL QUESTION 302, hy G. V. 

Theorem. The square of any prime number of the form 
4n + 1 is pf |he foim a* + ^^b\ 

First §olution, by Mr. W. Wallace. 

I shall extend the proposition, and demonstrate that the square 
of any prime number of the for^n 41 4- 1 is either of the form 
ga* + 256*, or of the form a* -\- g x 25**. 

.Every pritne number of the form 4* -h 1 is the sum oF two 
•quarts ; this is one of Fennat's theorems, as it generalljr 
known ; every such number will thonefim be oC' the fonm 
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Now all fiw^ numbcrt come under one or oilier of thege 
fiormif vis* 

.SOf 
tOZ + 9 

102 «- a 
toz + 4 

l02 — 4 

And all odd numbort come under one or other of cbeic 
fbnn^t viz, 

tou + t 
iptf — t 

-tOK-g 

tou 4 3 
The prmositioQ Is obvious when 2x = toz or 2jf -f I =; 4f«« 
But Uiese forms, viz. 

{iM ± 2)* ^ (tou ± i)* 

eannoi be prime numbers because they are divisible by 5 : the 
only remaining torms are these, viz. 

(ioz±«)*±(toii±8)« 

(loz ± ^)* ± [tou ± i)\ 
But if ax = toz ± a and ay + 1 7= ion ± 3 » or if ax =7 
|oa±4, and8v+i==40tf± i ; ineverjr case, («x)* — (ay+ij* 
will be divisible by ^, and its square will be divisible by 85, 

Thihd Solution, ^j^ Julius. 

« 

Every prime number N of the form 4n + i , is the sum of 
two squares, that is, N = «*+ y*. [Barlow* s Theory of Num^ 
bers. Art. iit.) And consequently 

n' = (*» + y*) (** + y*) = (*• — »»)*+ {axy)% 

ormaking|}^^yja^^:T- 

we have N* = x'^ 4- /*• 

But when the sum of two squares is equal to a square, one of 
the three is divisible by a j, or is of the form a^as Art 43 
of the abovememioned work. 

Now since N is a prime number 4t cannot be divisible by ae 
except in the single case of N = 5 ; therefore it must be one of 
the other squares x^ ory^* that is of the form ajia^ consequently 

N* = jr*+ 25a*, or** -I- a^a*. 

Mr* CAV11.L scn$ a solution to this question% 
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resisting medium (^A' -5-^) v'(t — J?*) will express the hori. 
zontal range of both projectiles, or the common double'ordinate 
of the two paiabolic arcs desqribed by the ' projeciilet. Agiui 
by the doctrine of projectiles, (d*-J-4jr; (i — «*) wiH ejcpcca 
the altitude or abscissa of ttie greater arc ; and (J^^'^^g) tla^ 
of the less or lower; and therefore (^'-7- ^g) (1 — sir) wiQ 
express the dlflference of the two heights. 
And hence, by the known principles of mensuration, 

3 AS ^'tS 

will express the area included between the two curves. 

Now let A, denote a circular arc radius 1, and sine x; then 
from the known principles of trigonometry we shall havie, siiie 

4 Asr^x v/(i — x^) X (1 — 2;r'), and by means of this the fore- 
going expression for the area included between the two curvet 
becomes (^^-r- 24^'] sin 4A, which is to be a maximum by the 
question, therefore sin 4 A must be a maximum. 

Now when sin 4 A is a maximum 4 a will be an arc o( 96*, 
because the sine oi 90° is the greatest sine ; therefore a is an 
arc of s 2^° which 18 the elevation of the lower projectile, and 
its complement 671"* is the elevation of the higher. 

Third Solution, by Messrs. Williams, 4ml 

Eratosthenes. 




range multiplied by the difference of altitude is a maximum. 
Let^ - 16 TT fcet, and v — the velocity of projection; tfaeo 
the horizontal range =: (v^ jl, 2g) sin 2 d, and the altitudes ^ 
(^* -T- ig) s»» *^ and v^ -^ 4g) sin »f , 

.-. (i ♦ 4. 8^*) sin 29 isin*Q — sin "(p), 

or, sin d cos (sin *9 — sin *9} is a maximum ; 
.-. (3 sin *9 cos »d — sin ♦fl) dB— (cos ♦d _ 3 cos *fl sin»d) d6zzo, 

or, 6 sin *Q cos^B — sin *d — cos *d = o, 
.•. sin 4^ — sin *fl = — -J, 
and sin B zz \/H 4- y^ -t) = •92394 = the sine of 67^ 30' 
nearly, .". (p = go'— 0= 22* 30'. 

XlV. QUESTION 304, ty Edinburcenst^s. 

Find the fluxional equation of the curve of pursuit when the 
body pursued moves in any curve of a given nature. 
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way be resolved into two others, namely, p.)c •* or P sin ^, 
accelerating the motion of the ring in a direction paiallel tD» 

and^endingto diminish the ordinate x, and p x <* or P cos ^^ 

accelerating the motion in a direction parallel to, and tending to 
augnieoMhc ordinate y ; therefore by the principles of dynapaica 

— r- = P sm 9, 



and 4^ ^ p coft 9. 

e 

Let the first of these equations be multiplied by co| ^, an4 

the second by sin (p ; then, by taking the difierence. we get 

■• •• 

X cos (p -f y sin $ 

and, by adding them together, 

•• . ^ 

— K cos 9 4- y sm p _^ x 

e 

But jp rr 2 cos (p, andy = a sin ^; therefore^ taking second 

fluxions, and multiplying the first equation by cos f and th^ 

•econd by sin 9, we get, by addition, 

** •• •• •• 

;» cos ^ -}- y sin ^ _ — z 4- z^* _ 

ori = i*; (.) 



and, taking the difierence, 

•• •• _- 

— X cot ^ + y sin f _^ 2z 9 -I- z^ 



• • •• 



• • 



22(p 4- Zip . a 

or p z= — 2L 1^^, [%) 

The first of these equations serves to determine the vtlocity of 
the ring, and the second its pressure against the rod. For 



z 



V vv ,(P^ u* . _- • _ u^zi 



T = — , and r- = ^$ therefore m zz -^ 

andt;* = c' + ft / — i-, 

where c zz the value of v when % r: « • 
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• • • • 

(l^gain, r-^ = -— . and -i X -T = — X r. 
/X/ ^ t^ ri '^ * 

therefore p zi —fair + ^-r ). 

Now let j = the angular velocity when z rr a, air=the 
wright of the ring, zo x m=: the moment of inertia of the rod» 
or the sum of the plroducts of each particle by the square of iu 
distance from the centre of motion, which will be =7 of the square 
of the length of the rod, multiplied by its weight, when the 
thickness of the rod is not uken into the account ; then the 
angular velocity, when the ring is at the distance z from the 

tentre, will be = i • — i-, or n =? — : — 5 , putting n = 

m 4- a'. This value of u being substituted in the expression 
for the velocity, we have 

and, taking the correct fluent, 

ior t; =5 |/(c* + -a f^ ""^ Sn ] ) » ^^^ velocity with whikh 

the ring approaches to, or recedes from the centre. 

... — 2nbzi , r w — anbz* 

^fi^^^ " = /^ » .i)t • therefore 2 j = .^ . ^^.^ * 

and2« + t-=:__^.andP=:-(8« + z^^ = 






To determine the nature of the curve described by the ring, 
we have 

«^ = r ^^"■''^'' ^(rV-i- «*•){;«+ 2«)-»»i- 

where the fluent is always assignable by elliptic arcs or by 
logarithms. 

XVL QUESTION 296, by Mr. W, Wallace. 

If the intersection of two straight lines which contain a given 
angle be on a line of any kind given by position, and one of 
them pass through a given point, what is the nature of the curve 
to which the other is a tangent ^ 
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r ; IB its ordinate :=: s; ab the variable radios =: i% and 
▲K» the segment of the axis between a and the tangent, = /• 
Also, let AD the abscissa of the curve sought be x, and DC iu 
ordinate y ; then b'h = ds, b'o = dv^ these symbols being 
substituted we get 

svdv rvdv 

Therefore, from the position of the lines we immediateTj 
obtain these equations, 

svdv f . 

' * = "-i^ f*J- 

, rvdv , . 

The nature of the curve furnishes a third equation, by whichj 
three of the four quantities r, J, t^ v may be expressed in termr 
of the remaining one, and this done, we have only to eliminate 
that quantity from the. above two equations, and the result will 
be the equation of the curve whose nature is required. 

We may also express the nature of the curve independently 
of V and /, by remarking that u* =: r' + A from which we get 

vdv -=. rdr + sds ; also that / = r — ^^9 hence by «ubsti- 

tution we have 

(r* — s^) ds — 2rsdr . . 

'= rds-sdr : (3'' 

(r* — ^*) dr 'V arsds , * 

>= — 73r=lir W; 

by these, and the equation of the given curve, we may elimi- 
nate r and i, and the resulting equation will express the nature 
of the curve to which EC is a tangent, as required by the 
question. 

Ex, 1. Let the given line mbn (fig 96. pi. 3.) be a straight 
line. Let the axis ax cut it right angles in N. Put an z=:f. 
In this case we have ^ zr nb, r — an =c a constant quan- 
tity, therefore dr =: o ; r' — 5^ z: c* — s^\ rs zz cs, and by 
substitution in formulae (3} and (4) 



C*— 5» 



2^. 



Hence, eliminalmg s^we havey* = 4^ (c — x), an equation to 
a parabola of which a is the focus, ax the axis, and 4c th« 
parameter. 

Ex. 2. Let the given curve mbn be a circle (fig. 95. pi. 3.J 
wlitfe cen nt 4 a, and radiiis mx. Put ax = r, xm = s^ 
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c* — fl' = i*. By the nature of the circle, r* + i« rz 2cr — i', 

hence ds = ^ ^ — , and by the third and fourth formula 

s ' - • 

_ &V — ( gg^ - b^)r tV 

To simplify the equation of the curve, it will be convenient 
in tjiis case to change the beginning oPthe abscissae x from A to 
X ; to effect this we must put x^ zz c — x; then we have 

"" —jrZTr' y - h^—cr' 
from these equations we get 



a^ -{- ex" a^-\-ex'* 

substituting now these values of r and s in the equation r* f i* 
zi 2er — i*, and reducing, we find 

for the equation of the curve, which shews it to- be a conic 
section whose semi-axes are a and i. 

Second Solution, JyAfr. Lowry. 

Let HCG (fig. 97, pi. 3.) be the given curve, a the givea 
point, and ke the curve required, such, that the lines AC, cs 
being drawn to any point c in the curve to include a given 
angle, the line C£ shall be a tangent to the curve ke. Let the 
straight line ax, drawn through the given point, be taken ior 
the axis of the curves, and instead of the ordinates being at right 
angles to this axis let them make with it an angle equal to the 
given one; that is^ let the angles a bc, fdb, made by theory 
dinates cb, de, be equal to the given angle ace. 

Let AB, the abscissa of the given cjurve, be =21: BC, its 
ordinate, 1= i/; ad, the abscissa of the required curve, =*; 
DE, its ordinate, z=:y ; and the cosine of the given angle — a. 
Then because of the equal angles abc, ace, the triangles acb, 

ACF arc similar: therefore ab : AC : : AC : af ns— = 

AB 

tt*-4-i;* — 2avu , tt'-4-r^* — 2avu . . 
, and FD = X, Agam, the 

Urn U 

triangles abc, £DF are similar; therefore bc : ab :: df : di 

u «* + */• — 2avu — ux 
•=.- X DF=: zrw; 

or M*-h i;* — 2avu -^ ux — t;^ = o . . . .(1), 
ivhich is an equation to the straight line ci, in termi of the 



i 
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co-ordinates x and tf, and the arbitrary quantities u and ff (gnrw 
functions of one another), and corresponds to the general equa- 
tion /(x^ j^, a) =z o, in the solution to question 279 ; ihil 
question being only a particular example ta the general problem 
-which is there resolved ; therefore taking fluxions, considering 
11 and V alone to vary, as directed in that solution, we shall have 

V Qu — 2av -4- * , » 

-r = ; (a). 

Now from these equations, and that of the given curve, wc 
can exterminate u and t, and the result will be the equation of 
. the curve required, in terms of x and y, independent of uor v* 
When the given angle is a right one, the co-ordinates ar^ 
rectangular, anda zzz o ; the above equations then become 

tt* -i- v* — ux — V7/ =0 (3) 

and -T= ; (4) 

from whence we get by elimination, 

— (tf* — 1/^)1/ — 2UVU . V 

X — . \ ' ••••r««. \^^ 

uv — vu 

la^ — r'JM -4- 2UVV rr\ 

.V = ^ ^ : (6) 

uv — vu 

For a particular example, let us suppose the given curve to 
be a circle, and the angle a right one. Through the given 
point A (fig. 98, pi. 3.) draw the diameter hog ; put r zi the 
radius oG, and ^ = tlie distance of the given point from the 
centre: then, by the nature of the circle, r* zi r*-h {a — u}\ 
Now it is evident from the above formulae, that there are 
several ways in which u and v may be exterminated ; we may 
either make use of equation (3) and that which expresses the 
nature oF the given curve; or, of equations (5) and (6) and that 
of the given curve : in the present case it will perhaps be as 
convenient to make use of equation (3). Since t;' = r* — 
{a — M )% and v zz \/{r* — (a — uf) ; if these values be »ub- 
siitutcd in equation (3) it becomes 

r' — tf* — 2au — ux — y "/[r*" [a — u)^) zz o; 

or, wl.en cleared of the radical, and the terms properly arranged. 

Taking the fluxion, supposing the arbitrary quantity u only to 

, {r* — a^){2a — x — ay^) . , . 

vary, we have m z: ; i r-^ » and substitut- 

' (2a — x)^ + y* 

ing this value of u^ in the above equation, we have, after proper 
reduction, r*y^=z(r^ — a*4- 2JX— ap*)fr* — a*), an equatioAto 
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an ellipse er hyperbola, according as the giveh point is wkhin 
or without the circJe ; the point a being the focus^ and the line 
HG the transverse axis of the curve. 

Harvey and W^s of Plymouth answered tffis question. 

XVIL QUESTION 307, by Mr. Lowry. 

Let AEC, BFC and ef be three straight lines given by posi- 
tion : From the given points a , b let straight lines be inflected 
to any point I in £F^ meeting AC in p, and BC in Q, and let 
P » Q be joined. Required the nature of the curve to which pq 
is always a tangent ? 

Solution, iy Mr. Lowry.- 

Draw AD and bh (fig. 99. pi, 3.) parallel to ef, meeting en 
in o and ca in H , let o be one of the points of contact, and 
draw NO parallel to CB. Put eh =: a, ef zz b, hb zz c, ADzzd^ 

H D zz e, CH =: m, CD ZZ fly PH z: «, (JD =: V, HN = X^ and 

HO zz y. Then, by similar triangles 

PH (tt) : HB (c) : : pe (m — a] : e i ir fc -7- tt) (w — a), 
QD {v) : AD{d) :: qf (i; — e) : ri = (d ^v){v — e) ; 

therefore <'* " °) + ^fl=i^ = ef = i. 

U V 

and by reduction [c + d — b) uv -^ cav — edu, zz o, 

or, putting r in c« -J- (c + 4 — i) and j:z:erf-7-(c +4/— .&) 

su 
to simplify the expressions, then v = ■■■ 

Again, the triangles pno, pcq are similar, therefore 

PC [m — u) z CQ(n — v zzn ^) :: FN {x — u) : NO(yK 

or, my — nx --uy -fnuzz [u — x) ■ ; 

and, by reduction, 

rnx — rmy \(my — nx{-ry — nr^-sxju \-[s-{-y — w)tt*=o, 

which is an equation to the straight line PQ in terms of the 
co-ordinates x and y^ and the arbitrary quantity «, and corres- 
ponds to the general equation /(x,^, a) zz o, alluded to in the 
solution to the preceding question ; therefore to exterminate u^ 
take the fluxion, supposing that quantity only to vary, 

, , . my — nx {- ry — nr -¥ sx , . , , . 
and there results uzz ; ^ j , which bemff 

substituted for u in the above equation we have 

4(rna: — rmy) (i f- > — ») — (my --,«* + ry — nr +**•)*=: Oi 
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for the equation of the curve sought, namely, that of an ellipie 
inscribed in the quadrilateral apqb, and touching the lines AC, 
BC at the points £ and f. 

The question may also be resolved rather differently/as 
follows : 

The several substitutions being retained, except u and v which 

• • • 

X X 

arc not wanted, the subtangent pk is z? y-r, HP = x — y. , 

= (n* — nyj— nr — sx h sy IJ -^ [x -- » J — O. 
and by similar triangles 

TC (m — X + ^ -r ) : CQ : : p N (y - j : N o (y ) ; therefore sub- 
stituting for CQ its value, and multiplying extremes and means« 
we have, 

or, by reduction and a proper arrangement of the terms 



X' 



for the fluxional equation of the curve. 

To deduce the integral, which expresses the nature of the 
curve, from the fluxional eqjjation, in problems of this kind, 
mathematicians generally take the fluxion,- supposing either 
» er^ to be constant (this supposition being always admissible), 

• 4 

X 

by which means they obtain the valu^ of -r in terms of the co- 
ordinates;. and this value being substituted in the original equa- 
tion, the result is the integral sought. But this integral 
may be found by a much easier process, for it is unnecessary to 

consider any of the quantities as variable, except [-- j, and the 
fluxion being taken on this supposition, we immediately obtain 

X » * 

the value of -r, which being substituted as before, we have 

the equation of the curve sought. 

Thus, in the above equation, if the fluxion be taken 'on the 

supposition that i-r) only is variable, we have 
-^[my-nr-sx + nx^ ry^2Xt/)\j^ j J- 2y{-n+j ^-y) ^(*) = o ; 
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therefore 4 = ^y- nr - sx -V nx yy-2^y 



and substituting this value o(-r in Che fluxional equation of the . 
curve, we have 

r ■ 

which, by considering that my — iir — jx -|- nz +'ry-^i«jf iS 
:=.{my — «x -h ry — nr V ^t) — 2X( — n 4-^ +/)» reduces 
immediately to 

/^rnx — rmy](s +^ — n) — (wijf — »x+ ry — w + $x^^ 5=1 o, 
the same as before. 

In general, if the fluxional equation of the ^rve be of the 

form p +Q~-4*s-7i=o, where p, q and 8 are functionft 

of the co-ordinates x and y^ and constant quantities ; then 

e (7)' + ^^ 5 (?)* '^^^"^ ^ ^' we have ?-— -.^; 

and, by substitutioa, p — ~ + S- = o ; 
^ • 2S 4s 

or, 4PS — Q* SSI o, the general equation of the curve* 

To apply this formula to a particular example, let A and B 
be given points, in the straight lines AC, db given by position ; 
required tne nature of the Curve to which pq is a tangent when 
the rectangle ap • bq is a constant quantity £\ 

First, when the lines are panllel (fig. loo. pi. 3.), let O be ft 

point of contact, and draw on parallel to ab, meeting BQ in m. 

■ 

Put AN =;r, OM =: y, and ab z: a ; then NP = ^ ^, af = 
x—yp Ma = l^—y)jf andBQ = J? + {a -u. y) ^. 

X \ x\ t 

hence ap • bq = (x — y -? ) (x+(fl— yjT- J = ««+(tf^ — a«y)-y 

y J / / / 

it 
+ (y* — ay) T^ = c* ; therefore p = x* — c*, Q = oa? — aay, 

8 = y * — ay, and, by the formula, 4 (a:* — c*) (^ — <^y) =s 

j^x — 2xyY ; or, by reduction, a* = *jr («y — y*). wMch it 
an equation to an ellipse when the curve ftlh bilwtes tbe 

ITQb. III. PAUT I. U 
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given lilies, and to an hyperbola when it fallt without^ a and c 
being temi-conjugate diameters of the section. 

Secondly, when the lines are not paralleU but intersect, when 
produced, in € (ig« '99. pi. 3.). Put ac =: a. bc = &, AX =:x 

jg mg 

Ind Mb =; tf ; then np = y ?-, ap = jr — * ir t* c^ ^s^yir 
(««^iM^«r t and BQ z: ft — y — (a — x)^\ hence ap * B(2 = 

«y — tjy— l^)^+(y* — iy)j» = o, 

thercfcrer :?:«• — oap, ft=^«"+- ay — axy^-c*, 8 z:^ — i^y, 

and, by the formula, 4(0?* — ax){jf—h^)'=i{Jbx^a^ — aary— c*/, 

or, by reduction, (6« + ^ — «*)* = 4^^ [ah — c*), which is 
an equation to an ellipse, or hyperbola, according as the curve 
falls within or without the angle acb. 

XVIII. QUESTION 308, hy Mr. W. Wallace. 

From two given points equally distant from the centre of a 
given circle draw straight lines to a point in the circumference 
so that the sum of the fourth powers of these lines may be a given 
quantity. 

FiBST Solution, 6y Mr. John Cavill. 

Let A and b (fig. 101. pL 3.) be the given points equally 
distant from the centre o of the given circle £Cf, and suppose 
the lines ac, bc to be drawn to the point c as required, so 
that the sum of their fourth powers may be a constant quantity. * 
. Bisect the line ab in d, and join od, meeting the circle in 
£ and F ; also draw c? perpendicular to ab, and ci to df ; then 
because the points a, b are equally distant from the centre •, 
the line od will be perpendicular to ab, or parallel to cp, and 
therefore dp = ci. 

Now AC* = DC* + AD* + 2AD ' DP, 

and BC* = DC* + AD* — 2 AB • DP ; 

therefore AC* + BC* =: a(DC* + ad*)* + 8aD*» dp*; 

But DC* = oc* + CD* + BOD • 01 ; therefore, if 20D • OK be 
taken = OC* + od* + ad*, k will be a given point, and 
PC* -l« AD* = 20D • IK ; therefore ac* + bc* = 80D* • IK*+ 
8ad** dp* z= a constant quantity, = (suppose to) 80D** s*i 
consequently 

/ od*(ik'— s*) = AD**ic*; or IK*— s*:xc*.::a.»*:op** 
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Take KG and RH» on different sides of K, each equal to 8; 
then IK* — s* rss Gi • I H, .and by the property of the circle 
ic*=Ei* if; therefore, gi ? ih :ei*if j: ad*:od*, 
a givon ratio ; the problem is therefore reduced to a case of de- 
terminate section* See Lawson'i 4th prob. 

Second Solution, iyALiQUia. 

Let A and B {fig. loa. pi. a.) be the ghren points, o the 
centre of the given circle, and c* the point to which the linsi 
AC, BC are to be drawn so that the sum of their fourth powers 
may be a given quantity. From C let fall the perpendiculars CD, 
C£ on the lines AO^ bo produced, and join CO. Then AC* == 

AO*-HOC'+ 8AO*OD, and BC*= BO*-t-OC*4- 2B0*0£ = 

Ao^-f. oc^4- 2AO*oE (because OB = AO by hypothesis), or 
if a point p be found, in ao, so that 20A*op may be =: AO*-i* 
oc\ and OR be uken = op, then AC* rr sao'Pd, bc* =s 
sAO*R£, and ac* -f- bc*=:4AO* X (PD* + R^*) = agivea 
quantity ; therefcMre pd*H- be^ is a given space = 2R«. 

Now because of the right angles at d and B, the points 
o, D, c, £ are in a circle whose diameter is oc, the radius of 
the given circle ; and if OG be drawn to bisect the given angle 
EOS, formed by the lines ao, bo produced, and meet the circle 
in G, the line eg will be given : also if Gn be drawn perpen- 
dicular to OE, RN will be halt the sum and en half the differ* 
ence of re and pd, and therefore pd* + RE» zz ben* + bnr^ 
= 2 eg" — 2GN* -h 2NR* = 2R*, and Consequently nr*— » 

ON* 1= R* — EO». But NR* = ON*+ 2RO*ON + RO", and 

because of the given angles, no* has to OR* a given ratio, or 

N G* = — o N * ; therefore. 
. n 

ON* ON* + 2R0*0N 1= R* — 1G» — RO*, 

n 

or, ON* -\ RO* ON z: (R* — EG* — RO*) J 

II — m n- — m 

therefore the point N may be found by Prob, i8. v. Simpson*s 
Geometry, and the construction will then be obvious. 

Third Solution, ty Ekatosthbnes. 

Let a and b (fig. 103. pi. 3.) be the given points, and K tht 
required point; draw the diameter eog and the line KL per- 
pendicular to AB, and KS perpendicular to EC ; also join ka, 
RB, KG and ok: Then, because the points A and b are equally 
distant from the centre, ag is ;= gb. Also (Euc. 12 and ig, ii«) 

U 2 
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AlC* ==S AG* + CK? + tAG • GL aild BK* = AC* + OK* — 

SAO * GLy therefore 

A«*^+^*C*£r(AC*+GK* + aAC''GL)^+(AG' + CR*— aAG-GL)* 

^ •'=:«(ag^+ok*)*+8ag«*gl*: 

Bat CK*=oc*4.0R«-f tpC'Qs, and ol*cssk*=(>ii^— -os*; tlierefait 
AlC*+BK*=:a{AG*+OG*+OK*H-20G'OS)*-h8AG*X(OK'-08*) 
=ft(AC»+0C'+01t»)*+8ilC»'©K*+80G(AC«+0C*+0K«)-0S+8(0C*-AC")-0l» 

• coosUnt quantity a V^ and as os rit^ft oolv to the* second 
iiMmDmUt the tquatioo is ^ easily constructed oy the lifjbi line 
and circle. 

Fourth Solutioj*. l/y Mr. Cuvliffe. 

Let- A and B (ig* |og. pU g.) be the ^rivea points, esd the 
pvca circle, and ak» bk the required ngbt lines, drawn to the 
point Kin die circumfennoe : drair the diaaseter ed perpen- 
dicular to AB, the right line joining the given poinu ; drai^ ks 
paialiol to AB meeting hd in s f also draw the radius ok* 

PutAO=BG— a.OOs:*, OK^r, GLizKS rdr,andoS2:^: Then 
=:i*+afla^-2fy, by putting j*=:a*+3*+r* ; 

BK*=x*+ 2S*(aby — aox ) + 4a V~&i*;rjf + 4^y ; 

AES+BK4«ii4+8«*^^+8a"x«+8iy=xBi44.8f%+fti\V--j,»}+8A>»== 
aj*+SaV+8/«*,y^tf'y* +8iy , which is to be equal to agiven 
quantity. Now as the highest power of the unknown quantity 
in this expression does not exceed the square, the problem may 
be constructed geometrically, that is by the intersection of a 
ri ght line and circle. 

When 6 = 0, or when the right line ab, joining the given 
points, passes through the centre of the given circle, the ex- 
pression for the sum of the fourth powers of the lines ak and 
BK becomes as*— Sa'/, which is very simple. When a z= *, 
the said expression becomes aj* + SaV* 4 85»*.y, which shews 
that in that case, the problem may be constructed by the inter- 
section of right lines. 

Mc55r^. Harvey fln</ Watts, of Plymouth, anfwercdit. 

XIX. QUESTION 309, Z^;/ Amicus. 

A point and a straight line are given by position in the same 
vertical plane ; a heavy body, urged by the force of gravity, has 
to descend from the given point, m a circular arc^ ^q as to furive 
at the riven line in the shortest time possible. WbfV U tbc 
length of the arc ? 
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Solution, by AfdicuSt tki Proposer* 

Let p (fig. 104. pi. 3.) be the given poinl, D£ the straight 
line given by position, aind pk the required arc, through whtcli 
a heavy body will descend in less time than through any other 
circular arc having its centre on the same straight line and 
passing through the given point P. Suppose, for greater 
simplicity, that the centres are in the horizontal line PD^ 
and let pi be another arc similar to PR, meeting th^ line 
de^ parallel to DZ, in i ; that is let pk \k tht sam^ part of 
the quadrant pi^ that pk is of the quadrant pb; and pd 
the same part of the radius pa^ that PD is of the radius pa; 
then, if PR be the arc of quickest descent from p to de, 
pi will be the arc of quickest descent from p to d^. Suppose 
now the length of the arc pi to be such, that a body ^otild de- 
scend through it in the given time / ; and that skn is the syn- 
chronous curve to all the circles that have their centres on the 
horizontal line pd^ and pass through p ; or the curve that cuts 
them all in such a manner, that the time of descent from the 
given point to the curve is the same in each circle. Then be- 
cause ^A: is the arc oi quickest descent to the line dct it is evi- 
dent tnat every point in the synchronous curve except A:, will 
fall above the line de^ therefore de will be a tangent to the curve 
^t X:. Draw the vertical lines kc^ pe^ and put x z= Are, ^ 3: pe^ 
z =1 the arc pk^ h = the space that a body would descend ver- 
tically in the given time /, and^ = 32 {- feet. Then if 
the nature of the synchronous curve be expressed by the 

cquationy(;r, y, A)=o, we shall have-r zzz f (x, y, A); but 

— -r is = the tangent of the given angle ptd^ tsz a ; therefore 

F (X, y, A) = — a, and from this equation, and that of the 
synchronous curve, we can determine the values of x and y in 
terms of the given quantities A and a, and also the lengths of 
the arc pk and the line pd\ then it will be as, pd\ po :: arc 
pk : arc PR. 

The only difficulty now remaining, is, to find the equation 
of the synchronous curve : .This has been done by several 
authors, as Euler, Bossut, &c. in a manner not much dificrent 
from the following : By the laws of descending bodies the time 

r i 
of descent in the arc pk is = /-tt -. , and bv the nature of 

m 

TX 

the circle i = ., . rA therefore 
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fV{^=^ = « v'A; or, putting P=—.^-pj./Pi=«v'i. 
tod difirencing de curva curvam, ?M + r/fx f ^^^ = o. 

NowfiW-i—— 1:1-^=-'— - -*+** . 






rx'-^r r 
or 



7[pc::?[)+py(**)=^ •• -to 

To extenninate r and its fluxion, we have^ by the property* 

V* + ** • 
of the circle^ arjr — >• = **; therefore r = , r ss 



r^—!! — Vn ^ — 1~^ ^^; and these values being nbr 

ttituted in equation ( 1 ) it becotaes 
{yx—xy){!t+x*)—*^^—x')y—iiyxx)'y[hx)—o (2). 

whence -r = ^"^--^ — ^- ^^ ttt ^ = Ffx, y, A)ir— j. 

Now to integrate equation (s}» let it be divided by^^ and 
put under this term, viz. 

(f )* (r* + *') - i^^^y '/{hx) = o. and put 
(yl±£!)*= (a:)*, ^^hx) = • (^•(c»-c»)). and by sub- 

v^ V y» + t?r 

2(cw — c*)* jr*»* 
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The fluent of is assignable by archea of the conic 



• • 



sections, and the fluent of • ^^, ^^ is = — »y"*'p"^; thete- 



Vi 



fore if the fluent of the first expression be denoted by v*^^ yat 
shall have 

V =— 2v V , tfz: — , and * =- •( — — c*), 

the equation of the synchronous curve. 

The calculation being made for v, according to the ordinary 
methods, the curve may easily be constructed and the values of 
X and ^ determined as required* The problem may be resolved 
in a similar manner when DS is a curve, given in kind and 
position, instead of a straight line* 

Messrs. Harvey and Watts, and the Rev. Mr. Scuit answirndiL 

XX. PRIZE QUESTION 310, hy Mr. W. Wallaci. 

Find such integer values of ;ry ^, z as shall render the three 
expressions x* ^ axif 4^*, fc* + a'.xz + a% / + a'^j/z + a* 
squares, a, a\ a'^ being given numbers. 

Fi^ST SoLUTXOii, Ay a Lady* 

Assume ^ = an* -f amn^ or « =: on* — asm, 

y = sa* -— ii*f 
» = 4^V + flam. 
Then, by substituting these values in the first and last of ibm 
given expressions, we find 

** + axy + y* =z(m*±amn +»T (a) 

y* + a"y2 + «*= (m* + rf^jii«+ nV ,..(b). 

This transformation renders two of the givea expressions 
squares, and it only remains to make the third expressioB 
X* + a'xz + «■ a square. 
Let us put 

an + am z: r, a''ji + aw = «^ ; (i) 

Then x = nr, and z :i: ns^ and 

x^ -+. a'xz + a^ = n* (r* + a'rs + ^). 
Assume now 

r = p' — }*, J=ay + ap«i ••••(«) 

and we have 

and consequently 

n\ +V» + a* X iiP(^+ a>j+ i^f (a). 
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These three formulaet (a}, (b), (c) exhibit transfortned values 
of the given tfxpretsionSy which are squares, as required by the 
question ; and it now only remains that we find the values of 
the quantities m and n in terms of p and q. 
By comparing equations (i) and (2), we have 
an +2mzzp* — ^, 
a^^n -H am =1 a^g* 4. stpq. 

From these equations, which are of the first degree in respect. 
of m and n, we easily find, by known methods, 

" = 2[a'*+ a) \ ^ ""^' "^ '"^y "^ ^'^ + *"^^* } • 

But as the values of x, y and z, assumed at the beginning oFdns 
solution, are all of the second degree, and homogeneous in respect 
of m and ir, it is easy to see that any quantity by which both 
m knd n are riiuhiplied may be rejected^ and still the iransfonDed 
expressions for the quiintities in the question will be squares ; 
thei efore» rejecting the common denominator %\ff* 7 a\^ we 
have more simply, as follows: 

If we assume x z= a a* -f %mn^ then 

11 = 2(«'-*-i)9* + 4^— «/•. 4"'2J 

But if we assume x z= a«* — awin, then, 
m - {aa' + d')f -f 2apy — aV. ^ , 

n = 2(a' — i)^* + 4/^? + 2P'. } • ''^^ 

From these, and the other two assumed formulae, viz. 
y zz m^ — «*, z zz af'n} -f- 2W/z, 

the values of jr, j and 2; may always be expressed in terms of the 
two indeterminate quantities p and q^ which may have any 
numericaV values whatever. 

If we suppose that a zzza zz a^\ the formulae (3) will not 
apply, because they would give x and z each = o. In this 
particular case we must have recourse to formulae (4) by which 
we find 

(a + 2) y' + (p + jrj 5 

and these values of m and n give satisfactory values of x, y 
and ;:;. 

£x. r. Let the expressions to be made squares be 

X* — x\j -i- y , ;t* — xz + 2% J/* — ^z + z*« 

Here a z= a' — fl^' = -^ i, therefore, by the formulie (5), 
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Takep = 3, j :=fc i, then w =: 3, « = 26, and 
^=1 — n*— 2m«=s— 832, ;f=m*-ii':i:-<567, 2:r-ii*+2wi«=-520 
these values are negative, but it is evident that the C6nditi6ni 
of the question will be equally satisfied if we change the sign 
and make , 

X n 832, y =: 667, z = 520. 

Accordingly we have 

X* — xy +/ = 763S 

X* —xz + ^* = 728*, 

y* — yz + 2' = 607*. 
Ex. 2. Let the expressions to be made squares be 

*" + 3-^y +■ y\ ^* + 3^2 + ^'» y* + ay«+ «•. 

In this case, by the formulae (5), . 
m = 3{5y^— {^^^)«|. nzzsi^f + ip + q)*^. 

Takep = 4, j = 3, then ^1 = 132, n=z=ii6; but these 
values of tn and n have a common factor 4, therefore we have 
in smaller numbers, m = 33, n zrz 29 : and 

X =609, y =248, 2 = 4437. 

^ + 3^)'+>* = 941 ^ 

•<* + 3« -h 2^ 1= 5307'* 
y* + 37^ + z'= 4801*. 
Ex. 3. Let the expressions to be made squares be 
x' 4- A^ + /, x^ + 30^2 + 2*, y^ + 7^2 + 2». 
In this case, fl=:i, a'' =3, 0^^=17, therefore, by the formulae (3}, 
mzzLjp* — %pq — ip9\ ;i=:89' + 4^9 — 2jo». 
Let^ = 2, 7=1, then, mzz 14, n = 8; but as these values 
have a common factor 2, we may take m:=:yt nzm^ ; hence 

a?3i72' + 2OTn=s72,yz:m* — 11*2133, 2=7»*+2»iii=:i|68, 
Stnd leaving out the common factor 3, ^ 

*. =24, y = 11, ? = fii5. 



x^ + dcy -+-^* = 31* 



f 



x^ + ^xz + 2* = 88% 
y* + 7y2 + 2' = 87% 

The Lady who has so ingeniously answered this Question will 
receive the prize medal^ by applying to Mr. (^lendinning, 
J^o. 2j, Hat ton Garden, 

Second Solution, &yAfr.LowRY. 

By the question, the three formulae «*+flJry +jf*, «*+«'jc2+2% 
and y^ 4- of^yz + 2* are to be squares ; therefore if the first tnd 
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second be divided by *», and the third kjr y*. we tball have 
I + a 2 + -L, i+a 1+L a,jd 1 + «''^+ Jr. to make 

into squares. Assume i T -^ for ^^^ ^^t of the first, and 

t X for the root of the second; then, from the first 

nx 

y u(au ± 2v) , i ,1 J ^ 

assumption we get* =: ^ ^ , , and from the second - = . 

fi(yn=t a»»l • r u J- • • ^ ^(^'^'* =*= ^H (f* — tt*) 
■ I , ' — ; therefore hy division = -^ — :?: rr — ^ ■ ,> 

and the third formula becomes 

„ n{a'n^ 2m) (v* — u') . / n{a'n =*= awi) (t;* — «*) \s 

^ tt(fltt =C 21/) (!»• «') \ tt(flM ± 2v) («■ — »*) j 

This expression is rather complex, but it may be simplified 
by making v* — «* = w* — n^, which we are evidently per- 
mitted to do. Now the most obvious way to do this, is, to 

make v :z m and u =: nx then will - be = ?, and the 

y an ± 2m 

expression to be made a square == i +a '^ = *- ( I • 

*^ an± 2m ■ \an±.2mJ 

Assume the root == * , then we shall have 

s an A^ 2m 

..a^n±2m r* 2r fa'n±,2m\ ,, , . 

J + a' ' ~- z: -;5 -(-- — - — 1, and by reduction 

an ^2m s* s \an ± 2mJ' ' 

(tfV+2rj)x(a'« ± 2m)zz{an± 2m) (r*— J*), which equation 
will be satisfied by making a^n ± 2»i := r* — f*, and an ± am 

=: a' J* 4- arj. Or, it i — . 7 1 ) be assumed fonlic 

t \ an ±: 2m/ 

root, we shall have [a^W^-^zU] [an ± 2m) —[an ±: 2»i)(^* — /*^\ 
which will be satisfied by making a'n ±. 2m zz a*'t^ + 2/^, and 
an ±, 2m -=. ^ — C. Put pzn.r'^ — i' or a'^/* + 2/^, and 
gr ~ fl^'i* + 2r5 or t^ — /*, r and s, or ^ and /, being any 
numbers whatever ; then from the equations dn ±i 2m iz p and 
an ±, 2m zz y, we get, by elimination, 

a'q ^ ap ap^ da . p Kn Q^ P ^ Q 

m = -fi ^, or ' / , \ , and » zz S ^- , or ^. X. 

2[a — a) 2{a +a} a — a a -i- a 

■*.T • » V • /flw •+- 2wa\ 2 

Now since i;:r i«, and « zz 71, ^ is =: » | ■ "" — - ), and - 

i» \m* — n^J' a» 

s=»f — i — ^« )> wc may therefore makex = j7i* 
^ fn ^— n / 



m' — «', 
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also answer. Tor x* — 2xy +y* = 8*, x* — xz + z^zz 7* and 
>* — 3y2 + 2* z: 11*. 

Ex. 4. Let am, fl^z:3and a'^zi/, and take/ = 1 and ^=a ; 
then, by formula (3), p^y, 9 = 3* xzzi2 / 24, >r=:tBX ii, and 
ZZZ12 A56t or dividing by 1^, x=:24, y=:ii and -=56 ; hence 
«*+*y^-;'*-3l^ a:» I 3jrz + 2*=88% and/ f /j^z+s^kS/*. 

^Ex. 5. Suppose azza^ — a^^::^-^!. In this 'case, where the 
given numbers are equal, any of the formulae will answer, pro« 
vided the lower or positive sign be used. Hence taking r= 3 
and #=2, we have, by formula (1), fizz^ and 9 — «rj — ^?z:8; 
x=: — 832, ;yiz — 667, and 2= — 52O, which values maybe 
changed from negative to positive; then x^— xy + y^zzjSo^^ 
Jf'—Az 4 2*^1728*, and^* — ^z+i*~6o7^. 

Ex. 6. Let azzazza'^zzg^ and taker=:2 and^zri ; then, by 
formula (i), p=^^t 1=9* ;c 2=6/9, y = 36xi2o, and r=: 
36 X 40 ; therefore, oniiiting the common tactor 36, we have 
*=:9, y = i2o and «=:40. Hence x* h^t^+^'ss: I4t* ; 
x^+^xz f2*=59*andy-h5^2 + 2' — 200*. 
' This soluiion^ it must be observed^ is much restricted by 
supposing v — rmnd u^n^ and innumerable valuei^of x, y and z 
may exist that will answer the conditions of the question, which 
are not included iji the preceding formulas. There are however 
several ways in which the question may be resolved more 
generally. If, instead of taking v =7/2, and u t: n, we make 
L •-«/*=»»*-«*, by means of the arbitrary factors r and s, as in the 

solution to question 294, we shall have v — ^ m j- ^ n, 

r^ j« r^ 1. J* 

and II =: mH w; or, v—pm'+-(jn, and uzzqm 

2rs 2TS 1 r ^ 

+ pn, putting p =z and y= ; then u(au -{■ 2v) 

zz [aq^-\-2pq) wi' + 2 (/>• f (( V upq) mn \- (ap* V- 2fq) w. Now 

when V — u i^zzm* — n\ i^a' r- j -^ ( ^ I , 

u(au \- 2v) u \ au i- 2v J 

must be a square. Let its root be assumed = 1 — — • 

f7(a'wH-2m) 11,. 

-^ ; r-; then, by reduction wo get u[aU'^2v\{arw''C Vo,wU\ 

zzn(aw + 2w)(e*-n;'/'), which equation will be satisfied by making 
f2(a'/i+2m)=a''zt'/'4-2/tf, and iz;tf(ai/-4-2i;)=:e* — wH\ Hence 
we have the two equations n[a'n 4- 2m) = d*wi^ -4- 2/^, and 
w{aq* ^^ 2pq]m^']r2w{p*+(]*+apq) mn-\-w{ap^2pq)n^i:zf—wU'i 
to determine the value of m and n. Now if wc proceed to 
eliminate these quantities by the ordinary rules, we come to an 
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equation of the fourth degree, but as this will not answer the 
purpose, we must assume such a relation between two of the 
indeterminate quantities as will enable us, if possible, to find 
m and ti by a siihple equation. If we lake / == n, ihen will 

a'« + 2m be 1= a"nw \-^c% or e zz n 4- m ; therefore 

e-'—tvYzzl [a'^ — 2a a'' w + (a^^ '- 4) w') n' f {a — a''w]mn'\-m* 
zzw[aq'' \- 2pq) 7/1*4- 2to{p* + q*-h apq]mn'*- w(ap^ {-2pq)n* 
and making wiaq*'\'2pq) m'zzm*, in order that the equation may 

be divisible by n, we have w:=. — ; , and by reduction 

^ aq' -{- 2pq* ^ 

\4a;* 40/4 w^ J \ w w ' 

Therefore to satisfy this equation we may take 

, fa* 2a'a'' , ,,. . ap^ + 2pq 

^^-\P+^^m)--^ra ,where/.z:-j^,yz:--^ 

and w = — i— ; =:-7-» ^- 7-7 rv» ^ 2^"^ ^ being 

any numbers whatever. Tliei^ the general values of x, y \iiA z 
will be as follow, viz. 

X izz tn — n , 

z:=:n [an + 2m). 
When the second terms are wanting, or the co-efEcients 

£1, a, a are each = o, we have w = — , m =— (1 4- 4pY) 

and ni=z ^qp(p^'^<l) 5 o*** substituting for /& and y their proper 
Values and omicting the factors that are common to each ex* 

pression, mzz — (r^ + J*J» n=:2(r* — i*) and 2:;.— -; whence 

71 

;e = 2r*i'(m' — ««), y zz- (m* — i6rV) and zt^ 4;flwr'5\ 

For example, if r * zr 2 and j = 1 , then /tz zrz — '5, n = 6 ; 
«=4 (25-36) =- 4 1 5 >=3 (25-S4) =— * »7 i an<i z =4X-3cx 2=-24o: 
hence, changing the sign, a: =z= 44, yzziwj and z =240; 
A« -hy = 125*. A* -f 2* = 244* and/ -f 2* = 267\ 

The question inay also be resolved very generally as follows : 



wc 
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% 

If in the general expression -wc put rr:«(a'« \-im) anJj^»l*-«\ 

shall have iH-^ ' — \-—, ; + -,-,\ ,, to make info 

a square : therefore itiultiplying by ^V {au + 2z/)*, 
j*i«* (au -f- 21;)* + a^rsu (au + 2t/) (r* — «') + r*(r;*— tt*j*niU8t 
be a square. By making the necessary multiplications, and 
arranging the terms according to the powers of r;, this ex- 
pression becomes rV 4- 2.a'*rsuv^ f (45* + aa'Ws — 2r«)irV 
+ (4J*a — aa''rj)w'i;+ (r' — a'a'rs + aV)«*,or r*»* + za^rsuv^ 
-f«tt*i/*-h/3ii^i/ fSt«\. putting for the present a=4i*-j-aa'^rj—2r*, 
/3 =: 4J*a — 2a"r^, and S n r* — tfa'VJ + a^s*. 

Now to make this expression a square, let it be assumed 

then, by comparing the co-efficients of the homologous terms 
in order that the three first terms may destroy one another, we 
have 2a^rsu = 2r^, at** =)>* + 2rq^ p.u^v 4- iu^ z= 2^yv + q^x 

whence ^ =z= a''su, q = -— ~^ = (a — ii'''«j«) ^, and z; = 

9* — ?!!♦ _ ((« — g^^V)* — 4r*S)tt 
^u*±^2pq — 4rV— ira''s{x —a^'^s^y 

Therefore we may take v=z(a — a^^^s*)* — 4r'S, andtt=4r»/S— 
4r«*'*(a— tf'^'V), and if we substitute for a, /3 and S their values 
in terms of r and j, we shall have, after proper reduction, 

»= (4— a^'»)5« + 2£m^Vx— (4H-a*Jr% 
tt = ^r{ar — a''s) ; 
and the general values of x, y and 2 will then be as Follow, vir. 

X = j(t;* — tt*), 

y =: su(au 4- ai/), 

where r=i«(an'+2»i), and szzm* — «* : »i and n being any inde- 
terminate numbers taken at pleasure. 

In the particular case of a =: a' = a" z: — 1, besides the an- 
swers contained in the above formulx, we may deduce other 
sets. For r is then = ji(2»t — n),az:4i* -f rj — 2r*, /S = fir5 — 45*, 
and X= r' — rj-+-i*=, in this case, to {«• — w;« -|- w')»; 
hence if we put rf^n*— «« 4- »i% the expression to be made a 
square will be r^zA — 2rjiii;' ^attV+ /3tt'i;+^tt\ where both 
the first and last terms arc squares. We may therefore assume 
the root = rr;*— piiii + dw*, then the square is =. rV — 2rpuv* 
+(p* ± ^rd]u^v''+2pdu^v+d^u:^i and making fiu^zz + 2pdu\ 
we hava — * arsuv^ + auV = — trpuv^ + (P* + ^rd) u*v\. 
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{%+ 2rd)Ad^ — fi^)u „ , j». ji ^ 

. \ > ^ . Hence we may take v=4tf*(«q:ftrifHP» 

and u = 4r(/(8i^ db 0) ; then, substituting for a and j3 their 
proper values, wc have 

» rr arirf* J- rd[2rs — 45"). 

Again, instead of equating the co^efficieiits qI the first power 
of Vj we may equate those of the third ; then we shall have, 

2rs = iirp, or # = ^, 
and a«*ir* + /Stt'r = (p' ± 2rd)u^v^ q: 2p^ii^z; ; 

, ($±2pd)u (fi±2d)u . f 

whence v = -f^^ — -V-^ — = -r^^* — 3 ; therefore we may 

p :h2td-^a J^dsarfl— « ' 

tal^e t;z=j3 ± 2*dt and 11= J* d: 2rd^^m; then, by substitutionj 

p zi 2${r:tL d — ai), 

tt = r{2r — s±L2d) — g**' 

Eoc. Take m=3 and ii:=2, then r^M(2M — ii)=:89 j:=:ffi* 
— fi*=5, rf=n' — ii»i-|-«*=:7, v— 2s(r+d — at)=5o=85X8»if 
=r{2r — j4-2ij — 3^—12^=25x5; hence, oniiuing the com- 
iQon factor 25, we have i/=:8, and fi=:^» xzz$[x^ — »*);= 
— 105, j'=*ii(2iH— «)=: — 25, and 2;=r(w*-— «*)=— »i68 ; there- 
fore changing the sign, x = 105, ^=^5 s^nd ;r = i685 and 
**— *;r +;r« = 95% «*— xr+«* = i47* and/*— ^z+x*s=i57*. 

The problem may be resolved in a similar manner, when an 
arbitrary co-efficient is prefixed to the last term of each of 
the formulae in the question, or when it is required that 
««+flr;f+*y*, Jc*+a'ar«-|-*'«" and y»+«''>* + *'V shall be 
squares. For making the tame substitutioQ as before^ we 



, y u{au ± 2V) I _ n(an^ am . z 
have - = — » TT^t — ^^T tm^ ""^ "• = 

-^ = — / , I J m/ . But since we cannot m seneial 

u[au±w)(m^ — *» J ® 

make i/* — bu^ = m* — ^'i% at least in a way that will answer 

our purpose, we shall begin with the particular case when bzzb'i 

and here if we make v r: m and u^zz n^ i^ — bu^ will be 

£^ Oil d: am 

» + « — ^-r=' + * {;;r"3!"««J *°'^ • iquare. Let its 
an ± 2as \flii x •*'*' 

root be assume4 = 1 — j-f ^J ^^J i then, wc have, u be. 
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fore, an ± am — a'^^ + a/e, and anztz 2m = e* — y'i^ i 

whence m =: — i-: — 2l n ^^ fL.^-1 xzz m^—bn^ v:=:n(am± 

2[a:f ay a' ^ a 

2m)y and z ^ n [a^n ± 2m). 

Or, ^z= [a^—^h)q'' — {2aa! +: 8*>y + (a*— 4%\ 
y = 4(a' + a) [pq + j«), {4) 

2 zr 4(a^ =i= a) I/?* ^ pq). 
This formula serves to resolve the problem when x^-\-axy-\'by^^ 
x^ -Vaxz\^ bz^ and y* f a''''.//2 f ^'^2* are required to be squares. 

And making similar transformations to those whicn were 
made in the first part of the solution, we shall obtain formulas 
that will answer in other cases. Tims let p zz aU^ + 2U9 

and q- e" — ^z*, then a'^?i±:2m-p, an:t.2mz=zq^ x — n{an±:^m)^ 

y-fn^ — b'ti"-, z-n'a''n'^2ni) : whence 

' X zz 4a' + a)(pq^:q^\ 
. y ^ (a'''—^^b)q^—(2aa''+Sb)pqY^(a^ — ib)p\ (5) 

2 zz ^(a" + a) (p^ J^: pq). 

This formula serves to resolve the problem when *•*+ axif 
-I- bj^\ X* 4- dxz h b'z^ and ^' -f- a'^z + hz^ are required to 
be squares. 

Again, fxxipzzat^ \ 2U^ and yzie* — bt^ \ thenani3m=p, 

a'n^2mz:q\ xzzfi{a^n ±^2171), ^zzn[an + 2m), zzzm^ — b'n* ; 
whence 

a' = 4(a' + a") (/'' T 7^9). 

v = 4KT^")(py + /i. (6) 

2 = (a"' - ^b')q'—i2a"a' +Sb)pq |- (a"'— 4^)^*. 

This formula may be used wlien x^ \ axy \ by^^ a' + a'xz 
+ i'2' and^' t- a^yz ■\- b'z^ are required to be squares. 

In the particular case when b =: b' z=z b'\ any of the 
formulae may be made use of, observing, as before, that the 
positive sign must always be used when the co-efficients of the 
second teims are equal to each other. 

Ex. 1. Suppose the co-efficients of the second terms to be 
each z=z i, and those of the third zi — 1 ; then taking t :=: 2 
diuLe =1, we liave p zz t^ -\ 2^/ z= 8 and q zz: t* -j- /* zz 5 ; 
whence x zz 685, y zz 520, z zz 832 ; a* H- xy — y^ zz 745*, 
x^ \ xz — 2*1=589% and^*+^2 — 2*= 104'. 

Kx. 2. Suppose the co-efficients of the second terms to be 
each zzz: 2, and those of the third = — 1 ; then taking / = 2 
and <r :=— 1, we have jo-2^* 1- 2tt zz 4, and q zz e*+ i^ zz g: 
.whence x zz 4i, ^ zz 90 and z = 72, x^ + 2Xy — ^*ss= 31% 
A* + 2xz—z*:^i26\ andjf* + «y« — 2* =49% 
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When the second terms are wanting, or a =: a' = of^ = o^ of 

^ = tpqw^ 1 and z zr 2ot«, or multiplying by 2^, ;t = 

«py(m* — ^»*), y = 4pyw* — ^«% and 2 = /^mnpq. 

These formulae will not however, in all cases, lead' to the 
smallest numbers, on account of the restricted values of p and a ; 
but, from what has been done above, we may easily derive 
others that will give smaller values. 

For supposing x = w* — bn^ and 2 •=. 2mn^ as before, if 
we put ac* 4 by*= c* and x* + bz^ zz d^ = {m* + bn*) ; then 
«* = c^'— by* = iP — fe% or t* — flp zz J|y*-.2*) ; whence 
making r(c 4- ^ = sl(y f 2) and s[c — d) =: r[y — z), y zz 

*_A ^ == qz-^pdzz^qmn — p{m^^ bn*)\ thercfoi-c 

to make 1 + b'* t into a square, we have^ as before, 2m»c= 

2te, w{2qmnr) — zfp{m^ + bn^]- ^ — V'm^e zz ot» — l/^w'^n^^ 
putting n = /.and e zzm; and if we make — wpm* — m*, then 

to = — — , -^m-zz (b -t- -TT J'^f or 2/?j'«zz(^;&*4-^')»; there* 

fore, writing for p and y their proper values^ we may take 
m=bp^ + b'' = /^br^s^ + b\r' — Z^5*)*, 
« =: 2pq = 4r*(r'-f-^x'). 
Then ;czr(»t*— ^»*)(r*— ^j'), yzz2mn{r''\h'') — 2rs[m^^-bn*), 
and 2 = 27»»{r' — bs^), 

Ex. !• Suppose ftzii"r:2, then wizrSrV F 2(r'— 25*)*— 
2(r*'+ 4J*), and.» zz 2rA(r^ H- 2 J*), and taking rzi2, 5 = 1, we 
have »i zz 40 and «= 48, or dividing by 8, m — ^ and 72 zz 6 ; 
then j:=:(m* -2;2'){r* — 2^')z=47 x 2, ?/.-2m«V*-|-2j?') — 2rjx 
(m^ + 2«*Jzzi4 X2, 3=:2ww(r^ — 25') z: 60x2; hence we may 
takexzz47,>fz:i4.and2z:6o: Then ar'^+2i/*zz5i?, a* |-22*zz97* 
and/l-2x»-86\ 

Ex. 2. Let i«J''zz— 2, then mz:— 2;r*+8rV f 44*) and 

w zz 4rj>* — 2/); and taking r zz 2 and 5 z: 1, we have x = 

(w»f 27i*;(r* h25')z:i77x6,;^=2j««(r— 25*) — 2r>(OT*— 2?i') 

zz 748, z zz 2mn(r'' f 2J*) zz 52 x 6 : Hence, dividing by 2, 

^- 53i» i'- 374. and 2ZZ156; **— 2/zz47% a*— 22*z:483% 
and/— »2*:=8oa*. 
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• ••• • • • •• • 

rV— fV f»f-.fV rf #r c r r 

now -z V = — 7: r=-; i--^ — r = — 1— — — 

• • • • 
= -;^^3 — -; whence uking fluents, 

1. (f — r) — I. f — 1. r :^ 1. (sinf) — 1. c, 

1 ^ — ^ — 1 sin^ 
cr c 

and passing from logarithms to numbers, 

fr ' c * 
Now pzzr f r, whcnce-^^^ = -s- = — (— ) • So that pasting* 

on to integrals we get — - =z — — ^ + j—, vmere -r is any 

function of f that does not change while 9 increases to f + v : 
muhiplying by — 2rc4', 

^c4' = \^r sin^ — 2Cf, 

which is a general equation to all the conic sections (including 
the circle) upon the supposition of 4^ being an ordinary cor- 
rection ; for puttings for its equal r sin^, and \/ (**+>*) for *> 
we have 

2C4/ z=zyl^y — 2C v^(jc* f /), 

transposing and squaring 

4c V — 4C>J/> f vty =: 4C'x» + 4C*y*, that is 

which is to an ellipse if 2C > >^, and to a circle if c be infinitely 
greater than >|/, for the equation is then reduced to jif*+y'->}/*z=:o. 
Jt is to an hyperbola if 2C <1 >]/ and to a parabola if 2C == >^« 
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ARTICLE IV. ' ' 

Solutions io Questions proposed in Number XU 

I. QUESTION3ii.iyAfr.JoHNHYNES,2)i;Wi». 

To divide a given square number a*, into two such parts 
that the sum of their squares and the sum of their cubes may 
both be rational squares. 

First Solutiok« ^^uLaoy. 

Let X be one part, then «• — x will be the other; hence 
f«* — jf)* + a?* and (n* — ;c)' + x^, or n* — 211V + a*" and 
n^(n* — 3n*Ar 4- 3«») ipust be squares. But it is evident that 



•jc 



and — 2«'-h 2jr zz — 2n*q + q^x; from these equations we 

obtain X - 3^' — «« V and * == ^^' ~ ^f ^, therefore putting 

these values of x equal to each other, and dividing by n\ we 

have ^~^r ^ LZL^^ la order to determine p and y in 

3—P ft-T 
rational numbers, let us assume 3 — 2^ = 2 — ay» then 3 — p* 

=12 — J*, from the former equation we find^ = — - — ?, which 

substituted in the latter equation gives 2^y«=:3— ^ ' ^^^^ ; 

4 

whence we have f = - artd'ihis gives p, or ' ^ = ^ . By 

substituting these values of p and f in -the equations x z= 

"* (3 — 2») n'(2 — 2tf) 8«* , . 

■ ^ — TT*-^ or a: = — ^ jJ^ we get X zr — , hence «•— * 

3— /> 2 — 5* ^ 23* 

=: -^— • Thus it appears that the numbers sought are — and 



i5«* 



23 •* ° 23 



»3 g^ 

Let » z: 10, then « ss and «* — ;r = 1522, hence 

•8 »3 
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(«*_*.)•+,.= 2890000 /iTooy ^j j„._,j, ^,, 

_ 3887000000 _ ^i 69000000 _ /taooox* 
~ 12167 529 ~ V «3 J ' 

Let » = 2, then a? =: ^ and ii« — ;r = — , hence (»•— x)^ 

+ .- = (f»)-a„d(»._!,.+ -. = (^)*! 

Let II = -, then x z= — • and w' — x =: -^, hence f «* — JfJ* 
3 207 207 

■^*^=(2^r-'^(»*~')^+'*'=(i?7)'' 

Second Solution, &y A/r. Cunliff£> /2« M.CoUege. 
Let ' and ' ^ denote the two parts, then by the 

question 2y~^J^ = (3r+77 ^ (*' + /) = a square; there, 
fore *' + ji* := a square. 

Again, by the quest.on --^^ = ^^^^^^.^ 

±: V ta X (;if*— a:^ !->') r: a square; therefore x* — •*y+^* 

=s a square. 

Wherefore the question is reduced to the finding of such ra- 
tional values of x and y as shall make «* + y' and jf* — *y +y 
both rational squares. 

Put * zi r* — J* andy = 2rs, then at' +/ = (r* — j')' + 
4rV z: (r* "i- i*)S which being a square there only remains to 
makex^— 0^ + /= {r" + s')* — 2rs [r' — s*) zz r^ — 9r^s 
+ 2rV + urs^ 4- #* a square : assume r* — rj + j' for its 
root, that is, put r*— tr^s + 2r'j' + 2n^ -f j* zz (r*_r^-f j«)« 
zi f* — 2r'5 + 3rV* — 2rs^ + i* : whence r zz ^s^ x =z r^^^s* 

= i5r*, V = 2r5 = 8r, ■ , = —- and — ^ = two 

parts that will answer. 

Other numbers that will answer may be found as follows : 
put r = ff — r/, then f* + s* zzv* — Ssv + iys\ r* — j* = 

z^t _ 8jv 4- 15A ^rs = 2 J (4X -^ ») ; whence the general ex* 
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pression (r' t- j')* — «rj (r* — ^), tp be made a §qnare, be* 

comes t^ — 1411/' + 74iV — i78i'«r+ 169J*. Take »* 4 — ^ 

13 
j» — 131* for its root, thai is, put i^— ij^iv^ Hr J^t?" — 178^^ 

261*1;^— 178X' V -i- i69i* : whence v =: ^y , r = 4J — » = 

3£i2£ -2X = 82j2±e2L and «!L. = *<»*iii^, other 
ij6o'^-i-^ 18201609 •v+jf 18801609 

two paits that will answer. 

Third Solution; hy Mr. LowftY» R. M. College. 

Let X and ^ represent the parts required^ then jp^ 4- >* and 
x^ + y' must be squares, or since *' + y*= (* + y)(jr'+y — Jry) 
= n*(jc' -+- y* — i«y), we have only to make *• + y* and *' + 
^* — xy into squares. Now x zz n* —^9 and this value being 
substituted for x we have 

«• +^' = «* — a»'> + ay» 
and X* +y — *y = n* — 8n*y + gy*. 

To make the first a square, assume the reot = n* — -o^^ then 

• a - 

n^ ^ 2»*y •+- 2^2 =: n* n'jf + --5^', and by reduction (r««— 

2j');f = 2(rj — J')«»; therefore, to make »♦— 2»*jr+y a 
square, we may take »' = r* — ai', and y = trj — 2s*. 
Again, to make the second expression a square, assume the 

root =: 71' — — y, then by a similar process ( — ^^^^ jy 

=. (2^/— ^i*tif)n*f therefore n* — 311V + 3/ will be a square if 

ii9 — ^ 3 ^ and V s: fi«/ — 3/*ti;. We have, therefore, by 

w '^ . * 

equating the values of «* and y^ 

w\f — aj*) = ^2 — 3/V 

and ar/ — fii"* = a^< — S^^* ^^ ^^^ ^^^ ^^'*' 

tion of r and ^. To do this, suppose s zz i^ then the cquationa 

become w{i^ — 2 j*) = €* — 3J'w' 

and 2r— .ai = tc — 3«i^i 

Z ft 
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From the first, «* =: w(r* — sts*) + y*w\ 
^nd from the second, 4^* = 4^*+ 4^3^ — a) rj + (3» — «)V ; 
therefore 4a?(r" — 2s*yht2sWzz^r*'^^(Qw—2)rs+{QW'^2]'^s* 5 
9nd making 4a;r' =: ^r\ in order that the equation may be 
divisible by j, we have &; = 1 ; whence 
•^8j + >2J = 4r + J 
and ^r zr 3J ; therefore we may taKe ^ = 3 au^d 

J = 4; then V 3 ^ > = — »« and xz=zn — y =: -2« 

and these parts will fulfil ail the conditions of the question ; for 
their sum is = n*, the sum of their squares = V"^^*) and the 

sum of their cubes = f -«— \ x n«. 

This question was al^o answered by Messrs. Adams, EratOf- 
thenes, and Hynes. 

11. QUESTION 312, by Mr^ Phelan^ Carlapi;, 

Required the least integer value pf ;ir that will make to^x^+t 
a rational square ? 

First Solution, ty Mf. Cunliffe. 



•iP3 = ^P+^ 



1 + 1 



2 + l_ 



1 + 1 



9 + i 
1 + 1 

r+i 



2+1 



i+t 



6fi 



20, &c. 
and the series of fractions converging to the value of 1/103, 
formed from the precediiig continuea fraction are 
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11211 91 1 2 

— ^ Z? ^ HZ4 iZ7 45^7 5044 9^ 
1 ' 6 ' 7 ' 2o' 87 • 47 • 450 • 497 • 947 • 

I 6 flo 

2406 6 33877 227528 

2391 ' 3338 ' 22419 ' 
In La Grange's additions to Euler's Algebra it is shewn, that 
the integer values of x^ which will make 103**-*- 1 a rational 
square, will be found amongst the denominators of the principal 
fractions converging to the value of -/lo^t and that the index 
or number written above the fraction will be 20, (twice the 
greatest integer contained in v^io3) the last in the period of the 
continued fraction. 

The first fraction of tJie kind which occurs is — -t , and 

22419 

upon trial the denominator will be found to succeed ; the nu- 
merator 227528 being the root of logx* + 1, when x =22419. 
And in like manner the next succeeding period of the principal 
converging fractions will give another answer. 

Second Solution, ly Mr. John Baines, yun» 

MathematicaL Master^ at Mr. Reynard^ s Mathematical School, 

Reading. 

Put '•(103*' + 1) = tf, and, neglecting + 1, as inconsi- 
derable, we have ii zi ;ry/io3, .*. - = i/103, and- > io<ii. 

X X 

Put a =: iojf*+ b^ then 3;^' — Q,obx zz b^ — 1, and ;r = 

3 8 " 

10 + /103 ^ and i > 6 < 7. Put * = 6* + c, then 13^' — 

,6^.r= 3c»+ ,, and i = 8r+ •(i03c--H3) ^ic+cyxoz 

>, !l ^ Ltjv^iog „a i> 1 < 8. ?nib = c^d, then 6c^^ 
c 13 ' <: 

ioci = 13^' - I. and c = g'^ + V(»°3^ -6) = iil^/lE? 
... £ _5J_^3 and ^ > a < 3. Put c = ad + e, then gd' 
- 14^ = 6.- -t- t. and rf = 7'+ ^^{^p'■\■ ?) ^ 7L±1V^3^ 
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.•.^ = Z_tV££3, and i >!<;«. Put </=<+/, then nr" 

~4V=9y^-«. and/=sa±Ii2a£z:ii}=2a£v:«23. 

.♦.j.- i±-^, andj. > 1 < fi. Put .r =/+ ^, then f/ 
- ^%fg= t lr+ X. and/= 9g^^(';3^'+ ') = a£±4£!22. 

.../=9_L£i£3, and^>9<;io. Put/ = gff +*, then 
> e X £1 J 9A + •(1 03** — ai) 

I ig*— ligh = ah* — 1, and g = z ^^ -' s= 



ok f h /.03 .^ ^ 9 + v/to3 andf- > I < a. Putf = 

11 A N 11 ^ ** 

i+i, then 9A* - 4A.- = .oi» + ,, and A = «t£il2£l+2l 

9 * 9 ». 

A=t +j, then 6:' — i^ij=gf-,t, and i = 7;+W*o^— 6) 

^XLL/^lo3 .^ i ^ L+Vlioa andi > 2 <5 3. Put 

i=2J+A, then ,3i'-ioii=6i'+i, andj= SLtHil^E+lSl 

^M + iy^233 ,:i=5+ v^»o3>^ and| > 1 <a. Put 

j-i K then 3i' - ,6i/= 13/ ' - 1, and i= H±£li23£l£2) 

^ 8/ + /./.03, ,. 4 ^ MmA^. and ^7 > 6 < ^ Put 

3 ' 3 ' 

A = 6/ + OT, then /' — aolm =: 3OT' + t, and / s= 10m -f. 
>/(i03»i' -I- t). Wherefore, having arrived at an equation 
similar to the original one, we may suppose m = o, and /= 1, 
then 

» 

Messrs. Adams, Dishneagh, and Hynes answered it. 
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III. QUESTION 313, by Mr. George Harvey, Jun. 

Plymouth. 

From'^a given right cone to cut such a paFabolic section, that the 
solid generated by the revolution thereof, either about its axis, or 
its greatest ordinate may be the greatest possible. 

First Solution, iy Mr. Cunliffe. 

Let ACB (fig. lis, pi. 4.) be the cone and ehf a parabolic 
section thereof. And first, to determine the section so that the 
solid generated by the revolution thereof about its axis gh may 
be the greatest possible. Put n =: "7854, then it is well knotvn 

OH 

that4« X GP* X — = 2» X GF* X GH exprcsscs the content 

of the conoid generated by the revolution of the parabola about 
its axis GH. And because of the parallels gh, bc, Ab : bc :: 
AG : GH = (bc -7- ab) AG ; therefore 2/1 x gf* x gh = 2fi 
(bc -7- ab) X Cf* X AG, which is to be a maximum, by the 
question ; and therefore GF* x AG must be a maximum, because 
the factor 2;i(bc -f- ab) is a given quantity. 

By attentively considering the form of the preceding ex- 
pression, viz. gf* x ag, it will be easily perceived that it 
amounts to the well known problem of determming the greatest 
cone which can be inscribed in a given sphere: wherefore ag =: 

^ AB. 
3 

Secondly. It is well known that the content of the solid ge- 
nerated by the revolution of the parabola about the ordinate G f is 

expressed by ^— X GH* x gf ; or, from vhat has been done 

in the former part, by ^ — X — ^ X ag* X gf, which is to be 

15 AB 

a maximum, by the question; therefore AG* X GFmust be a 

maximum, and this is the case when AG = • ab, as will be found 

o 

by making the fluxion ot the expression =0. 

By attentively considering the expression ag^ x gf it will be 
readily perceived that it may be tumedinto the tollowing problem, 
viz. Having given the hypothenuse of a right-angled triangle, 
to determine the legs when the solid under the square of one of 
the segments of the .hypothenuse made by a perpendicular from 
the right angle, and the said perpendicular is a maximum. 



Second Solution, by Mr. John Baines, Jan. 

Let ACB (fig 113, pi. 4.) represent the given cone, fdc the 
required parabola* de its axis, eg (perpendicular to ab) its 
greatest ordinate and n := the area of a circle whose diameter ii 
1 : Then the conoid or solid generated by the revolution of the 
ciirve about the axis ed is = -J-its circumscribing cylinders: 
■Jn X fg' X ED ; and the spindle or solid generated by iu 

8 

revolution about the ordinate Foisiz — «/ 4ED*x fg. 

Therefore in the first case fg' x ed, and in the second ed* X 
FG, or its square ed^ X fg^ must be a maximum. Put a r= 
AB, c = AC and X =: be ; then by similar triangles a \ c : : x : 

ex 

, ED =: — , and by the nature of the circle FG* zz 4 (a — x)x\ 
a 

therefore fg* X ed = —{a — x) jc% and leaving out the 

constant factor and taking the fluxion, 2axx — 3^^^ = o > 

therefore x := 4 a. In the second case ed* x fg* = — x* x 

a** 

[ax — **) = -=-^ a' {a — x), therefore ^ax^x — 6x^x = o, and 

Solutions were received from Messrs, Adams, Dislmeagh and 

£ratosthenes. 

IV. QUESTION 314, by Mr. Joseph Williams. 
Emerson in his Increments has made use of a series to deter- 

miiie the integral of s — s zz s. It is required to assign 

rz • • •• * " 

the integral in terms of s and s without using a sci ies ? 

Solution, by Mr. Joseph Williams, i/te Proposer. 

rzs rzs 

,9 — s — .9, .*. s zz. r-:^- zz — ^ (if we put 1— rr w). 

{i-rjz-n mz-n ^ 



n 



rz 

Let r= r, then ^110.9, .*, szzvs — svusv-^-vs — vs^ 

inz'-^n ••. •!•, • ., 

V V 

.\ It \- V]S = IV V)S, .\ S zz 1-jp, 

• • 1 + I'. 
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Tz rn{z — %) 

Now V z= 



wsL — n mz — n [mz — n) (mz — n)^ 
1 1 

rz(mz'^n)+mz (mz — n)(mz-^n)^^rnz 

.*. v— t;z3 rp V and i +v=i .— . 

. [mz — n)(mi^n) . mz — n)(mz — ») • 

1 1 

fz (mz — n) + rnTi 
1 

(mz — n) (mz — «)— rwa. 
1 . 

rmzz — mz 

m^zz — ^mnz — (i» + r) nz + »* / 
1 

r<?r. Let n iz — «, r = i, .•. i — r zzm zz o^ 

nz z s 

and $ = ; — ;* SE — : — which is the lame as that 

deduced by .Emerson in a similar manner in his agd Example, 

V. QUESTION 315. hy Amicus. 

If, from two given points, two straight lines be drawn to a 
.point in a curve of any order, given by position, so that their 
rectangle may be the greatest or the least possible ; these lines 
will have the same ratio as the cosines of the angles which they 
make with the curve (or with the tangent) at the point of inter- 
section. Required the demonstration 7 

First Solution, i^ Jlfr. Lowry. 

Let A and b (fig. 114, pl« 4.) be the given points, £F the 
given curve ; and suppose the lines AC, BC are drawn as re- 
quired so that their rectangle it the greatest or least possible. 
Let c be a point in the curve indefinitely near to c, and draw 
Ar, BC. With the centres A and b, and the distances ac, bc 
describe the arcs ca, cb to meet Ac in a and bc in ^ ; then ac is 
the increment oi ac, and bc the decrement of bc ; and the dif- 
ference between AC )C BC and ACXBC J =(AC+flC)(BC — ^c)?» 

or the increase or decrease of the rectangle ac x bc» is AC X ^c — 
BC X ac — acxcb\ that is, ultimately, AC + ic — BCXiic; and 
which in the case of a maximum or minimum is =: o ; therefore 
AC : BC :: ac \ bc. But since c is indefinitely near to c, the 
little triaoglrs cca, cc^ may be considered as rectilineal and 
VOL. III. #ART I. ft A 
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right.angled af a and ^/therefore ac = cc X cos cca and ic == 
cr X cos cci ; and AC : bg ;: cos cca : cos cc^ (bcf). But the 
angles cca and srr are ultimately those which the lines AC, BC 
make with the curve, therefore the lines AC, ttc are as the co- 
sines of the angles which they make with the curve at the 
point c. 

It may be proved in a similar manner that AC*" X bq" is the 
greatest or least possible when n x ac and m x bc are as the 
cosines of the angles that AC and BC make with the curve. 

It follows immediately from the above proposition that, if a 
polygon of any number of sides be inscribed in an oval figure, so 
that the sides are respectively proportional to the cosines of the 
angles which they make with the curve, then the continued ptx^uct 
of all the sides of the ploycon will be greater than that of the sides 
of any other polygon of the same number of sides that can be 
inscribed in the given curve. 

Second Solution, iy Mr. Cunliffe. 

Let PQ (fig. Xt^^ pL 4.^ represent the curve given by position, 
A and B the two given points. Suppose p the required point, p 
another point in the curve indefinitely near to the former, and 
draw the lines ap, bp^ a^, Bp. With the centres a and b and 
radii Ap, bp describe two small arcs cutting ap, Bp in r and j. 
Put AP = X, bp = i;, then ps =: ^ and pr = — x. And by the 
principles of trigonometry ^j z: ^ ; pr = — x : : cos sp? (bpq) 
: cos AP^. Now by the question the rectangle of the lines ap, 
bp or xPt is a maximum or minimum, and therefore its fluxion 
x6 + vx =^ o, that is Xp zz — vx ; whence » : — i : : » = 
BP : £ = AP : consequently bp : ap : : cos bpq : cos TiPp. 

A Solution p)as receividfrom Mr. Adan^s* 

VI. QUESTION 316, by G. V. 

If from a given point straight lines be drawn to the extremities 
of any two conjugate diameters of an ellipse given by position, the 
sum of the squares of these lines is a given sp^ce. Required 
the demonstration ? 

Solution, by Aliquis, 

Let p (fig. 116, pi. 4.) be the given point, o the centre of the 
given ellipse, and AC and bd amy two conjugate diameters; then 
if PA» PB, PC and PD be drawn, it is to be proved that ap' + bp' 
-f CP* + DP^ isa constant quantity. 

Join ro ; then, because ac and bd are bisected in o, ap* + 
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Vni. QUESTION 318, by G. V. 

If from one of the angles of a rectangle a perpendicular be 
drawn to its diagonal, and from their intersection lines be drawn 
perpendicular to the sides containing the opposite angle, then^ 

putting p and p for these last perpendiculars, and d for the dia- 

2 % 9 

gonal^ p^ + ^^ = D^. Required the demonstration ? - 

First Solution, by Mr. R. J. Dishneagh, Trinity 

CoUfge^ Cambridge. 

Fig. 119. pi, 4. Let JL FBE z= d, rad i. •*. pe = eb • sin 0, 
but EB =: BD . COS EBD = BD . sin d, .*. F£ = BD • sin '9 : 
but BD =: CD • sin BCD = CO , sin B, •*. fe = cd . sin'd, or 
ih the notation of the question p=:d . sin'd. In the same way 

8 2 '\ 

pzz D . coi'9. Ilence p^ =i d^ . sin'df ^t , ^1 t 

r a , V.-. p3 + p^2z D^- 

Second Solution, by Mr. Jas. Adams, Slonek^use. 

By similar triangles (fig. iso. pi. 4.) 

AC : CD : : ae : eg > (^^q^^Iq^^ S ^^* : AC . ae : ; cd : eg 
AC : AD : : EC : FF 5 c Ac* : ac • ec : : ad : ef. 

But AC . ae = AB* = CD* and AC • EC = Be* ZI AD*. 

Therefore ac* 2 cd* : : cd : eg and ac* : ad* : : ad : ef. 

^, r CD^ J ad' a CD» f AD* 

Theref. eg =. — -and EF=: — ^'-^^^^ = — randEF^:^: ; 

AC* AC* ^^^ 4» 

AC' AC^ 

u T . T AD*-hCD* AC* 2— J 4 

Hence eg^+ £f^iz zi — ^r: ac ' z: ac • 

AC' AC"^ 

Demonstrations were received Jrom Messrs. Bdanes an^ Era- 
tosthenes. 

IX. QUESTION 319, *y Mr. Cunliffe, 5. M. College. 

Suppose a projectile delivered with a given velocity, what 
must be the angle of elevation that the length of the curve 
described in its flight above an horizontal plane may be the 
greatest possible, supposing no resistance from the air i 

First Solution, by Mr, Cunliffe, the Proposer. 
It is known that a projectile would describe the curve of a 
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a conic parabola, ii not resisted by the air. In order therefore 
to render the solution more complete I shall begin with finding 
the length of the arc of a parabola. The equation of the curve 

is 2px zr / ; whence x =^ and \/(x*+/) =:-^ x/{p^Vy^) = 

the fluxion of an arc of the curve ; and the correct fluent is 

•!L A/(p*+ y"*) + t X h. i. ^^^'^ "^^ \ which expresses the 
2p ^ ^ ^ a p ^ 

length of an arc of the parabola intercepted between the prin- 
cipal vertex and the rectangular ordinate y ; and therefore 

^ ^[p* + y']-\- p X h. I. y"^ y^P y ^ expresses the length 
p p 

of the arc cut oiFi>y a double ordinate. 

Now to apply what has been done to the solution of the 
question : Let s denote the sine of the angle of elevation of the 
projectile, c its cosine, to radius i ; also let a denote the 
height due to the given projectile velocity, that is the height 
whence a heavy body must freely fall from rest, to acquire 
that velocity. Then it is shewn by the writers on gunnery, 
that as^ expresses the greatest height of the projectile, or the 
abscissa of the parabolic arc which it describes. Also /^asc ex- 
presses the horizontal range or double ordinate oi the curve 
described by the projectile in its flight *. Wherefore put x=as^ 

and y zz 2asc^ thenp r: "^ = 2dr*, and hence •C^* + y") = 



2ac 



, I •(,•+,.) = .a>: !HV^) = 1±1= v/i^'i 



yy 



and by means of these the expression - v^(^*"-t- y') 4-^ X h. !• 

^ ^^ -^ becomes 2as + 2ac^ x h. 1. v ^-tf — 2as -h 

p * ^ 1 — s ^^ 

ac^ X h. 1. ■ _^ , which is to be a maximum by the question, 

1 -4- J 1 4- 9 

therefore 2s + c* X b. 1. = 2S + (t — s^) x h. 1. — ^--^ 

1 — s * ' 1 5 

must be a maximum, because a is given. Therefore putting the 

fluxion of the last expression =r o, as — 2ss x h. 1. — — — o, 

1 — s 

which gives * x h. U = 2 ; and hence, by the method 



U. 



• See Art. 334, vol. 2d. Dalby't Coufsc of Mai hematics. 
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of trial and error, s =r •8335565, the sine of 56'. ^7'. $5^^ 97, 
the required angle of elevation. 

Second Solution, ty Mr. R. j: Dishneagh. 
It is well known that the equation to any parabola described 

Sin d X^ ' 

by a projectile is v = :r — ^1 ^ where x and y dc* 

^ '^ -^ ^ cosfl 4Acos*fl 

note the rectangular cordinates whose common origin is the pout 
of projection . Putting y = o, it is easily seen that the two 
corresponding values of x are o, and 4A • sin d • cos 9. Now 
• . /sin ^ \ .» .« I •» 

COS S • sin 9 • X + a:*) after proper reduction, .'. z = -r y^ 

X ^(4^* cos'9 — 4^ cos 9 • sin 9 • jt + or*). 

Put t^ = ;r — 2& sin 9 • cos 9, or for greater simplicity zz x — 
2ksCf .•. w*±: «* — 4^^ ro? 4- 4AVC*, hence, by substitution 

= -Tr-5 •(4iiV+»') which expression is to be integrated between 

the values of a: iz o and x zz j^ksc^ that is between the vSilue 
of t/= — ^hsc and v zz 2ksc. 

Now z zzz: -jp X i;/(4*V+i;*}-i- Ac* . log: v+ v'(4AV+if«) 

(see Vince's Fluxions, p. 86, 3d. edit.) .•. putting vzz — ^ksc, 
we have, after proper reduction, z zz — hs\-hc^ log. 2^0(1 — s) 
aid putting v z: 2A5C, z = hs~{-hc^ log. 2Ar(i-h#). 

Now the real value of z for the whole curve is = the difier- 
ence of these two values of 2, 

.•. whole length zz 2ks + hc^ . log. ^ ; 
.-. by the question, 2^ + c' . log. f sn: max. 



1 — -* 



-, 1 + ^ 1 4- sin 9 . • /«r 4- 9\ 

But — i— = T =: tan« (--!_], v zi qo% 

1 — s 1 9— sin d \ 2 / ^^ * 

■■ ^ " )=: max. 
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.-. Sin 9 f cos^S . log. tan = max. 

Now the fluxion of tan ir - x 



.*• fluxion of log. tan 



2 2 ,/^+ d\ 

V + 9 B 



2 . -gr +■ 6 TT 4- B 
2 .am X cos 

2 2 



r — ; — TTt — "^ -AX = x; •'• takmff the fluxions 

sin [TT + Q) sm (ir — 9) cos d ' ^ 

6 cos d — S d sin S . COS 9 . log. tan — + cos*9 x ^—p^ zz o. 



cos 9 



^ ii 9 
Hence i — 2 sin 9 . log. tan 1- i = o. 

u 1 9Br 4- 9 1 . 

••. Hyp. log. tan = -: — - zz cosec 6; 

^'^ ^ 2 sin 9 

where 9 is to be determined by trial from the tables. 



X. QUESTION 320, iy Mr. Cun^iffe. 

In a given circle to inscribe a triangle having two of its sides 
in a given ratio, and the sum of the other side and perpendicular 
thereon from the opposite angle a maximum. 

/ 

First Solution by Mr. Lowry, 

It does not appear that this problem can be constructed by 
plane geometry, except in some particular cases, but it may be 
done generally, when the sum is a constant quantity, by means of 
the ellipse. Let ABC (fig. 121. pi. 4O be the triangle required, 
and BR the diameter of the circumscribing circle, and draw ak 
and CK to meet the perpendicular bh produced in d and s ; then 
because the angle abr = acr = sbc, and the angle rbc=:rac 
= abd, the triangles bcs and adb are respectively similar to 
abr. and cbr ; therefore ab : br : : BC : bs, and bc : br : : ab 
: bd. But, by the question, ab has to bc a given ratio^ and bk 
is a given line^ therefore bs and jbd are also given lines; and 
because bad and bcs are right angles, the semicircles described 
on the diameters bd and BS are the loci of the points A and c, and 
we' have only to draw AC perpendicular to bd (fig, 122. pi. -4,) 
so that the sum of bh and AC may be either a constant quantity, 
Qjr the greatest possible. Let o be tbe^entre of the circle bad. 
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and join AO : then because bo is a given line, the sum of OH and 
AC will be either a given quantity or a maximum. Draw lo to 
make the angle lOH = half a right angle, and produce HC tillCN 
be := AH, and draw nl parallel to lO, meeting the perpendi* 
culars at fi and p in L and M, and op parallel to IN, meeting XL 
in p; then IH will be =z= OH, and iNzz6^ -f- ACiza given line; 
therefore the line nl will be given by position, and p will be a 
given point. Also CN* n: ah* = ao* — OH% and since Pil" 

Z= IO* = 20H*, andPL*=: 2DB* = 2A0*, 2CN* = BAG* 

— PN*=: PL* — PN*, which is the property of the ellipse whose 
centre is p, semi* diameter PL or pm = Ao X «• 2, and semi* 
conjugate to PL z= ao. Hence if an ellipse be described from 
the centre P, with the semi-diavveters PL =: ao X \/2 and P\^ = 
AO, it will intersect the circle bcs in the point c required. 

TM maximum will evidently obtain when the ellipse touches 
the circle BCS, or when the radius o'c is a normal to the ellipse 
at c, and in this case it follows, from well known properties of 
tlic curves, that bh • hn zziao • Kc ■+- o'c . cn -(- hc . CK^or 
which is the same thing bh . AC=: AG . HC "|- o^C . AH + HC • 

When the given ratio is that of equality, bs and bd are each 
equal to the diameter bk : In this case CM = CH> and the locus 
of the point c will be a straight line diawn from the intexiection of 
the lines sB, pl to the middle of OP, and in the maximum case 
the above expression becomes 2BH . hc = 2AO • HC + HC*, 
or 2BH = 20A f HC; that is 20H = HC, which we know 
to be true from other principles. 

Second Solution, ^^^ Mr. Cunliffe, the Proposer. 

Generally, when the sum of the side and perpendicular thereon 
from the opposite angle is equal to a given line s. 

Let ACB (fig. 123. pl. 4.) represent the required triangle in*, 
scribed in the given circle, ef being a diameter bisecimg the 
side AB in M. Draw CH parallel to ab meeting £F in H ; and 
let AT, bc be the two sides having the given ratio ; then their sum 
and di (Terence will have a given ratio, or the square of their 
.sum will have a given ratio to the square of their difference, and 
Jet this ratio be denoted by that of m to 71. 

Put L¥ zz J, EH — 2, and em =z x; also put ab -H mh = 
2AM 4- MH zz s. Then hf h. d — z, FM — ^ — jt, mhzzz — Xt 
and by the property of the circle am i= mb = ^{dx — jtjt); 
whence 2 am h mh = 2 ^/{dx — xx) -^ z — x zz s; also, we 
have, by known properties, (ac +-Bc)*zz4EHXMF=:4«(d— Jr), 
and (AC — BC)* z: 4EM X HF zr 4* (rf — 2). Again, by the 
question, (ac + bcJ* : (ac — bc)* : : w : », whence » (ac + bc)" 
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— m (ac — Bc)\ that is» ^nz (d — x) zzj^mx (d — z)^ or nz[d — *)= 

,j . , f mix mdx . / nd , \ 

wrfflf— 2) therefore z = -t = r I + x ) =: 

^ nd + (m — n)(v m — n ' \m^n J 

ax . md , , fid -n r t 

r-- — , by putting fl = , and ^ Uy means of the 

nx 

above value of z, 2^[dx — xjr)+2 — xzz2^(dx — xx) \- 7 

X = Sf which, being cleared of the surd^ becomes 4(j + xy x 
(dx — XX) zz {6s + [b + s + a)x -f xx)* which is a biqua- 
dratic equation, from whence x is to be found. 

ttX 

Again 2'v/(i/r — xx) -^ z — a: = a\/(Jx — xx)+^r^. 

X = $9 the sum of the base and perpendicular ; and putting tho 
fluxion of this equation = o, we shall irom thence obtam an 
equation from whence x may be found when the sum of the base 
and perpendicular is a maximum. 

XI. QUESTION 321, by Mr. Cunliffe. 

Suppose a piece of cast iron in the form of a cone, the dia- 
meter of the base being two, and the perpendicular height six 
feet. Suppose the cone suspended by the vertex, about which 
it is freely moveable :- let two weights, of half a ton each, be 
fastened by cords to a ring in the circumference of the base, 
and let the cords pass freely over two pullies in the same hori- 
zontal line with the vertex, at the distance of four and five feet, 
on the same side of it. Required the position of the cone's 
axis when in equilibrio ? 

First Solution, ^)^ illr. Cunliffe, the Proposer. 

Let VKR^ (fig. 124. pK 4.) represent the cone suspended by 
the vertex v, and let vmn be an horizontal line passing through 
V, in which are situated the two points or pullies m, n at the 
respective distances of four and five feet from the vertex v. 

Let p and q represent the two weights fastened by the cords 
PNR, QMR to a ring R, in the circumference of the cone's base. 
In vx, theaxisof the cone, take VG=i vx, then G will be the 
centre of gravity of the cone: draw gd perpendicular to vmn ; 
also draw nk, ml at right angles to VR, and let w denote the 
weight of the cone. Then by the known principles of mecha- 
nics (VD-4-RV) X w will express the force which acting at r, in 
a direction perpendicular to RV, would support the cone in that 
position. Again by the resolutipn o£ forces (nr-7«nr} )c p=s 
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XII. QUESTION 382, hy Mr. Lowry, R. M. ColUge. 

To find the nature of the curve which shall cut all the para- 
bolas that can be described by a projectile, thrown from a given 
point, with a given velocity, so that the time of fliglit, from the 
given point to the curve, may be the same in each parabola. 

First Solution, by Mr. R. J. Dishneagh- - 

Let h =r the space to acquire the velocity of projection, 
p = space fallen through by gravity in given time. 

AN (fig. 107. pK 4O = ^f PN =^, AM being any direction 
of projection and zz the space which would be described in the 
given time, the velocity of projection being continued uni- 
form; 

••. AM = vel. X time = V(V^h) / \/(^ -7- m), 111 = i6tV 
feet zr '^(^p)* Take MP •= p^ and p is evidently a point in the 
parabola described, and also in the new cuive. But mn* + 
AN* = am', therefore [y + pY + «' = \hp which is the 
equation to a circle whose rad. = v^(4A^):z=: am, and whose 
axis lies at the distance^ below an and parallel to it as in the 
figure. 

Observation. The problem may be solved- upon a similar 
principle when the force varies as any function of the distance 
from the horizontal plane. 

Second Solution, by Mr. Lowry. 

Let IK (fig. 128. pi. 4.) be the curve required, ACI a portion 
of one of the parabolas described by the projectile, ad the di- 
rection, and DiH a vertical linepassing througii i and meeting 
the horizontal plane ak in h. Then the time of describing the 
curve AGi is evidently the same as that in which ad would be 
described uniformly with the given velocity, and also equal to 
the timcj in which Di would be described b^ the action of gra- 
vity ; therefore because the time of flight is to. be the same in 
each parabola, ad and Di must be of the same lengths for every 
angle of elevation. 

Put a n the given velocity per second, t =: the time, g zz 
i6xT ^cct, x — AH, and J' zz hi, then ad is — at, and Dlzzgi^; 
but AH* -H H D* =: A D*, therefore x* + (> +^/*)' = «'/*, which 
is the equation to a circle whose radius is = at and distance of the 
centre o from ▲& = gt*% au being perpendicular to ▲&• 
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XIII. QUESTION" 323, iyAfr. LowRY. 

To find curves such, that any straight Jine being drawn 
through a given point to meet the curve in two points, the rect- 
angle under it and a given line may be equal to the rectangle of 
the segments intercepted between the given point and the curve. 

First Solution, ^^A.B. 

Fig, 189. pi. 4. Let QP = ^, PR ~ / ; then the property 
which the curve is required to have is expressed by tms equa- 
tion, viz. 

whence the equation following is derived, viz. 

1 _ 1 i_ 

Now — and -^are to be considered a? functions of one variable 

quantity, depending upon the position of Qi^ yi\x\i regard to tho 
axis ; and the most proper quantity for this purpose, is the ratio of 

OS TR 

the ordinates, "^, or — (denoted by u) which is the same at 

the opposite points of the curve q and r: and as a line drawn 
through p is required to cut the curve in two points, we must 
choose SI ch a function of « as is susceptible of two values; 
which will be accomplished by putting 

whence — f -7 =: 2/m; and this being xomparcd with the prc- 

cedmg equation, we get — = a .Ju ; consequently the nature 
of the curves in question is thus expressed^ 

fX OS 

where rti denotes any function of fi, or of -- z= — • 



I 
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Second Solution, by Eratosthenes. 

Let PAQ (fig, 130. pi. 4.) be the required curve, sp rr y» 
•Q :;: y\ Z.FSA =: p,y = f((p}, then / = f (p + «r)and f(^) 

X F(?)+»)=c X (P ((p) + Hlr+7r)) ; let F(f ) = _^^±— - tbcn 

'f* + '^ = T+BflrPV) *"^ (A+By(?)(AfB/(?)+»)) = 

g 4- g _ (rA -f CA + CB(/(<p) Hh (y -f g)) 

r+17^) ■*■ A + ?/*(9 h V) - (A+ b/(?)) CA + B/(9 + »)) • 

That this equation may subsist the function denoted by y most 
change from positive to negative when 9 becomes 9 + v a;id 

i^'ctf v^ja, and also 1 — acA == o» or a := — ; therefore f =: 

■ =: — : 77-r is the equation of the curve ; if 

B= — and /($) = — /((p '\- v\=: cos|, V iz — which 

gC '^ ^ "^ *^ ' ^ -^ I I- CQSf 

is an equation to the conic sections. 

XIV. QUESTION 324. by Mr. Lowry. 

With what sadius must a circle be described, from a givtn 
point as a centre, so thac intersecting another circle given by 
position, the length of the arc intercepted by the given circle 
may be a maximum ? 

First Solution, ty Mr. Cunliffe. 

Let p (fig. 131. pU 4.) be the given point, and are the given 
circle and through the centre c draw the right line pab. Ixt 
PR be the radius of the required circle, and with the centre p 
describe the arc rs cutting ab in s, and draw cm perpendicular 
to PR ; also draw the radius cr. Put cr =: r, PC = a, prz:» 5 
and let z denote the arc of a circle radius 1, and centre p, in- 
tercepted between the lines PR, pb ; also let x denote the sine 
of z. Then it is obvious that 1:2 : : pr =z t; : rs = »2, 
and when the arc RS is a maximum its fluxion :=o; that is 

vx -i- zv zz Of or g :=: — '— . By the principles of trigono- 
metry t : X : : pc = a : CM =: m ; hen^ fh* == f c*— CM^ 



— «• — a*x* = a*(i — a:*), or pm z:a v^(i — x*)^ and mr'= 
cr'— CM» = f* — aV, or mr = •(r* — «V): also PR = 
I'M +- MR, that it t; = tf ^{i — *') + i/(r* — tfV). From 

. , ^ 4Wfx a*xi . . 

the last equation v = j: r; — -m r-r: 5 and it 

X 

is known that i =r — r j-. ; whence the expression -e =— 

2! become. = '^^'-::Vfr^'f' V-^?' =^<'"'-'''"'^ 



= tan ^MCR ; from which equation x may be found either by 
the method of irial and error, or the reversion of series. 

Corel. When a ir r, or the point p falls in the periphery , 
of the given circle, the preceding expression becomes 2 = 

— zz cotan- of Z.CPR ; and the question is then re- 
duced to finding the arc of a circle whose length shall be equal 
to the length of its cotangent. 

Second Solution by Mr. Lowry. 

Let ABC (fig. 131. pi. 4*) be the given circle, o its centre, 
p the given 'point, and bhk the arc required. Draw bo and 
BP» and put po == a, radius BO = r, pb = e, and the measure 
of the angle bph, radius 1, = 9 : Then 1 : f : : x ; arc bh = | 

BK = ip2 ; therefore ft must be a maximum, and consequently 

. 

its fluxion fz + ^i =: o, or ^^-^ = •£ • But by trigonome- 

it z 

try 2* + a'«— Stfzcos $ = r*, therefore taking fluxions zi — 



-._i^-^ — ? * — flcos^ . 

az cos + azf sin $ == o, or —4 =: ^ ; whence 

^ ^ ^ z az %in(p 

p z — acosf ^ . ^ ^ -o' 

i — : i^ or ap Sin ^ =z z — a coif : But z zz a cosf -(- 

z dz sin 9 

^(r* — tf* Mn*f ), and z — a cos f = y^(r* — a* sin *9) ; 

therefore 

af sin f =: ^{T^ — tf* sin*^), 

or (^ + 1) sin*j = -5-. From which equation <f may be 

easily found by trial and error, and then the radius of the circle 
becomes known. 
WheB a=f, or the given point is 10 tbe circumference of the 



• » ■ 
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given circle, (f*-+-i) sin*(p=r i, or f* z: -r-^ — 1= co-tan*^, or 

f = CO tan f , so that in this case we have only to find an arc | 
which shall be equal to its co-tangent. 

XV. QUESTION 325, lif Mr. Lowry. 

If two weights he suspended at*t!ie ends of two strings whick 
pass over two fixed pullirs, and the other ends of the itrings be 
fastened to the ex'remities of a given b(*am or rod which is 
moveable about a fixed point ; wl at will he the velocities ef the 
weights when they move in a vci'tical direction, the weight of 
the beam or rod being considered in estimating the motion of 
the bodies ? 

Solution, by Mr. Lowry. 

Let AB (fig. 133. pK 4.) be the given beam or rod moveable 
about the fixed point C; d and e the pullies, and p and Q the 
given weights, wliich descend by the force of gravity and draw 
up the end a of the heam. Through c draw hci parallel to the 
liorizon, and join cd and ce. Lot vp and q^ be the spaces de« 
scended by the weights i» and q in the instant of time /' and Aa 
and nb the spaces described by the ends of the beam in the skme 
time. Draw am and bfi perpendicular to ad and BE P:spec« 
lively ; then Am is evidently — vp, and hn z: Q7. Put a = AC, 

b — BC, C — CD, d n CE, X zr DP, y — EQ, .v = Pp n A«, 

V zz Qq -• B«, a — the angle dch, (i — the angle eci, 9 = 
the an^le lie a = nci, radius 1, ^ z: tlic distance of the centre 
of gravity c of the beam from c, and g =. 32^ feet the measure 
uf the accclcrative force of gravity. 

Then the velocity of p is z: - , and the variation of that ve- 

■ • 

locity, or the measure of the accelerativ.e force, iz -r ; but 

• • 
the accelerativc force of gravity is zr g^ therefore P X (^— "^j 

is the motive force lost by p in consequence of its connection 
with the beam, and which is equivalent to the motive force 

P >^ is ": ) ^ **^ ^^^ acting perpendicularly to the beam 



at 



, X \ Am . X i . . 

A, = Px (5 — -^ J X — ■ zipxte— -r-) X—. In the same 
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way it appears that the motive force lost by (j ii =i Q X (^ — 

M, which is equivalent to Q x Qf — -?• ] X sin Bin =: Q X (^ — 
• • • • 

-vjx— 7IZQX (g — -?-)x .— acting perpendicularly to the 

l)cam at B : But, by the property of rhe lever, this force is cqui- 

valent to ~ X Q X (^ — "^ ) ^ A • ^PP^*^^ *^ ^» therefore the 

whole motive force at A is zz 

•• •• 

P X (g— -^) X A: f- Q X (^— 4) ^ -^ 

Now, by the principles of rotatory motion, -7- X ■■ « ■■ = 
•• • 

— - X T-, is the measure of the motive force at a, m being the 

moment of inertia of the beam, or the sum of the products 
of each particle by ^c square of its distance from the axis 
of motion, and the motive force arising from gravity is =« 

- X ^ w cos f , w being the weight of the beam ; therefore 

the whole motive force gained by the beam at a is equal to 

•• 

-^ / ^ -f- - ^w cos ®, and which, by the principles of motion. 

must be equal to the motive force lost by the descending 
weights; therefore 

T >^ -f +':.*^^ COS9 = P(g- -J j X -n + ft J— ^) X £-. . 

a t* a r ap i^ / ^p 

find if the whole be muhiplied by ajf^'and the fluents uken we gqt 

p-^ + Q<- + -^= «g(px + (yf — ^wsin(p + c), 

or FO*+ Qn* -*• -;a;' = 2^ (px+ Qjf — ^ w sin^ + c), 

• • • 

%i being =: — , i* = =~ and w r: -i , the respective velocities 

of P, Q ^"^ A* 

Now since v =r t- and a; = -r, w is = v X -r, but— : =: 

/ i ap ap 

Am . ^^ ' .^^ d ^ . 

— = sm Atf/A = sm CAD = • — sin acd n j x sm 

Aa DA /-^jt 

VOL. III. VART I. ft € 
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(« + f)f /being put for the length of the string ap ; therefore • 

w IB zz V X 1 X sin [a + (p). Also since v = —and u c 

^, u is = t; X -^; but x = Aa sin Aavi =. a a sin CAD = AflX 
J ' ■ X sin (flft + $), and^ = b6 sin b6« zr si sin cbe = 

■* >< fZIi; **" (^ + (p) = Aa X ,^/_^^^ sin (3 + (p), /' be. 

ing put for the length of the string bq ; tlierefore i* ^ -r =: 

V X 1 — ^ \a \\\i^ — rr« *"° ^"^^^ values of u and a; being 
^ Ac sin (i3 + ?) (* — x) * 

substituted in the expression pr/* + Qu^ H — :»', and the whole 
reduced to a common denominator, it becomes 

^ ^ ^ V sill- (g+f )v i—x}^ 

and if R^ be put for the quantity in the numerator we Iiave 

^V sia*(/+ ^) (/-. X)' = «^(^' + Vty - ^w sin? + c). 
therefore 

6c sin (3 + ?)(/— at) ^ / V / . > 

»= ^ — j-^--^^ -'X >/ IstgiPx^Qy — cwsmjf c}> 

J flJsin(«-| (p);/' — x) ,C / . . "> 

andi^zz ^ — X y j2g[rx + Qy — cwsinp + c) > 

the velocities required. 

ic ^8in(g-f <p)sin( g-f<p)^ yS / . • ^? 

Al8oa;= ^ ^ X |/ i2g{rx \-Qy^ev/$m(p-\-c)l 

, , acrfsin(34-<p)sin(af (f) ^ C , . . > 

and w = ^ X • j2^(i»A? + ay-c\vsin?-f c) J 

the velocities of the ends of the beam. 

The prc^blem may be resolved in a similar manner when the 
weights are constrained to move upon given curves, instead of 
descending in the direction of gravity, provided those curves 
are in a vertical plane passing through the point about which 
the beam revolves. For let mn and us (fig. 134. pi. 4) be the 
given curves upon which the bodies p and q descend, and let 
pp z: r, anl Qy zr i, be the elementary spaces described by the 
bodies in the instant of time / , and x and/ the spaces descond- 
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C(l perpendicularly in the same time. Draw pr and qj peipen- 
dicular to Dp and e^, and let the other lines be drawn as before- 
Put z zi pr zz A7n, and let the substitution made in the preced- 

ing case be retained ; then the velocity of p is = -?•, and the ac- 



■ • 
r 



celerative force = — ; but the accelerative force of gravity is 

now only ^ X -r , therefore the motive force lost By p is = 

r 

r [g. T- ), which is equivalent to the motive force ? f^-r- -— 

• • • » 

)• • 

X T acting in the direction of the string, or to p(^-t. — r) X 

!^-sin Aam — p [g^ — -^rj^^ acting perpendicularly to the 
beam at a. In like manner the motive force lost by q is zr 

ft (^- — -t) ^ P ^ '^'^ motive force q (^ — 4;) x U- ap. 
plied perpendicularly at A ; therefore the whole motive force 
lost by the weights p and Q in consequence of their connection 

with the beam is = p (^~ ^\ X ^ + q(^ —4 ) X ^^ 5 



and which, as before, must be equal to — X •?• + -'^w cos ^ , 

therefore multiplying by ^ap and taking the fluents we get 

• •• 

M 

or p»* + QM* +-^M'* =«^(p*+ ey — ^-^w sin ?> + C). 

But » = w X T, and o; = » X -r , therefore by substitution 

r "^ 

and reduction 

• • / 2j? [px + QV — eg^ sin (p + c) 
i; =: ar(p 4/ -^-* ** -- S 

^ • • / a^(px -h Qy — gywsiny + g) 

t C8 
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where the relation of r , i , and ^ must be determined from the 
nature of the curves, and considering that 

ha X sin Kam =. Am =: pr zz vp X^ sin pvr 

sin ppr 
^ OT ap = r X ' . — ^ — • 

sm Aam 

By comparing what has been done above, with art. v. part ii. 
vol. 3 of the Repository, it will be obvious how the problem 
may be resolved when there are any number of weights attached 
to the beam, and moveable upon given curves. The problem 
might also be greatly generalized by supposing the weights to 
move upon given surfaces, instead of being always in the same 
vertical plane. The beam would then have a compound rota- 
tory motion, and we might determine not only the velocities of 
the weights, but also the nature of the curves described on the 
given surfaces, and of those described by the ends of the beam. 

XVI. QUESTION 326, iy Mr. Lowry. 

Suppose the vertex of a given cone to rest on an inclined plane 
while the axis is in a vertical direction ; what will be the velocity 
of the centre of gravity of the cone when it is suffered to descend 
by the force of gravity, the vertex being at liberty to slide freely 
along th^ inclined plane without any obstruction whatever? 

Solution iy Afr. Eowry. 

Let AD (fig. 135. pi. 4.) represent the inclined plane, ab an 
horizontal plane passing through any point a, g the centre of 
gravity of the cone and c i»s vertex ; and let o be the point on 
the plane at which the motion ot c commences. Then while 
the point c descends in the direction da, the centre of gravity G 
will move in a vertical plane passing through that line, and the 
body will have a progressive motion in the direction DA, and a 
rotatory motion about g. 

Draw oz and gh perpendicular to AP, and G£ perpendicular 
to AB, and put a — cg, a iz the angle bad rz hgk, a' z: OH = 
Gz, y zi GH, ^ zz the angle CGU, R z: the re-action of the 
plane at the point c in the direction cf perpendicular to ad, 

w zi the mass of the body,^ = 32Y feet the accelerative force of 

• • 

gravity, V zz r the velocity of c parallel to ad, 1; =4- the vc- 

locity parallel to oz, and ai = t, the angular velocity about G. 
Now the motion of the centre of gravity is evidently the same 9^ 
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•f the whole mass was concentrated at that point, and the motive 
forces Wfr and r applied therein the directions ce and gk. The 
iorce oi j^ravity^may be resolved imo two other forces, viz. 
g sin at acting parallel to ad and tending to ailment x; and ^ 
cos a acting in the direction gh and tending to diminish y; 
therefore the point G is urged in a direction parallel lo ad by a 
motive force ~ w^ sin a, and in the direction GH by the 

inoiive force R — \v^ cos a ; therefore by dynamics 

« ■ 

;Z = g Sin a (0 

-r^ zr R — W^ cos a (2 )• 

Multiplying the first equation by 2x, and integrating, we 

have .- - 2gx sin « -f f , or i/' = ^gx sin « + c ; but when 

w n o, X z= a sin a, therefore c r= — 2ira sin'a, and v z^ 
y^2^ sin 2 (x — a sin «), the velocity of G in a direction parallel 
to the plane. 

To find the angular velocity ; let m be the moment of inertia of 
the "body with respect to an axis passing through n, at ri^ht angles 
lo the vertical plane, or the sum of the products of each particle 
ot the body by the square of its distance from the axis of motion, 
then R sin ;p being the motive force at c in a direction perpen- 
dicular to CG, we have by the principles of rotatory motion, 

— :^ =z aR sin^, but from equation {«) r = w ^-r- + ^ cos «) ; 

therefore by substitution -— -=. aw( ^ . - + ^ cos a sin ^), and 

multiplying by 2^, 

•• • 

2My» __ 2flWy^ sin$ + 2av^'^C08a^ sin 9, 
but a 9 sin (p = — fl(cos pY z= y, therefore 

2M£(J ^ 2V^ _ _ ^^^^^ ^^^ ^ (COS^J* 

and taking the fluents 

^Ifl + i^ z= c' — 2a\Vg cos a cos f , 

or Ma;* + wm* = «' — MWg cosa cos^. 

But since tt=^anda; = * »» is = w* X 7; = w' 

i ^ 

, ^ . ■, therefore 



"(; 
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M 



{- W) •=: c' — 2aW^ COS a cos^ : 



, . / C* — 2tfW# COSa COi^ 

whence u =. asin$ v a"--!'.:: 

^ ^ M + wa' sin f 

, , /c' — 2a\vi( cosx cosp 

and ttf zz V r"^a • 

•^ M -h \va sm f 

It is obvious that this solution is applicablc.to any solid what- 
ever, provided it slides on a point or apex at c. For the dif- 
ferences of the velocities arise entirely from the different values 
of a and M. When the body is an indefinitely slender rod 



fl« 



having its centre of gravity in the middle, m is =: \v X —-, 

3 
therefore if /3 be put for the value of f at the commencement of 
the motion we have 

/6aff cos a (cos 5 — cos(p) 
^ V 1 + 3 sm*? 

1 _ / fiflg* cos< (cosg — cosy) 
V a -\- 3a' sin ip 

The motion of the centre of gravity may be determined in a 
similar manner when the extremities 01 the body move upon two 
given planes, or when a rod is connected to the centre oi gravity 
of the body and its ends move on those planes. Suppose, for 
example, it were required to find the velocity of the centre of 
gravity g (fig. 136, pi. ^) of the rod cD, or of the body con- 
nected to ihat rod, when the end c moves ori^the horizontal 
plane OA, and tl.e other end d descends on the vertical plane 
BO. Draw Gil perpendicular to oa, and put x iz oh, i/ = gh, 

• 

a — CG, c z: GD, (p zz the angle ecu, v zz t the velocity 

parallel to ao, u zz ^. the velocity parallel to do, w zzrr the 

angular velocity about g, r = the re-action of the plane at c in 
the direction CF perpendicular to AO, and r' = the re-action of 
the plane at d ia the direction de perpendicular to OB, then 
we have as before 

W-r = r', 

• • 

W^^ = — ^W + R, 

.. M-- = avL sm^ — CR' cos$ ; 

and if the values of r' and R be found from the first and second 
equations, and substituted in the third, we have 
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«• •• •• 

M? = w (-ipsin^ — r-C08^ -4 fl^ sin^) ; 

therelore multiplying by 9p and taking the fluents, remarking at 
the same time that a^ %in(p — — a(cos9J* ~— ^ andrf cosf ^ 
{c sin?))* zz X, we get 

-^ = w (— ^^ %- + 2g{i — y)), d being the value of jr 

at the commencement of the motion, 

or Mu;' + wii* + wi;* =: 2Wg (d — y). 

x'' c cos'ip c^y* 



and w* 



_ v^i* 1 a' 



X c cos (p c'j'* 

.1- r « / M . Wfl* sin*<p , X . / J % 

therefore v^f-z — ;- + - . r^ + w) = 2\vg (d — v), 

Vc*cos'© c*cos*0 . . ^^ ^ 



i; zi c cos $ 



V^ITT 



^gi^—y) 



wa sin 9 i- vvc* cos f 

/ 2jrf^ — y) 

" == ^ •'" «^ V M -h w^' sin«?) h wc*cos^(p' 

and t(7 z= 4/ ^l >/ — ^ 

K M -f- wa* sin 9 4- wc' cos*p 

When the rod is homogeneous, and indefinitely slender, the 
centre of gravity is in the middle, or a zn c ; and M is then zz 

vi X — , and the above expressions for the velocities become 

and a; = ~ y^6g (d — y) 
2a 

agreeing with those determined by Mr. Landen, in the Ladies' 
Diary for 1758, by a different method. 

When the given planes are both inclined to the horizon the 
calculation is rather more tedious, but the method of proceeding 
is precisely the same* For draw gh (fig. 137. pi. 4.) perpendi- 
cular to OA, and GK perpendicular to the horizontal plane ax. 
Put X zz on, y zz HG, a zz the angle oax = hgk, ^ zz the 
angle bos, (p 1- the angle cgh ; then the force r^ in the di- 
rection DE, perpendicular to the plane OB, may be resolved into 
two others, viz. r' sinjS, acting parallel to oa, and r' cos/S, 
acting perpendicularly to that hue. The force of gravity may 
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also be resolved into two others g shix and g coi«, the former 
parallel to AO, and the latter perpendicular thereto; therefore 
the point G is urged in a direction parallel to oa by the motive 
force w^ sinx -f- K^sin;3, and in the direction GH by the motive 
force — w^ cos« -♦- r^ cos3 -f- »• But the motive force at c, 
in a direction perpendicular to the rod, is = R tinf , and that 
at D in the same direction == r^ sin ((p + jS) ; therefore we have 
the three equations 

w-r =1 Wff sin« + r' sin,?, 

» I 

W-r = — WffCOSat \ a'cos.-j \- R, 

m4 ~ ^R sinp — CK^ sin (0 V <£), 

and by exterminating r and u\ and proceeding in all respects as j 
before, we shall obtain the values ot «;, u and w in terms of f 
and known quantities, 

XVIL QUESTION 327, hy Mr. W. Wallace, R. M. 

ColUgt. 

Let there be three cur\'es of such a nature, that if a tangent 
be drawn to one ot them, a given portion of that tangent is inter- 
cepted between the other two : then, normals to the three curves 
at the points of intersection and contact shall pass through the 
same point. Required the demonstration ? 

Solution, by Mr. Lowry. 

Let AB (fig. 138. pi. 4.) be the given portion of the tangent 
intercepted between the given curves, and o the point of contact. 
Let AX and BY be tangents, and ap and bp normals to the 
curves at a and b ; then it is to be proved that po is perpendi- 
cular to AB, or a normal to the curve at o. Now let a A be 
another position of the tangent indefinitely near to ab and meet- 
ing it in o, and draw Am and im perpendicular to ab ; then be- 
cause fl6 is zi AB by hypotliesis, am is zi bn; and in the little 
elementary triangles Aaw, nbn, we have Afn zl am tan Aam^ 
and bn =1 bn tan abn ; theie^ore 

Am : fin : : tan Aam : tan b^;/, 
but Am I f^n : : oA : (7B, therefore 
OA : 0B : : tan Aam : tan ^hn. 

But since ab is indefinitely near to ab, the point is indefi- 
nitely near to o, and consequently the lines a<7, and \w appioach 
indefinitely near to an equality with AO and bo, and the angles 



( 201 ) 

Aamand abn with OAX and oby ; the one may therefore be sub- 
stituted for the other respectively, and the above proportion will 
then-become 

OA : OB : : tan oax : tan obt, 
or because oax is the complement of oap and oby of obp, 

OA : OB : : cot oap : cot obp ; 
therefore po is perpendicular to ab. 

The proposition is also true, and may be demonstrated in a 
similar manner, when the curves are upon the surface ol a 
sphere, 

Cor. If a straight line AB of a given length, continue to 
touch a given curve while one of its ends, as A, is moved upon a 
given line of any kind, and normals be drawn at a and the point 
of contact o to meet in p, the line fb will be a normal to thq 
curve which is the locus of b. 

XVIII. QUESTION 328, by Mr. W. Wallace. 

Let a,b, two angles of a triangle abc given in magnitude be 
upon lines of any kind. Draw ap^ bp, normals to these lines 
at A and b, and join cp; this last line shall be a normal to the 
line that is the locus of c the remaining angle ot the triangle. 
Required the demonstration ? 

Solution, by Mr.LoWKY. 

Let ahc (fig. 13^. pi. 4.) be another position of the triangle 
indefinitely near to abc and having its angular points a and t 
on the given curves ; and let the sides ab and ac intersect ab 
and AC in o and o^ respectively. Also let ax, by and cz be 
tangents to the curves at A, b, and c. Draw Am and sn per- 
pendicular Lo ab ; then because ab = ab^ am is = ^/i ; there- 
fore in the triangles Aam, bA», 

Am : Bn (: : oA : o3) :: tan Aam : un Bbn^ 

but ultimately the angle Aam is= oax and the angle Bbn = 
OBY ; therefore 

OA :'oB : : tan oax : tan oby :: cot oap : cot obp ; 

therefore op is per|>endicular to ab. 

Now join 00', then because the angle oao^ is =: the angle 
OAO^, the points o. a, a, o^ are in a circle; therefore the 
ungle Ao'o is =r= Aam = aAO = abo, wherefore the points 
Af o\ p, o are in a circle; theretorc the angle ao^p is a right 
^gle. Draw Ar and cs perpendicular to cd. then because AC 
=ac, ar is=:cj» therefore in the elementary triangles Afa, crc\ 

Ar : cs : : tan Aar : tan cci, 

VpL. JII. VJ^nT I. fl D 
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but ultimately the angle Aar z:^ o^ax := the comp. of o^ap 
and angle ccs = o^cz ; also at : c^ : ; o^a : o^c, 

therefore o'a : o''c : : cot o'ap : tan o^cz : 
but by trigonometry the segmems o^a* o^c made by thq perpen- 
dicular po^ are as the cotangents of the adjacent angles o Af i 
o^cp, therefore the tangent of o^cz is equal to the cotangent of 
pco ; therefore the one angle is the complement of the other* 
and consequently cp is perpendicular to cz or a normal to the 
curve at c. . , 

XIX. QUESTION z^i^JyMr. W. Wallace. 

Three curvet being given by positiout shew how a tangent 
may be drawn to one of them so that a given portion of that 
ftogent may be intercepted between the other two. 

SoLUTiOK. by Mr. LowaY. 

Let CHV» BGW,and xpy (fig. 140.pl. 4.) be the given curves, 
referred to the line cs as an axis, and hg the given tangent touch- 
ing the curve x Y in p, and tenninating in the other curves at h 
and c. Produce hg to meet the axis in k., and draw the ordi- 
nates P£, GD and hf perpendicular to cb ; then supposing the 
abscissas to be reckoned from a given point a, put ae r= x, ap 
=: jr', AF =: i/\ EP iz y, DG - y\ 11 F 1= y^\ hg = f, and let x 
zz p} be the fluxional equation of the cur\'e xpy, p being a given 
function of a? and ^; then the £ubtangent ek is = py^ and dk = 
€IL — BA — AD =: py — X"^ x'; but by similar triangles er 
: EP : : DK : dg, orpy -yupy — x — x^ : y' ; therefore^ — 

— T — =y^ In like manner fkzike + af — AEzr/y+o?''— «, 

and by similar triangles ^^ ly :: py^x^'-^x \y'\ therefore y + 

■ -=. y^\ Again pic = y/(PE* 4- ek*) zz y ^(\ + ^•), 

ana by similar triangles ke : pk : : fd : HG^ that is,^y : y ^ 

( i + ^'J : : a?" + a?'^ : c, therefore x' -^ xf zz ^/i But 

since the nature of the curves are known, y is a given function 
of X zzif(x')^ andy^^ a given function of x^' zz J* \jk'*) ; there- 
fore we have the three equations 

xf -^ X 

y - ^-j-^ =fi^') (») 

> + —=-' =/'(»") (a) 
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and from these, hy exterminating x^ and x^\ wc snail get an equa* 
tion with only x, y and p ; and since any two of these quantities, 
may be ^expressed in terms of the third, by means of the equa« 
tion of the curve, we shall finally have an equation containing 
only one of them and known quantities ; and then the position 
of PC will be determined and the problem compldldy resolved. 

Instead ot exterminating or' and x'% it wHl somedftes be more 
convenient to retain one of those quantities, and exterminate x 
and its functions j^ and ^ : but the expediency of this depends 
entirely on the nature of the functions /(x') and/' {x''). 

When CHV and bgw arc straight lines given by position, the 
functions/ (a:^)and/^(;if'''') are of the simplest nature possible,and 
we immediately obtain a general formula for resolving the pro- 
blem whatever may be the nature of the curve xy. For if a and/3 
be put for the tangents of the angles dbg and ycF, and AB=a 
and AC zz b^ then bd == a — x\ and cr = 6 — x^'\ therefore 
f[x) = «U — a^). ^Af'(x'')zzfi{h — »^i and equations (i )♦ 
(2) then become 

y — = a(a^x') 

from the first of these of = SLZI — "" r .^ 

1 — pa, 

and from the second a/' =: — ^ . ^1 — '5 

1 -\rp& 

therefore by equation 3), 

py-x-af. x-py+fte Cf ^^^ 

duction 

in which equation we have only to substitute for two oi the un- 
known quantities their values in terms of the other* and then there 
will arise an equation with only one unknown quantity. . 

Suppose, for example, that the curve xpy is a parabola whose 
vertex is a^ and parameter s= e\ thene;c = y^t^i = ^yy%p = 

-^ and y/(i +/^*)= vULJJJLI^ therefore, by substitution. 

— c X («'+ «<y ((3 — «) - ny'oA ^ ~ **' 

which being squared produces an equation of ibft uttiCcw^vMci. 
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But in the case of two straight lincsaiuia curve, >hc result wiH 
in most cases be simpler if the curve is referred to one of the 
lines as an axis, and the abscissa reckoned from the point where 
they intersect. Thus if vb and vc ffi^. 141.pl. 4.] be the 
lines, and XPY the curve, pk parallel to vc, vKz:*,PK = 
^,and angle CVB r= e; then kg "s^^py. as before, and VG = x 
+ py, Gi>* =; J'*)^* 1- y"-^'ipy* cos czzif x (/' \-i—^p cos e\ 
and by similar triangles gk* : op* : i gv- : gh*, or y^ p*: y^ X 
f^i.f. i — 2p cos ei : : [X'\'py)z : c*; therefore (.r ■{• pyy{p* i- 
1 — 2p cos tf) — ^' ^* — o, the general formula in this case. 

It is obvious that the unknown quantities may be so involved 
in the general equations (1), (a), (3), as to render their separation 
next to impossible ; in this case we may proceed as follows, 
and indeed in most cases this will be the best way of resolving 
the problem: 'i'ake as many points p, f', p'^ &c. in the given 
curve XPY as may be necessary, and as near to one another as 
possible, and throuj^h these points draw tangents, pg, p'g', p'^g", 
&c. to terminate in the curve bw at G, g', g'\ &c. Upon these 
tangents set off gh, G'H',r/'ii'', &c.each equal to the given length j 
through the points H, 11^, ii'^ &c. trace the curve H h' h'^ &c. 
and where it intersects the given curve cv as at if, will be the 
point from whence the tangent must be drawn. 

The equation c:f the curve n 11' ll'^ &c. which is the locua 
©f the extremities of the tangents, may be found from the equa» 

lions y — ' = / (a"),;' f ~^ ;= J/^ and x' + j/'= 

^ — J- by exterminating x (and its functions^, p) and j/, 

for then we shall have an equation containing only a*'^ and ^",and 
known quantities. 

There is another way in which the problem might be resolved, 
but it does not appear to be so convenient as the methods which 
have been already explained.- If the given line gh be supposed 
to move so as to have its extremities on the given curves BW 
and cv, wccan always find (as in quest. 27^, and 307) the 
curve to which this line is a tangent, and then it would only be 
required to draw gh to touch this curve and the given one XY ; 
hut there would, in genera!, be as much trouble in finding the 
subsidiary curve as in resolving the problem, and even then we 
should still have to draw a tangent to the two curves. 

- ■ 

XX. PRIZE QUESTION 4^0, by Mr. Lowry. 

A Dog and a Fox start at the same instant from two places m 
and N, and run at theuniform »te of 01 and n yards in a minutt 
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respectively : the dog proceeds in a straight direction MS, but 
the wily lf)x pursues such a course as prevents him from being 
seen by ihe doty, a fixed object on the level plain being always 
in a direct line between them. Required the nature of the curve 
described by the fox, when the distances of the object from m and 
and N, and the angle *NMS arc given ? 

First Solution, by Mr. Lownv, the Proposer. 

Let o (fig. 142. pi. 4.) be the object, and n rx the curve des- 
cribed by the fox. Through odraw boa perpendicular to ms, 
and any other line fd to meet SM in D, ancl the curve in f : thea 
■ D and rwill be cotcmporary positions of the dog and fox, and by 
the qucs'ion md : nf :: m : 17. Draw fe perpendicular to 
OB, and put oa — a^ AM z: i, OB ir x, FE =1 y^ are nf zr « 
and M D jr ty, then w \ z :: m : n; therefore w : z :: m : n^ 

or mz HZ nth. But x : y :: a : ad = --^ ; thcicfore w =r i 

^ X 

— ^, and • = ZIJ^Jl^I^ : but i = / (x' +>'),therelore 

m ^ [x^ + y-) = na (^-^^=^^). 

To integrate this equation, put y z=z ui\ then it becomcB mx^ 
y/ [i V tt') z= nay — naxu ; and taking fluxions, 2mxx y^ (1 + 

i71 — IT^ ~ ^^-^ — naxu^ naxuy or putting ux tory and 

dividingthe whole by 2iii;rx(i ha')*' 



iX (I + «•)* + * X 



uu na — M 

■■ = — X ■ ■ ■ • 



there/ore taking the fluents 

^ na i 






Let AEG (fig. 14^. pi. 4.) be an equilateral hyperbola whose 
centra is s and semi-axis as x^iz 1, and msa an angle whose tan* 
gent AM is ::== u, then if $£ be drawn to bisect the angle msa, and 

meet the curve in e, the arc ae is =: p \ f See art. 801. 

Mac Laurin's Fluxions) therefore if a be put = this arc, and c=: 
the proper correction of the fluents (obtained by finding the 
value ot u In the equation mx^ \/ (1 + '''j = «^v — naxu^ 
when for .r and y their known values at the commencement of 
the motion arc substituted,] we shall have 

» X (1 + «')'= « (C - Aj.i 
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therefore x = — ? ^ 

^ ( - , . 

And from these values of the co-ordinates tfie curve miy 

readily constructed. 



Second Solution iy Afr. Wallace. 

Ld O (fig. 144. pi. 4.) be the fixed object, mon any indefinite 
position ot the line joining the dog and fox, and aob that podtioA 
which is perpendicular to MS, the path of the dog: draw no per- 
pendicular to AO. Put AO = a, OD =rjc, ON = y, arc bn stx, 
tangent of angle bo N =: /, then m A =: a/. 

By the nature of the figure, i : t :: x : y; and by the ques- 
tion, m : n :: at : z; hence we have these two equations* 
tx:z=iy (1). nat — mz (a). 

Let if be such an angle that dx = cos 9 dz ; then dy ^ un f 
dz. From equations (t) and (2) we get 

idx + xdi =i dj/i •...••• nadi zz mdx ; 

by substituting for dx, dy^ and di^ and dividing by dz^ we find 

na (sin (p — i cos p) ■=: mx (3) 

and taking the fluxions, and putting cos 9 dz^ or its equal na cos 
f i//, for mdx^ we get 

2cos(pdi — i%in^dp :^co$pdp; 

Each side of this equation becomes a complete fluxion if divi* 

ded by 2 ^ (cos f ), for it is then ^ (cos ^) dt y- — ^td^ zz, 

Jv' (cos 9) dp^ 

or d( V (cos 9) /) = I V (cos 9) iip (4). 

In an equilateral hyperbola whose semiaxes = j, let a line be 
drawn from the centre making with the axis an angle =* |^, and 
let a tangent be drawn at the point in which it meets the curve, 
and a perpendicular from the centre to the tangent,then putting A 
for the difference between the hvpcrbolic arc and the portion of 
the tangent between the point ot contact and perpendicular, it is 
known that \i/ {cosp) dp = tf'A ; therefore equation (4) gives us 
d{y/ (cosf) /) =i/A, and hence, integrating, putting c for the 
constant correction, and dividing by -/(cos ?)» we get 

V^ (cos f) 
Tlte value of c may be found by putting for 9 its valu« dedu- 
ccvl irom the equation na (sin f «~ / cos f ) =: mx^ in the case 
when cT and jv, and consequently izLX -2->'t l^^ive known values, 
as supposed in the question. The curve may be constructed by 
giving (p all possible values and finding the corresponding values 
of /, and jf , or^. 

End of the first Part of the third Volume. 

- . ■ ■ ■ . rf 

Fri/Ucd bif f K Gkndinning^ tb^ Uutton Gwrdan^ London* 
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ARTICLE I. 



To the Editor of the Mathematical Repository. 

. Sir, / 

I published an Essay on Polygonal Numbers in NichoU 
son's Journal, vol. XX. p. 161 ; which contains the principles 
of a general demonstration to M. de Fermat's singular proposi* 
tion ; viz. Every whole number is either a polygonal number 
of a given denomination m; or it may be divided into polygons 
of that denomination the number of which does not exceed m. 
This essay was honoured by your correspondent Mr. Barlow^ 
with certain remarks, both critical and logical, but not mathe- 
matical. These strictures were specifically answered in his 
own way^ viz. critically and logically : .he indeed replied to the 
defence of the essay ; but his observations were inconclusive, 
because they did not confront my arguments. On this account 
the gentleman in question may be fairly said to have failed in 
his refutation of my paper : he, however, maintains in your last 
number, that the proposition has not received a general demon" 
stration. Now with a view to give my opponent every oppor- 
tunity CO confirm what he has lately advanced, I have sent you 
a corrected copy of the essay, in , which the principles arc so 
applied, than he must easily detect every error contained in it. 

MidJJdskmf/U\^ )x.> .0: ..I remain, &c. 

7^«^ 5a i?«>ins .1 .or ^. :. ,.= . . JoHil GouGH^ 

VOL. 111. PART It. a * An 

■I 
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An Essay on folygonal Nunders. By Mr. John GouGir^ 

Definitions, ist. The sum of any arithmetical progression* 
beginning with unity, is called a polygonal number, or briefly 
a polygon^ - - 

snd. The difference of two adjacent terms in t&e fl(ienerating 
series increased by 2 is denoted by m, and called the denomina- 
tion of the polygon ; moreover the number is said to be digonal* 
trigonal, tetragonal, &c. accordingly as m = 9, 3, 4, &c. 

3rd. The number of terms ^ , which are added together to 
form any polygonal number, is called its index ; and the poljrgoo 
IS said to be ofthe first, second, or third order,, &c. accordingly 
as a = I, s, 3, &c. 

PROP. I. Put A = a + /; then the difiFcrence of A'— A 
and «* — azz 7.at + /" — / ; as is evident by involution 
and subtraction. 



Cor. X. If ^ =: we have as a : tf :: a — - 1 : 9 ; bence 

• 9 • 

the ratio of a tOii increases when a increases* 

Cor. 9. When / = 1, the above difference is = ta, and 
half the said difference -zl a. 

Cor. 3* Hence it follows, that i( we successively put a=i| 

ft, 3, &c. and : — zi o, 1,3, &c. the annexed table may be 

constructed, by adding unity to each number in the upper 
line, for the next succeeding value of a in the same ; and 

by adding a to its corresponding funaion for the 

function of a \- 1, 

a=:i.9.3«4. 5» 6. 7* 8. 9.10^x1 

n o • 1 « 3 . 6 • 10 • 15 . 21 • 9*8 • 36 • 4J • 55« 

Cor. 4. Any positive number n. may be assumed for the 
function of a ; for a^ — a =: an has a positive root in which 
/ = o, or a fraction, either rational or surd. 

PROP. II. Lei »; be a function of the table, whose index 
r: ec;; w may be resolved into inferior functions; v\i. 

m 

w zz a + if &c. whose indices z: a, i/ &c. but in all such 

• • • 

cases a -h ^ > w. For let a be the next inferior faociaoa 
to w ; and a 4* « ;=: sir, by Cor. a. Prop. L and d ':^ #«^ 1 1 



a"— a 
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b\H « IS a function or the aggregate of functions, th( 
vrhose indices fii) > i ; therefore ^-h«zzo;-4-tt— _ 

Again let b be the next function to i^^ and h -¥ bzia\ b^a — i; 

• • • • 

h\it b may be resolved into functions, the sum of whose indices 
(v)^ 1 ; therefore 3 + i; > a, and i> + » + ii >. ». 

Cor> 1. It appears* from the demonstration^ that the less the 
sum of the indices is, the fewer are the functions consti- 
tuting w. 

Cor. s. What has b^en proved of w, may be proved, by ad- 

.dition, of the^suiQ of any functions zc/ + ^r -h y &c. 

• • • 

Cor. ^. If Sy S be aggregates of functions^ the sum of 
whose indices are 5, S ; and if 5 > S but ^ Z. S ; then the 
functions into which $ is resolved by s are not more than those 

into which S is resolved by S. For put r = ^ -<— S ; afid its 

• • • • 

index r may be found by Cor. 4. Prop. I. Hence S 4- r will 
fesolve i into more functions than s^ hy Cor- i ; but S + r re- 

solves 5 into more functions by one than S resolves S ; hence 

the truth of the Corollary. 



PROP. Hi. If 4 be a polygon of which the denomination 

w m, and index =«; i=:«-4-(m — 2) x — ^^— •. 

For the first term of the generating series =: 1 (by Def. 1), 
but the term of which the number is a = 1 + (m — ft) X {a — 1) 
by Def. ft^.and Emerson's Proponion, Prop. 6, but k =: sum 

A* A 

of the terms by Def. 1 ; hence i=:a -f (mr— a) x — - ^ 

proportion. Prop. 7. 

Cor. Every polygon of the first order = 1 ; find every one 
of the second order 1= m. 

PROP. IV. Let ^, A, /, &c. be polygonal numbers of a 
commoit denomination si, ^e indices of which are ^, c, 4/, S^jC* 
respectively ; also put ^ 4- c + 4/, &c. = 4, and let i be the 
polygon of which the denomination = m, and index = «• 
Then g +<* + /, &c. ^ (si — a) x (be + W + cd, &c.)=:<. 

For by addition and Pr. III. g+i+/f &c. =:^+c-f 1/, &c.4- 
{»» — «) X —^ — ^^ {«— a X, -^ ; but 

i^ 4- tf* + ^ &e. ^ «• /I I jiv . ^ o. \ t • f .• 

■ z — — •— (*c + W + cd &€•; by involution ; 

A t heate 



a» 
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hence by substitution^ + h {■ /&c. =a+(w» — 2)X 
^m—2) X (be ^ bd + cd&c.); therefore^ + A + /&e. + 
[fn — 2) X (*c -\- bd ^ cd &c.) = j + (;» — 2) X 

c= *, by Prop. III. 

Scholium. The present proposition generalizies a theo- 
rem formerly confined to squares by extending it to all functions 



a 



a* — a 



a* — a 



of the form a + {m — 2) X , including polygons 



2 



of every denomination, by Prop. III. 



PROP. V. Fute = g + k + 1&.C,; o = bc + bd VcdScc. 



a* — (I a 



(in Prop. IV.) ; then v rr — = X 



2 m — 2 

For^4-(m— 2)xr/3=i (by Prop. IV.) zza+{m — 2) X 



Q^ — a 



2 

(by Prop. III.) : hence v -=. X . 

^ ' ^ 2 f» — 2 

Cor, 1. Since l\ c^ d^Scc^ are integers (by hypothesis), v 

* 

, a '-^ ft . . 1 r ^ — fl • 
is an mteger; but is an integer, therefore is 

an integer; hence, if give a quotient s and a remainder 

p, a := p, or gives a quotient r and a remainder p ; 

from which we have the following general expressions, e zz p + 

_i —_ ft 

(m— 2) X s ; azzp + (m — 2) x r; z/ zi -f r — 5, 

2 

C(7r. 2. Since we have p ^ m — 2, and « = ^ + (w» — - 2) 

X s^ where s may be assumed, c is any whole number ^yhatever; 

consequently every integer is a polygon of the denomination w, 

or may be resolved into polygons of that denomination, by taking 

a :=z p -{■ (m — 2) X r. 

Scholium. I admit that the preceding corollary may be 
considered as an axiom ; . but nothing should be assumed in a 
mathematical inquiry which can be demonstrated. 

PROP. VI. i' +c^-vd' &c. -a+^i=^ = a+2j— ar. 

M — 2 

For 
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For b* + c* + d* &c. + s» = o*. and ** + <•+ <r &c. = 

« 

^* — 2v = a + (by Prop. V.) = a + m — «r 

(Cor. 1. Prop. V.j. 

3* — * f c« — r 4 flf* — rf &c. 
C6;r. 1. z:j — r» becausp 

A + c + i/ &c. iz a. 

C^r. 2. ISut — — -^ . — — IZ the sum 

2 

of certain numbers in the second column of the table in Prop. 

1 ; therefore the quantity , or s — r = the same 

^ ^ m — 2 

sum, because t ^ g -^ k -\- I &c. zz a ^ {m -^ o) X 

' (by Prop. III. and Cor. s. 

Prop. V.) 

Cor. Q. Now a is any term of an arithmetical progression* 
bounded by c and />, the coitimon difference of which zz m — 2 ; 
therefore s — r is a similar progression, bounded by o when 
a — ^, and by s when a = p^ the common difference of which 
= 1 : hence s — r increases as aziA+r + cZ 8cc. dimi- 
nishes ; consequently a ultimately becomes too small to resolve 
s — r into numbers of the table (by Cor. i. Prop. I.). 

PROP. VII. ProbUm. Put a = * + i: + rf &c. ; v=bc 
-\- vd -h cd &c. ; tf = if + A -I / &c. (as in Prop. IV. and V.) : 
To find an expression lor a in terms of «» v, and m ? ..-V 

Here we have — ^^^ 4 ^^^- = » (by Prop. V.) ; there- 

8 m — a 

fwea*— (wi— 4) X = aif + . Now put- ~'* 



m — A m — SI ' m — s 



= />=: — I, o, —» — &c. as w zz 3, 4, 5, 6, &c. ; and we 

3 4 



2e 



get a* — pazz av + -, which expression always gives a 

possible and positive value of a. 

Examples, ssc. Let c^ d, &c. = o; then fi = a and *c + 

1 * ^ a< 

Id •+- fd &c. = o; hence at; = o, and or — pa zz ^j^^: 



henceaz^f +/(^ + ^a) 



Ex. 



Ex. snd. Put t = i,d = o; then b =: a-^t, ami aie = 
ta — 2 — 2r : hence a* — pa = 2fl — « + *, and «* -• 

2^ 2 ^ A 

(a + ^) a 1= — 2; therefore a = ■ * + 



/i'^' - ^ - •)• 



Ex. Qrd. Put — =:^z:r=.^&c. Then2<;=:^— -I — -^ and 

fl — p»-a* + : hence a' — pma = ; 

'^ mm — a '^ m — a 

therefore a = ^^ + ^(2^ + -£2f-). 

ft V V ^4 m — 2/ 

PROP, y III. ProhUm. To resolve a given number e tiM 
polygons of 9 given denomination m by help of the table in 
Cor. 3. Prop. I. 

ist. Writedown all the successive values of Ot beginning 
with cand diminishing them progressively by M-— 2 unitl the 
series terminatet with o, or with p /^ m -^ % (by Cor. 3. 
Prop* IX.). 

and. Under each value of a place the corresponding value 
of s — r, making the series begin with o, and increase by unilv 
until it ends with 5 (hy the same.). 

3rd. Find the limiting value of a by Prop. VII. viz. find a 
by Examples 1st. and 2nd. and if that given by Ex. ist. be nu 
tional, the value of a assigned by Ex. 2nd. is the limit. 

4th. These preparatory steps being completed, take a value 
of ^ — r in^the work, corresponding to any value of a nut leu 
than the minimum, fixed hy the limit found by Prop. Vlf. and 
find the greatest numbers in the second column of the table la 
Prop. 1. which will produce the same when added together; 
then if the indices of these numbers, when added in like man* 
ner, give the index of 5 — r in the work, they ^re also the indices 
of the constituent polygons: but it will frequently happen (tif 
Cor. 1. Prop. I. and Cor. i. Prop. II.), that the sum of thes^ 
indices will be less than (a) corresponding to the assumed value 
ot i — r, in which case the deficiency may be made up in tbt 
Idticv sum by the addition of units, because 1 is the index of o 
in the table. 

Example ist. Resolve 17 into pentagons, according to the 
directions given above : the work will stand thus, 

M = 5, f =: 17, a = S7» 14. 11. 8. 5. ft 

s -^r zz o* u s« 3. 4* 5. 

la 
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In this case the limit of a = 479 &c. (by Prop. VII. £x. a.) a 
therefore 5 is the true limit (by Cor. 4. rrop.6.) and 17 may 
be resolved by help of five values of ^ -r- r ; viz. o, 1, 2, 3, 4. 
The fir sty 09 resolves it into 17 pentagons : for 17 x = = 
s — r, and 17 )^ 1 =: 17 =a. The second, viz, t zz s — r 
resolves 17 into la pentagons of the first and one of the seccmd 
order : for 12 x o = o ; 12x1 = 12; and 1 x 1 = 1 ; 

1 X 2 = 2 ; but o + i=:i=:j — r; 12 + 2 = 14 = a. 
In the same manner the third value of 5 — r = 2, resolves 17 
into 7 pentagons of the first order and 2 of the second ; for 7 x 
= 0; 7x1=7; and 2x1=2; 2x2=4: but 
o+-2 = 2 = j — r; 7 +4= 11= J. Moreover the 
fourth value of s — r = 3, resolves 17 into 2 pentagons of the 
first and 3 ol the second order ; for2Xo=o;2Xi=2; 
and 3x1 = 3; ^X2=6; but 0-4-3 = 8 = 5— r; 

2 4- 6 = 8 = «• Lastly, the fifth value of 5 — r = 4, resolves 
17 into 1 pentagon of the second order and 1 of the third : 
for 1 + Q = 4 = s — r;2+3=5 = a. 

£x. 2nd, . To resolve 3«i-^i into 3 polygons of the denomina- 
tion m. 

Here a = € = 3191 — i, am + it iw + 3. 5 
'— r= o, 1, 2. 3. 

The last value of/ — r or 3 = 3 + + 0; the sum of ^hose 
indices = 3-+i"*"i = 5 =«; iJiereforc 3W — 1 is resolved 
into 3 polygons of the denomination m, viz. into 2 of the first 
and 1 oi tiie third order, 

PROP. IX. Any whole number (e) is a polygon of agiven 
denomination («) ; or it may be resolved into polygons of that 
denomination^ the number of which does not exceed m. 

For in the first place, suppose « = 3111 — I ; then e may 
be resolved into in — / polygons of the first order and 2 of the 
second (by Cor. Prop. III.); therefore if t be greater than 
ti fktm — /is not greater than m : but if / = 1, ^ consists of 
8 polygons of the denomtnation m [by Prop. VIII. Ex. and.); 
but 3 is not greater than m : moreover it / = o ; e zz 3i9i» 
which may be resolved into 3 polygons (by Cor. Prop. III.)* 
Again suppose e> 3^; then if any one of the values of a» 
found in Prop. Vll. bean iniegeri it fulfills the conditions of 
the proposition : For the first makes e a polygon of the deno* 
xnination m^ the second resolves it into 2, one of wiiich is of 
the first order; and the third value of a resolves e into m = 
polygons of the same denomination . Lastly, if all the 
values of tf, found by Prop. VXI. be tractional, and e > ^m, 
the difference oi a (found as in Ex. and. and 3rd. in Prop. 
Vll.) exceeds as •— 2 ; thereiore a value of a» of the form 
a zz p -^ r X (m — 2), falls between these limits, which 
will resolve i into m polygons of the same denomination, at 
most (by Cor. 3. Prop. II.}. ARTICLE 
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ARTICLE II. 

On the Binomial Theorem and the Logarithmic Series, 

By Mr. Knujht. 

To the Editor of the Mathematical Repository* 

'Sir, 

M. La Croix, in his Algebra, says that the 



of the Binomial Theorem, by the Theory of Combinations, istiie 
most direct that has been yet discovered, in the case of a wbok 
positive exponent. — I conceive the following to be the most di» 
rect and simplest ^ojjiT'/f^ in that case. 



{a + c)"* HZ a"* + ma ^c when m =: u 
Multiply by a 4- r and the product is 

tf*"*"^ + (TO + i) a'\ + ma'^^c*. 
If, now, we put m for i» + i there results ^ 

(a + c)"* = fl*" + nuT" c '^(m — i) a'''^*c*whcn mequalst. 

Or, because m ^ 2 

/ . r *" , '"'^* , m[m—i) w— 2 . 
(a + c) z=: a '\- ma c + — ^ .' a c*. 

Multiply by a + ^ and we have 

^ -h (m + t) a c + ' — ^ a c* <-— ^ 'a. c*. 

^ 2 2 

put TO for w + 1 and we have, when m is 3, 

te + c) =a +ma c^-^ ^a c*+- — -^^ — -' c\ 

\ t 2*2 

Or, because to = 3 

(a-+-c) =:a +TOtf c+ a c*+-^ ^a cK 

^ 2 2.3 

Now any person who shall perform the above operation will 
easily perceive that the same law must continue in the succeed* 
ing. terms; tor, after every multiplication, instead of the co-- 

_ . TO (to — 1) (to — 2) [m — n — 1) , ,, 

efficient ^^ -. — p-^ we shall 

have 
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, m (m — i),...(m — n) . m {m — i). . , .(m— * n— -i) 

have — i^ ' — >— -^ — - - 4- — ^ r— ; — v ■ ■ 

i.a.3.. ..(»-f- 1) 1.2.3.. ..(« + 2) 

_ m (m — 1).. ,.(m — n){n +2)4-^1 [m-^i) .. ..(m-^n — 1) 
"" t.a.3 (« -t- 2) 

zz (^ + 0^(^-1) (^-M ^hich' becomes aftet m 

1.2.3 («-h2) 

.r . • mtm— 1) (m — 2) {m — n — 1 ) 

IS put for m+ u — -■ ■ — r> a. o\ » 

and has precisely the form it had in the preceding power. 

The following is a general demonstration of ihc Binomial 
Theorem. It is easily shewn that, in all cases, the second term 

of the expansion of {a + cf is ma^^^c ; let then 

[a+cf-a'^'Jhma^^e + A^^^c^+A^^'c* +, this squared gives 

But 

By comparing the coefficients of the powers of c, here and in 
equation (at), we find ^ 

f «a— ^AW+2a».A(^)=4a---U(«)4.8a«AW5" ^ A^^^!±ll^);" 

&c &c. &c. 

In the same manner might the coefficients of the higher powers 
be found ; but the law is already plain as far as the third power, 
and we may easily convince •urselves (u in the last demonstra^ 
tion) that it must hold in all caset of whole positive exponents; 
if it has place for any one : and with respect to positive or nega« 
live fractional exponents : — if we bad found the following 

coefficients as we did A ^^^ and A^^ they must have had the 
•ame form in all cases, being in all found by the same procesi. 
We have then always 

* 1*2 

By an artifice like the above we easily get the lo^ithttiic 

scries. Let log. (1+ jr) = M(^^;r + M^*)*' + iOS'^^x^ ^; 
from the nature of logarithms, 
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t log. (i + *) = log. (i + xY =: log, {l 
which equation becomes by substitution 



2X + «*) ; 

M^*^ (a* + «•) + M^*> (ajc + *•)* H- M^') (ax + «•)»+ 
and, comparing the coefficients oi the powen of «, we get 

^ r («) M(0 

,M(*>=M('ViaM(=>+«6M(*) 
&c. &c. 



• 



■ ,(2) M(0 

M =--7- 

►whencei m^"^ = ^^ 

I a 

M — — — — 



And log. (,+;,) =M^'^j*-4 +~ --^ 



&c. 



PapcasiUt 
October 30M, 1809. 



Thomas Knight. 



ARTICLE III. 

A proposition to illustrate the /^jth Proposition of the Second 

Book of the Principia. By A. B. 

To the Editor of the Mathematical Repository, 

Sir, 

. The 47th Prop, of the second book of the Princtpia has 
aometimes been objected to as not sufficiently clear, what is put 
below is intended, in some measure^ to obviate these objections ; 
should it appear to you to be of any use in that respect, please 
to insert it in your very valuable Repository, and you will oblige 

Nov* ^rd^ 1809. Your's, &c. A. B. 

PROP. If the particles of air be moved from their places by 
a force which varies according to any given law ; it is re- 
quired to investigate the law of the force with which they 
will continue to be agitated, upon the supposition that the elas- 
ticity of the atmosphere is directly as its density, 

JLet 
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/ 



Let AE, AF» AG (fig. i. pU A.) represent the times sinc^ 
tlie particles £, F, G, respectively begun to move, and £^, 
F/i G^, the velocities of each at the same instant of time ; and 
suppose the nature of the curve AgJisB to be such, that r x 

AE" = £e, r and «f, being constant quantities. Put A£ = /, 
EF zz FG = i^f Ee =: r, andy iz force with which E is ac« 

celerated. The equation of the curve is r/" == Vy and the 

fluxion of the space passed over by any of the particles, =: vt; 
but, by mechanics, force x ed into fluxion of the space =: velo- 

city Xed into fluxion of the velocity, that isy x t;/ = vv ; 

therefore y = r -f- / zr r« x / ; the law of the force with 
which the particles begin to move. 

The area AE^, or space passed over by the panicle E =z 

vtznf rt i z: X / , therefore the areas AF/i 

AG^, or the spaces passed over by the particles F and G 



= — ; — X (^ — n and — ; — X {^— «0 re- 
^pectively ; and the difierence of these areas or spaces passed 

over by the particles, viz. Ee¥/ and T/Gg = — • x 

w -r 1 

5(« + t) /V — in (n + 1) /""" /'• + &c. I and 

— I— X {(» 4- t't' — in {n + i) t^\'* + &c. J= 

r X (/V— ^»/^V + &c.) and r x {^V - 4n/'^^'^+&c.). 

L«t ^/ =: distance between two contiguous particles when in a 
quiescent state, then it is evident that 

^— rx (/V-.iii/'""^/^+&c.)and d—rxlff^^ni'^'^^t^+kc.) 

= the respective diiunces at the end of the time / from the 
commencement oi E's motion. Hence, by the hypothesis, the 
forces with which £ and G act upon F, and the elasticity of 
the atmosphere, or the force with which they act upon each oti^ 
in their quiescent state will vary as 

Hence the comparative elascr force, or the difference of the 
forces of £ and G upon F : r>i an elastic force : : 

b a 



( " j 



MB • 



■■ ■ . ■ ■ ■ ■ ■ i -J 

J d-r {tt'-'int'' ^ ; &c.) Ud -rin'^nr' /^ + &c.) | • 



* • 



^^,^ : 1.^ for /'Ms infinitely IcM than the 

(d — riY){d—rt''t') ^ 

other pang of the expression, 

r Let s = space through which sound passes in one second of 
timt^ then s : d :: i'* \ if z=. d"-^ Sf therefore by substitu- 
tioii and reduction, the comparative force : mean foroe :: 

rni^^ : {s — r/")* 4- d. Put D = latitude of a pulse, or 
the space passed over by sound while a particle of air vibrates 
forwards and backwards, and T = time of this vibration, then 
s : D :: 1^^ : T =^ D -^ s; if, then, in the last term of the 
last proportion, T, or D -r j, be substituted for /, we shall have 

the comparative force : mean clastic force : : rnt* 
: 5j — r (D"-r- #«) ^* 4- J :: rnt^ ; J» -^ rf very 

nearly ; for it is known bv experiment that s is very great cotn^ 
pared with D, and T, or D -r 5 is greater than /, therefore the 
above proportion may be taken as accurately true. But in the 
same constitution of the atmosphere, the second and fourth terms 
of tAe last proportion arc constant, hence, the comparative force 

or that with which the panicle F is moved^ x ^*^ 

, In the very same manner it will appear, that if the equation of 

the curve AgfsB, be r/" f at^ I- 3/7 + &c. = v, and 
thereforeyi or the force with which the particles begin to be 

agitated vary as rn^^'^^ -+• apt^^^^^ -4- bgt'^'~^ + &c. then 
the comparative force upon F, or any o\ the particles, will 

continue to vary as rnt^"^ 4- apt^'^^ -f £7/^""^-!- &c. 

Hence it is evident, that whatever be the law of the force 
which agitates the particles of air in the beginning of their ino« 
tion, they will continue to be acted upon according to the same 
law, the constitution of the air being such as is supposed in 
the Proposition. 

Cor. 1. If n=r 1, and a, i, ice. = o, then the force with 
which the particles begin and continue to be moved, will vary 

as t X /** X 1/ that is, the force for the whole time 

will be uniform. 

Cor. 
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Cor. s. * Prom what has been demonstrated above it is evi- 
dent, that if the particles of air begin to be moved according to 
the law of a cycloidal pendulum, they will continue to be agi- 
tated according to the same law all the time they are in mo- 
tion. But it is known fay experiment, that every elastic chord 
or fibre of a sounding body^ when the vibrations arc small, begin 
and continue their motions according to this law ; therefore the 
panicles of air in immediate conuct with thera, must begin and 
consequently continue to move according to the same law. 



ARTICLE IV. 



Investigation of a curious Indeterminate Problem. 
By Afr.CuNLiFFE, R. M. College. 

Let ACB (fig. 2. pi. A.) be a triangle circumscribed by a 
circle, and let the sides AS, AC and bC be bisected by the 
perpendiculars otD, nE and ^F meeting the circle in D, E, F, 
and draw the chords as in the figure ; and let / denote the in- 
tersection of AB, DC. Put AD r= DB = «, AE = CE =: 
it BF -r CF =z Cf and let the diameter of the circumscribing 
circle be denoted by d. Then by a known property Dm ~ a* 
^ dy ILn - b^ ^ d -^viiiYp z^ c^ — d\ whence Awi* = Bm« 
:r a* — (a** 4. dr) = («» -i- d') (d» — o>) or Am = Bm = 
(a -f. d) 0/(d? — a*) and in the same way we shall get A» rr 
nC - [b H- d) y^id} — **), and Cp zz pB = {r -i- d) 
V(d* — c«). Now since AD = DB, AE zz EC and CF =: 
BF, it is manifest that if the three chords AD, AE and CF are 
applied in continued tuccession in the circumference of the cir- 
cle ACB, they will extend a semi-circle. 

Let MFQN (fig. 3. pi. A.) be a scmi-circle whose diameter 
MN is equal to the £ameter of the circle circumscribing the 
, triangle ACB, chord MP = AD ::: q, chord NQ = AE = b, 
and draw MQ, N? ; then NP = /(c/* — a») and MQ = 
V^(^* — />*) : and from what has just been remarked, chord PQ 
= CF 3= ^. And by a known property of a trapezium inscribed 
in a circle MPxNQh-MNxPQ=NPxMQ; or PQ z:CFz= 

^_ NPxMQ-MPxNQ y/(d^—a^) x •(a'-i*/— «* 

'" mr — 5 

From which conclusion and what has before been deduced^ it 
follows, that the chords AD, AE and CF, and tides of the tri« 
angle ACB will be rational when *d' — a' and d' — *• arc 
rational squares. 

It will also be easy to show in the same circumstance, that 
the right line C/ which bisects the angle ACB and terminates 
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in the opposite side AB^ together with the peq>endictilar Cf 
will bf rational ; and consequently the lines bisecting the other 
two angles and terminatinc; in the opposite sides, together with 
their correspor.dine perpendiculars will also in that circumstance 
be rational. For by the property of a trapezium inscribed in a 
circle AB x DC ir DB x AC + AD X BC = DB x 
(AC + BC\ whence DC ^ DB x (AC + BCj ^ AB, 
which expression is rational, because by the hypothesis the sides 
of the triangle ACB and chord AD = DB are' rational. The 
trian|3;les D/B and DBC are similar, therefore D/ : DB :: DB 
: DC; whence D/ =: DB* -f- DC which is also rational, and 
consequently CI the right line bisecting the angle ACB, and 
terminating in the opposite side AB is also rational. And in 
the same manner may be shewn that the right tines bisecting 
the other angles and terminating in the opposite sides are 
rational. 

The perpendiculars from the angles upon the opposite sides 
will also be rational. For the length of a perpendicular from 
any angle to its opposite side, is equal to the product of the 
including sides divided by the diameter cf the circumscribing 
circle ; and consequently when all the siJes of the triangle and 
the diameter of the circumscribing circle are rational, the perf- 
pendiculars will be rational. It has now been proved, that 
when d* — a* and d^ — B* are both rational squares, then the 
sides, right-lines from the angles bisecting them and terminat- 
ing in the opposite sides, and perpendiculars from the angles 
upon the opposite sides in the triangle ACB will all be express- 
ed by rational numbers. Now it is manifest that d must be 
expounded by such a number, that its square may be divided 
into two rational squares two different ways ; and this will be 
the case if i = (r* + **) x («* + «") for then we may take 
M=r.[r^+ J*) {m* — «*)and^ — (r*-^*)2Wf« — ar^fm' — «*) : whence 
^(fi»-.tt«)={r*4-J*)2ww5andv^((r-*»)=(r*-j»)(m*-»*)+4r«ira; 

iheieiore c = ^^ = 2rs (m" + »*) ; 

(r*-hi ) X (w*+« ) • d^ 

J (r*-i.*) 2mn—^rs {ni^—n*) ^ X 5 {r*_/)(m'— «') + 4r5m« ^ 

n^ At! ^ /ji 1 2rj(r*— 5*) (m* + n')* , 

Cp =/B =-^ v/SrZ7= -^^,-^-^^-±^-^-^ and 

rejecting 
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^rejecting the common denominator (r* + 5*) X (m* + «•), 
and dividing the remaining expressions by 2 we shall have 
mn X (m* — n*) x (r*4-j*)*, 

J (r*— 5*)xm«— r*(m*— »•) J x J (r*— 5*) x {rn'—n^) + j^rsmn I 

and rs X (r* — ^) X (m* + «■)*, being general expressions 
for the sides of a triangle ACB, such, that the right-h'nes bi- 
secting the angles and terminating in the of^posite sides, and 
perpendiculars from the angles upon the opposite sides may all 
be expressed by rational numbers ; in which expressions m, n^ 
r and s may be taken at pleasure* 

Example 1. Take m=r«, 11 = 1; r=:3, 5zia; then 
we shall have 6 X 169^ 504 and 6 X 125 for the sides o£ 
such a triangle : or dividing each by 6, 169, 84 and 125 will 
express the %\Ae% of a triangle with the before-named properties. 
Example 2. Let m and n remain as before, and take r = 4 
and ^ = 1, and we shall have 289, 231 and, 2jo for the 
sides of another triangle that will answer. 
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ARTICLE V. 
Solutions to a Problem in Dynamics^ 

The following Dynamical Problem has often engaged the* 
attention of Mathematicians. A panic ular case of it was pro- 
posed by John Bernoulli, in Comment. Petrop. for 1727, 
Tom. 2 ; but it was not till 1735 that a true solution of tho 
problem was published in the Acu Enid. Liepsick, by the 
same author. 

Herman, indeed, attempted a solution of the case proposed in 
Comment. Petrop. but fell into some mistakes which rendered 
Jiis conclusions errorneous. A complete and general solution 
was afterwards given by D'Alembert in his Trait6 Oynamique, 
published in 1744, and since then it has been resolved by seve-- 
ral Mathematicians of our own country, viz. by Mr. Atwood in 
hisTreaiise on Rectilineal Motion, by Mr. Wildbore in the 
Gentleman's Diary for 1788, and (either generally or for parti* 
cular cases) by several of the correspondents to the Repository 
(see Art. VI, Vol. L Part IL Art. I. IL and XXL Vol. IL 
Part IL). We now insert another solution that wc have re« 
ceivedfrom a correspondent; and, as some of our readers may not 
have the opportunity of consulting the works oi Bernoulli and 
D'Alembert, we shall give the substance ot their solutions in the 
present Article^ 

PROBLKM 



Pro b LKKf. Suppose a given weight B (fig. 4. pi. A) to it" 
sqend by the force '>f gravity along a given curve CGB» and by 
zneani of a string passing over a pulley fixed at C, in tbe same 
vertical plane, to araw up another given weight A along another 
curve FAC : required the velocities of the bodies at the points 
A and B, supposing the motbn to commence when they arf at 
the given points F and G. 

Solution, by a Correspondent. 

Let IB be the space descended by the weight B in the indefi- 
nitely small interval of time /, and a\ the contemporary snace 
ascended by the weight A. Draw the vertical lines FR, 4s/aod 
BS meeting the horizontal lines AR, OS and bo in R, /, S and 
; and with the centre C and radii CA, C^ describe the arcs 
Am, bn. • 

Put y =: SB the vertical distance descended by B, 
X = RF the vertical distance ascended by A, 

AC — s. Bo :=: y, al zi x^ am =2 Bn z=z i, aA = r, 

B^ = J, and^ = 327 feet, the measure of the accelerating 
force of gravity. 
Then the velocity of the weight A in the direction of the curve 

a A ij-r» (the time being su^pos^d to flow uniformly,) and 

the variation of the velocity, or the measure of the accelerating 

force in that direction = -;-. But the weight A cannot ascend 

in the curve unless its gravity be counteracted, and an additional 
force impressed upon it sumcicnt to produce the actual velo- 

city -r^ Now the force of gravity ia the direction aA 

t 

* ft 

is =^-Tr therefore the accelerating force necessary to cause A 



r 



to ascwd in the curve with the velocity •- is=^-r + -r-» and 

t r e 

the whole motive force acting ooA^ in the dire<:tion aA, =s 

A X f^\ + 4 ], which is equivalent to a motive force 

•• • 

\ X f4i -+- -^1 / 4-, acting in the direction of the string. 

Now 
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Now the motive force, by which A is urged towards c, it de- 
rived from the action of the weight b ; therefore b will be re. 
acted upon in the direction cb by an equal motive force; tRat is,' 

M will be acted ppon in the direction bc by a motive foMB zz 
^ •• • 

A X (^ +-. J x T-; which force may be resolved mto twa 

•• • ▼ 

others, namely, AiX (^t + t-jXt acting mum direction 

of the curve, and retarding the descent ^6f b ; and 

A X (^ +P)x ^(»ibeing= Am = /'(> — >)) adii^ 

in a direction perpendicular to the curve, and diminishing or 
augmenting the presiure. 

Therefore, the whole effect of th^ weight a on the weight m, 

•• • • 

is equivalent to a motive force Ax(2i!+-^Jx-r, directly op- 

posing the descent of b ini|be curve. 

Again, the velocity with which B actually descends in tho 

curve is -r • and the variation of that velocity, drthe measure of 

the accelerating force, == t-. But the force of gravity in the 

• ■ 

direction of the curve is. = »- ; therefore *r — t- i» the acce* 

s s /• 

lerating force constantly destroyed by the connexion ofjfeyitfa 
the weight a, and the whole motive force constantly jiPss: 

B X (^ — T-h But the motive force constantly lost by b, 

must be equal to the motive force constantly retarding its descent ; 

-therefore A >c (f*i) x j" = » x (^- j^' ' 



• •• 



Iind, multiplying by a and taking the fluentSf 

, Ar* Bj* , , . 

we have -r- + -r^ = af X (b^ — A*) ; 

or Ac^^ *|^Bii^ ^%g X \%y -^ A«), no corrcctiM 

TOl. in. PART 11. c 
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le motion if supposed to hepa 



,t *s 



_. __ — _ — ^ y _ _ — _ 

X^^iz: o anAy =0* 

Nmt t> •u : : r : St therefore u* = *-r-*-» and 

r 

^•^ -I- -? =: ag X (By — A*) ; hence we htve 

„=; V*dU*2!=^,^i^; v^MJUB?r:f), for 

the velocities required. 

C^ji. 1. Let / and y be the accel^rative ferces by woich 

the bodies a and b are respectively animated ; thaet is 
•• •• 

let/=: 4- and /= 4- then, a^ + ai/ = ^ X (b> — A*). 



• •• 



But/: y : : r : /, or/=:*^; therefore at/* + -^ 



= /X (Bi-Ai); hence/=f X *fc:-^ and / 
■ Arr^Bss 

^:zg X ^y.T^^)f . 3 at determined by Mr. Atwood. 

Ar r + B J J 

COR.2. The motive force b x (4^ ~ -^J, or B X (^ — y), 
acitng in the direction of the curve^ may be resotved into two 
ethesSf namely, b x (^ — / )t-» acting in the direction o£ 
the string cb, and which if equal to the motive force 
A X f^ +/W;andB x (^ — y\^, acting perpcndicu- 
larly to the curve^ and which is equal to the motive force 

A X (^ +/ \ -r-r . Now the sferiag ia stretched in the di* 
\r J zs 

Tcciion CA by the motive force A x f • ^"y^■^t and 

in the direction CB by the equal motive force b X /^— y\f ; 
therefore the whole pressnre^n the axis of the puUey tl teual to 
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the resultant of these two equal forces; that is, the whole 
pressure on the pulley is := 



sin AC B 



^ X /^ +/V X =BXf^— y\T-X 

V r J z sini acb \s / « sin^ACB 

Cor. 3» The pressure of the weight b» against the-curvt* 
if it had no connexion with the weight a, would evidently 

be = b^-t • (a being '= sb): but in consequence of tlutt 

s 
connexion, the pressure is diminished or augmented by the 

force A X p- +/ )-^-T-. or B X (^ — !f) ? ; therefore the 

whole pressure on the curve, arising from gravity, is ss 

tg ^+ B X /" • — yA — 5 *'so the pressure arising from the 
s \s Jz 

centrifugal force of the body is = b — , (R being the radius of 

curvature at b) ; therefore the whole pressure against the cunre at 

> i.=B X (^i+£) + . X (f-y)f 

• • • 

= B X /V+-\ + A X f%- +/\.r^. 

And in the same manner, putting /3 =s f» and n sss ♦ 
^ V^(r* — s*), the pressure against the curve at A is found 

^r R J zr 

Or, because y=-" = ^, and/ = ^=^nhe prMtora 

t » t r ' 

atBis = B X (C.+ "I).+ B X («^-«i)?. andthe 

* » • * * 

X pressure atAziAX f^+ — )hFax (^ + ^) * • 

^ r r' r r'z 

HeiM^ the points where the bodies will qui the curves may 

CB 
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%e determined by making 4^ + "Lip /^&r— ^\;2 — Oi 

s 1. \J s / t 

J R^ \ r . r ' z 

The problem may be resolved in a similar manner, wbea 
there are ipore weights than two. For instancet let thereby 
three weights a, fi, c, (fig. 5, pi, a,) and let B descend on the 
mirve GB, and draw up the other weights a« c on the corvcf 
AF» CH^ by means of a string passing over the pulUes P, P^. 

The same construction and substitution being made as in tiK 

preceding case, let cc» =: p^ be the little space described by C in 

the time t, and h = the vertical height ascended by c. Thcnk 
has been shewn that, the effect of the weight a, in opposing the 



descent of b, is equal to the motive force A X /^ + t- ^ X -r J 

\r fJ s 

and, it may be shewn in the same way that, the effect of the 
veigbt c, in opposing the descent of B, is equal to the jnotive 



(M)-5' 



force c X (^^ "^ J X *t ; therefore the whole effect of the 
weights A and c,^ on the weight ,B, is equ^il to the motive force 
A X /"^ + -^ V + c X /"^ + ?-^ ? , directly opposing the 
descent of b in the curve. Hence we have 



X 

p 

r r ^ s p p 



or A T- + ^ - — + c 7-^ 3= ^ X (b; — Ai — CA) ; 
and, taking the fluents, we get 

4 4 « 

A^ + B^ + C?- = 2^X(By— AAP- CA), 
i* e ^ 

or (putting w'^ — the velocity of c) 

AV^ + Btt* -f Qfi^^* = 2^ X (By — KX ~cA). 

But t; = T ?< zz -r <^% |hcrcforc 

^ r 

AV* + Bi;« -r- + CP* V- = «J^ X (By — A« — ^f 



C •! ) 



.„J « - ; ./«^^ (By-AX-ch) 

|ina V zz r \/ • • . 



• / ^g X (By — AX — ch) . 
* = "^ V A^ + B> + cjl* 

• / 2g X (B;^ — AX— cA) 

''=^v a;*+b;n-c/>'» • 

Again, let there be four weight! A, b, c, d (fig- 6, pi. a,) 
and let b and d descend on the curves gb» kd, and draw up 

the weights A and c on the curves F A, HC. Let dJ z=zq^ be the 

little space descended by D in the time t^i :=ibl/ :=: cc\ p = a/^ 

:=D^, and i =z the vertical height descended by D. Then the 

effect of the weight a, x)n the weight b, is equal to the motive 

• •• • 

force A >r (^ 'hT-)Z . But the motive force constantly lost 

r t*^ s 

by B, in consequence of itt connexion with A and c^ is == 
B X (^ — r-^ ; therefore the motive force lost by B, in con- 

m 

sequence of its cctniiexion with c^ is :3s b X (^ — t-^--* 

s /*' 

• •• • • «p • 

A X (^ + ILN ^ , which is equivalent to a motive force b x 



•• • 



•• • 



14- — .- W — A X (^i . ) r- acting in the direction of the 

jtring bp''. Let this force be denoted by F ; then the weight c, 
is urged towards p', by a motive force f, which is equivalent to 

a motive force r- X F, acting in the direction of the curve cc^ 

P 
Again, the motive force gained by c, in consequence. of its 

connexion with b and D» is :?= c X (^ ^-^ }» therefore 

c X (^ + 4) — ^ X F^ !• the motive force gained by c, in 

consequence of its connexion witb i>9 and which is equivalent 

• • •• • 

to a motive force •? x c X (^ +-?) — ^x f, acting in the 

9 V ^ 9 

iijrectiop of the string c^\ Therefore the weight d, is urged 

• I •• • • 

towafdt r", bjr • motiv* force K x c x ^^C- + ^^ — 1 x » 



( «• ) 



• • •• • 

i»r hich is equivalent toa motive force? X C X /^-f* -? ^ -^ t v f 

acting in the direction of the curve D^, and directly oppoi. 
ing <he descent of d. Therefore, the whole effect ot the 
weights A, B, c in retarding the descent of d, is equivalent to 

the motive force K-x c X (^ + Z) ^L x r, and which 

must be equal to x f^ 9^ \ the motive force conaumlf 

lost by D. 
Therefore, putting for F its proper vakie, we have 

9 P ^ q ^« <• q ^r 1*^ ^f ^^ 

/• /* ^* ^ « ^ -^ 

and, taking the fluents, 

• « • • 

r* J* p* J* 

A-.+ BT-+Ctl + B^ =fl#X{By + Di — AJP — C*) 

e e e t^ 

or AD* + Ba* 4- €«• + D«''* = %g A [l^y^-tk — ajp — cA). 

By proceeding in this manner the problem may he resolved 
for any number of weights whatever, and the general result will 
be, that '• The sum of the products of each body, by the squareof 
its velocity, is equal 2g multiplied into the products of each 
body by the space it has perpendicularly descended/* The spaces 
being taken negatively when the boaies ascend, and positively 
when they descend. 

This is all that can be determined relating to the velocities of 

the bodies, unless the nature of the curves be known so as to 

• • • 

enable us to find the relation of r, s, p, &c. We shall takes 
few particular examples, for the purpose of applying the preccd> 
ing formula. 

Ex.1. To find the velocities of the bodies, when b descenjl 
on the inclined plane DGB (fig. 7, pi. a), and draws up the 
weight A, on the inclined plane daf» by means of a striog 
passing over a pulley at c. 

Suppose the motion to commence when the bodies arc 4t 
F and G, and from c, let cu and CL be drawn perpendicular to 
the given planes. # ^ 

Put €H = a, CL =: bf FH zr f, GL =r i^ the length of the 
;Kring i;: / ; wd let^ U in the general probkon, f^-^r^QM^S^ 
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and FM perpendicular to od. Put oc = #9 radrtw o* tto- 
circle = f, oh = o;, fa"=: r, CB = i, and AC = s; then, by 

the property of the circle, r= - ^^ t_j ■ ; :■; al«0 «* = CH — OH 

+ OA*=: a} — ^aw + t*t and in—— =: — i. Theie 

values of r and i, being substituted in the general fohnala Iff 
V and tf, we have, after proper reduction, 

/tg / (by — kx\ 

, a / 3g X (By — A^) 

and % _. y^(<:t_a;«) ^ V acV + Biz. (c »— w*)' 

But to exterminate x and ^ ; let a ^ the angle cod, dssvc. 
€ n FN ; then HK = a/ tan «, HA =: v^(^* — w*.), RA = 
^(c* — «;'} — w tan «, aiz= cos «(v^(^* — a;') — ti/ tan «i)and xzz, 
i — cos « ( v^(c* — ar*) ^ tt; tan «). Also because cf + GC = 
ac+cg + cb, rf = z4-y»or^ = J— A=:d*^V^(a*— ««w-i-tf*}; 
and we have 

»_«V^a^XV AcV-l-B«V»-i»») 

and .=a V^. X / B(J-z)^A(.-cos,(v/(c'-n,«)-imn,)| 
c* — ry* •^ Ac*z*+Ba'{c* — a/*) 

where z nv/fa — 2aa; + c'J, or a;= • 

When the pulley is at d, and the arch fd is a quadrant^ as ia 
the prize question in the Ladies Diary for 1810, then a ;=o# 
mj = 01, a zz cz::z€^ dzzizc^ 2^ and we have 

« — « ^/ Hd-Z) — A(t- y/fc* -- w*)) 

V = Zy/2gXV AZ^ + B (C- - W*) 

,„d « = V T-^ >^ v/£i^=^;r_£(i,-L/(c- -«>')) 

■^ r — a;' •^ az* + b (c* — a;*) 

Or, substituting for z and a; their proper values, 

^^ ^ 2rA + B(c + a/) 

B(f v/2— z)— a(c— i- v/(4c*— z«)) 

Z=z2C\/^2gX./ ?£ 

V AX4C»+B(4r*— z') • 

which agrees with the Diary solution in the particular instant^ 
only, when z zz o, or the body arrives at D« 

When the weight A, descends from d, in the circle* and 
dravs up the weight B^ the problem is the same as qaekt* ^i» 
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Drtw AH and ah' perpendicular to op and op', meedam the 
•rizontal line od in k and &'; and supp<M^ the bodies colie at 
G and 8 at the commenoement of the motion. Put OP =s «» 
vf^' = ^^radius OA = c, oh = », oh' = », AP = r« ap'z: gfj 
AF = r, the height rf, ascended by A« s x« the space gb, de- 
scended by Bj =:y(zzs)^ and the space descended by c=A(z^), 



hori 

F, 

OP 



Then r 



cw 1 « • a • ^^ : 



But- '"' ' '^ 



• * • 

therefore ar= 7-^5 it. and -7-= -> X4 /-» t=5i^; 

hence t =:-^^^ — ^^^^^ — '^ and 4 =" ^^^ "7*^ ; and substieat- 



CZ ^ CZ 



ing these values of — and \ in the general formula for the 

r r 

velocities, we have 

^ aV -«;*). . ire'-*;*) , . 1% 

Ai;*+Br;'-x-^~3;^+Ct;*x - ^a ., ^= 2gX(B/— AOf +cA)^ 

from whence we get 

Then « =«v<c'--^)xv/ ^,.^^y,.yi^-;;t?^^^_^,^,. 

To exterminate x, ;r and ^ ; put « =:the angle POD, /3 = the 
angle p'oD|* = ^N, i = fp, i' = rp'. Then, as in the last 
example, j'Bfi'id 

Ai =co«CV'(^-M^'}--^tana1==cof^(v'(c*— £') + 
x'=^t — cos«(\/(c' — a;*) — ft;tan«),y —i — a?, andAnrf' — if\ 
these values of x^y and % being substituted in the above ex* 

o; and a; ; an] 

the equationi ^ . - , — -..^ ^^ • , ... 

the equation expressing the relation between m and «r, vi^ 
cos«{-/.c*— »;•)— wUnot) = cos|8(/(c* — £•) + mXmfSi. 

The solutions of these problems will not be materially diflTereot 
when the inertia of the pullies and the weights of the rods, ftc» 
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foreei hf\4fhich thif «re mrgied in the oblique directions ^B, eA 
will be jenoted by ^B — and ^A -jr- respectively. Al»o the 
force of tension T when referred to the oblique directions 
^B, a A, produces in the direction ^B the tension "^ ^ ^» 

acting contrary to the forcie of gravity ^B -^ ; and in the'^i* 

Jx 
rection a A the tension T x ^, acting contrary to the force ot 



gravity ^A 4. 



d ^ dx. 



Hence gB x nr — Tx ^isthe motitrefdificeby whi^h Bit 

urged along AB, and T x T^ "^ ^ A ^^ the itfoUti force fry 
\^hich A is urged along «A ; and the motive Coreel behig di* 
vided Iby the respective masses B and A, we have^ x j^ — "fO? 

fof the force by which B is aecelerated, and •j-r-'^jg'^f^ for 

the force by which A is accelerated. 

By dynamics PdS ■=. VdV (P being the ac:celerative for^ei 
dS the element of the space, and V the velocity), hence iif u be 
put for the Velocity of B^ and v for that of A^ We have Uiese two 
Equations 

, dv TdxK J J T^dx , 

, /Tdx dq. J Tdx 
^"^ VKd^-'^^'dr) ^'^ ^ -A «^'9 = •'*'• 

Hence, by integrating, we gel gy—^f Tdx ztz |k», and 

i / Tdx ~ gy = I »•. From the first /Tdx = gBy^i Bu\ 

and from the secondy Tdx = gAa -^- i Av*, 
hence gBy — | Btt' ± gA^ + i Av*. 
But by hypothesis, z designates the altitude through which a 
heavy body must descend to acquire the velocity «, therefore 
by dynamics gdz zz udw, hence gz = ^ »«, and because 

^ = i^.* ^^ *^^« i^' = ^? •** = * ^ ^' Substltmiag 

these vulues for | u* and | v* in the equation gBy •'-k. | Bn^ 2S 
|r Ay + I A V* we get 
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and au be driivn, then the reft of the foree in the direedon 
pZ being destroyed by the resistance of the curve, it it clear tlttl 
we shall have an equilibrium when 

¥ • Mf :z IP • p% 
Let u be the velocity of the body P, p its absolute gravity, 
g tha of the body Y^ Ff =: Jx, NP zz y. ?p = ds, st =: «; 

then we have i7 =; ^, ' ^ , w c^r-^r and ^ : I/:: sir : Pp. 

^V n ^ 

that is to 8ay,^Ai = -^ ; let aIv =: n, then we find Ifi or ^ddx:z, 

^i^ljLtrJ^ — n; also because F • afv 2 P • ^, we have 
ds ^. u^ 

Therefore F</i* + -^^.- + _ = — ^ + -^, 

« u dx •■ • 

and consequently » = F</x* -4- ?ds* — "^^ ^ ' 

. « da . , •— fu'dxddx — Fgds*Jx + P#*Vf 
but ^ = -. therefore Fd»'+Pd5' ^^ 

. (F(f*M-P<f*») . aFu'dxddx 

= '"'« J *" *•"*« • - — P3? — + Pds' - = 

»pdy ^— ,the complete integral of whiph (suppoiing tt=:o 

when X and y = o) is 

—5 — p2p ^ = P/y -^ -^ ; and making 

ds^[py -, IB) 
«' = «/>*. ^^ find k = p^,. t. fl^ ' 

We may remark that ,— is the velocity of the body F, for the 

string being inextensible, the velocity of the body F at each 
instant is to the velocity of the body P, as dx to ds. 

CoR. 1. If we make ff = ^, we have A = -/, ]^ ^~%\ 

^ yds* 4- tdx^ ' 

which agrees with the forniula given without demonstration, by 

M. Bernoulli, tome Sf des Memoires dc Petersbourg, and roar 

be easily drawn from the principle of the Conservation 4es 

Torccs V'ives, 



Cor. 5. If in (he precediag Cor. we laake ft* as 1^, toi 

We mayy if we pleasef make A = o, by tuppasing. fbat lliff 
bo4x P departs from C« and tbea wc ahail hiVf 

i_ P(y — Fa)ib* 

Scholium. This solution of the problem t^y appear 
rather long ; but I thought it was proper to shew the application 
of our general principle. 

If we would otherwise resolve the problem, we might procecfl 
in this manner* 

Let T be the tension of the string, which acts equally ac* 

P^y Tdx ^ 
cording to CP and CF, then we have -A-^ j- for the 

force which accelerates the body P in the directi(m Pj^t wd 
-J- *— ^- for that which ^accelerates the body F in the di- 
rection ¥/; we have therefore f -jt^ — -^T ) ^^ ^ P*m'»i wA 
^_ Y^^ di^^d (?^3. from whence we get by ad- 



ding the two equations, and integrating, 

"' + TdF = '^py — h 

This last solution is certainly more simple than the preceding 
one ; but then, on the other hand I think it is neither so luminous 
nor so direct* For strictly speaking, the string does not act on 
the bodies ; it has only a force of resistance and not of impulsion. 



ARTICLE VI. 

On the Expansion of ike Formula ^ (A+ c cos *)**' 

iy ilfr. Thomas Knight, PapcastU. 

Though mathematicians have been very much occupied with 
the expansion of (A + c cos xTt into the form B +B cos *4-B 

cog 2X 4- (1), from its connexion with the enquiries of 

Physical Astronomy, no one has shewn a priori how B may be 

found from B. This^ besides exhibiting other remarkable re* 



f 
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and by adding these two solutions we get a third 

i-/d->-^^^'ry(l)^-</r-:T/(?)^-/- 

which however is more curious than usefulj the first solutioa 
being much the simplest. . ^ 

By equating the values of a , given by the two first 

there ariises the linear equation 



1 1 
• c 1 a /• • const m • « 
B + B — = 2BC, whence B = — / bcc -\ , where the last 

11^ , t V ^ ^ 

term must evidently be omitted, as c cannot be in the denomi* t 

nator* The relation betwixt b and b is expressed -then by the 

eqiiation b = / bcc* 

If we expand 9 (A+c cos a) by Taylor's theorem, and put 
for cos *Xf cos 'jr, &c. their values in cosines of multiple arcs» 
we find 

where by (p (a) I denote the fluxional co*efficient-of the nth 

order ol f (a). 

1 

The equation b = ^^fbcc gives 

1 ^^ ^ ^ 2.3 * 2.3.4.5 ^ 2.3 7 " 

and from these the other co-cfficients may be found most easily 
by the first solution. 

ARTICLE VIL 

On the Sine and Cosine of the Multiple Arc. 

By Mr. Knight. 

The demonstrations which mathematicians have given of Ae 
formulas ior the sine and cosine of the multiple arc, in terms of 
the cosine of the simple arc, appear to be deficient in brevity 
and simplicity ; they have indeed been established by mcani •f 
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theorems more abstruse than the propositions themselves that 
were to be investigated. Thus Waring* $ proof is made to de- 
pend on his theorem for the sum of the powers of the roots of 
an eauation. Arbogasif "^ Calc. des Derivations*' p. 179, uses, 
for tne s^me purpose, his form for an expanded multinomial* 
Others have employed the method of increments, $iee La Cfoix^ 
*^ Calc. Diff," tom. 3, p. 207. Mr. ^^^c/^^tf^e (Trigonometry, 
p. 174) seems to entertain the opinion that these expressions 
** cannot be rigorously established . by any simple means or ob* 
vious artifices". I venture to offer the following method of 
^ investigation; — 

It is easy to see from the trigcfnonjetrical equations 

sin nx ::= a cos x sin {n — 1) x — sin [h — 2) a '.(1) 

cos nx = 2 cos X cos (n — 1) jt — cos (n — 2) ;c 
that the expressions we are in search of will have the following 
forms, when n is a whole positive number, 

sin MAT = 6in a? (a cos x "^^ +B cos **""^ + c cos x**^^ +) 



cos nx -zz OL cos ar » + /3 cos a? +y cos x " ' + 
by taking the fluxions of which we get 

—COS a: + — cos^^^H — cos a: +; 
n n n 

II fl fl ' 

sin nx = %inx(aQ0sx^^^ +^^jScos«*"*^ H ^cosap*"^** +) 

n n 

a comparison of the extreme equations give 

a zz a; fiz=: B; yzz c;.X =— pD; &c (2) 

n — 8 n — 4 

the middle equations give 



•^ji n ^ n n n n 

and putting for/3,y,J,&c. their values given by equations(2)we find 
— (>»-2) . ,^ -(«-3)(if-4) J, ^ ln—^){n-A) ^ 



^ -(n-j)(n-6)^ ^ ~(ii-4)(>>-5)(n-6) ^ , ^^^ 

I2(n— 3) 4 . 8 . 12 

whence equations (2] give 

all th^ co-efiicients are^ therefore, known if we know a ; and if 
we form two or tbree of the first values of sin nx by the trigo- 
nometrical equation (1) it will' be immediately apparent, from 
the mode of formation, that A = a "^^ • We have then 






c6siw=i J (■ cot*) •--? (aco«>»*+ 2fe=P^(aco»«>.*l^jj, 

■ t . 

I will add here whit appe^n to be a very vmple m^UMI oi 
finding the sine and cosine pf an arc, in terms oi the arc Haaff : 
it does not require the use of fluxions* 

With respect to the fonn o JF series to be assumed^ there |a' no 
difficulty in perceiving that we may make 

hy (3) (*) ■ . w ^ ,(n 

sm X = 8 x+ s«»+ 8«' + ;coa«=:i+c«" + tf jr«+ 
If we sub«titu^ these expressions in the. common flbrmnh 
for cos <«— a), (viz. cos (x — u) t= cos xcosa-h ainxdna) 
bi^t restrict the substitiition^ in the second member, (o aio i^ 
cos a» there arises i 

(2) (4) («) (I) 

1+ c (jc— a)«+ G (X— «)44-=:easa((l4-Ci^+)+isajrf a »+) 

a comparison of the coe^icients* of u ?nd pf a* gsfftk. l4lP ^wa 

equations 

(«) (4) (n) 

c c . c ^« 

8 8 a 

• • (4) (6) (•) ' 

I r c »_i. c , ^ ' . «fa— l) c 
cos* = r+6^jX»+i5(53.X4+ + .i-_^pjj4f^ + 

c c c 

which, compared with the forms chat were assumed, will give all 

the co-efficients when we know 8 ; <concerning the finding of 
which I have nothing new to pffer* 

This method may be compared with that of La Cnnx^ in the 
introduction to his Calc. Di^. which appears somtwhas awk« 
ward. His expansion of the exponential might also have bee^ 
neater. 

Leta = 1 + a'* + A^V + .,.. + a;c +.. {«) 

then a'+*=ia' (I +A'a+A'V + )or=s I + A'(x+tt)+ a'(*+k^ + 
and by comparing the co-efficients of a, in these two values* 

(») 

A^' Af*' A 

we have a' = i+« 77- -x+Stt^ **+•••• +«'-7* *"^ + 

A A A 



and this compared with (a) gives ail the co-effidenli by w^ fn 



m . • > ■ ■ ■ 

* I suppssediebixiQqMlsindie ^tmmbertobeexj^n^iBd.a^ 



I t* 
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maybe thut arranged, and will constitute an arithmetical pro* 
d zz t — aD -— A' gression by making ^ r= flD ; wnich 
~ solves the problem in the utmost gene* 

rality for the given number of cellfi 

viz. 9. 

If D = 1 and - = j, the square wifl 

consist oi the nine digits. 

Almost exactly in me same wajr we may 
proceed when products are substituted lor 
sums and a geometrical for an ' 



c = t— D — A 
h = t— A 
J =^— D 

8 

C =: - . 

a-tV D 
h -t \- A 
g — t Ac- D + A 

/ ir tf + aD + A 

progression. 

I am not aware of the existence of any investigation inde- 
pendent of tentative methods ; such, for instance, as that ia 
Ronayne's Algebra, which is thefcnly 1 have ever seen. 



ARTICLE IX. 

An Experiment that might be madey in order to discover, whether^ 
or no, the Force of Gravity , by which Bodies fall towards the 
Earth in right Lines perpendicular to its Surface^ and which^ 
if it were a perfect SpherCf would (end to its Centre^ arises 
Jrom the mutual /Attraction of all the Particles of Matter con* 
tdined in it towards each other y as Sir Isaac Newton supposes. 

By Francis Maseres, Esq. Cur si tor Baron of the Exchequer. 

Sir Isaac Newton supposes that every particle of matter in 
the earth, and in the moon, and in the sun, and in all the 
planets and their satellites, and in all the comets, that, from 
time to time, appear in the solar system, attracts every other 
particle of matter with a force that decreases in the same pro- 
portion as the square of the distance between the two particles 
increases ; excepting the cases in which the distance between the 
two particles is extremely small, (as for example, less than the 
millionth part of an inch,) in which cases he supposes a con- 
trary principle of repulsion to take place between the particles* 
And upon these suppositions he concludes that, when a body is 
situated within the earth, or below its surface, its gravity, or 
tendency towards the centre of the earth, will be less than it 
would be on the surface of the earth ; because it will be at- 
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therefore the weight of a body in the coal mine will be to ii« 
weight on the surface of the earth as 21,119,400 feet are to 
fli,iao,ooo feet, or as 211,194 is to 211,200; or the foi'ceof 
gravity acting upon a body in the coal mine, and tending to 
move It in a right line towards tlic centre of the earth, will be to 
the force of gravity acting upon the same body on the surface of 
the earth, and tending to make it move in the same direction, 
or in a right line towards the centre of the earth, is as 2 1 1,194 it 
to 211,200. And, consequently, if in any small portion of 
time a body pLiccd on the surface of the earth would fall perpen* 
dicularly downwards through any space called S, it would, if 
placed in the coal mine, fall perpendicularly downwards through 

only ^-^ parts of the said space S in the same time. 

' 211,200 

Thereforeif avery good pe^idulum clock, thai swings seconds, or 

performs one oscillation in a second of time, were to be carried 

to the bottom of such coal mine 60a feet deep, the space through 

which a heavy body would fall in the said coal mine, in the same 

time in which it would fall, when on the surface of the earth, 

through the length of the said pendulum (which we will call: 

L) will be less than the length of the said pendulum, or 

than L, in the proportion of 211,194 to 211,200, or will be 

equal to —-^ X L, or 0-999,971 ,590,909 X L, and con- 
^ 211,200 

sequently the time of falling through the whole length of the 

pendulum L in the coal mine, will be longer than the time of 

falling through it on the surface of the earth, in the same 

proportion as it is longer than the time of falling ihrougli 

©•999,971,590,900 / L, in the coal mine. 

But the time of falling through the whole length L in the coal 
mine is to the time of falling through 0-999,97 1 ,590,909 x L in the 
coal mine in the sub-duplicate ratio of the spaces fallen through, 
to wit L, or 1 L, and 0-999.9'" 1,590,909 X L, that is in the 
sub-duplicate ratio of 1 to 0*999,971, 590,909, or in the ratio 
of 1 to the square root of o'99y, 97 1,590. 900, or of t to 
0^999,585,705, or very nearly of 1 to 0-999,985.8. 

"Thcretorc the time of falling through I-, or the length of the 
pcr.dr.lnm, in the coal mine, will be to the time of falling 
ihruuph tl'C ^ame length on the surlacc of tlie earth, (which is 
equal 'to tht time of fiiUinir ihrouj^h 0.999,971,590,909 xL in 
the coal mine,) as 1 is to c.9o<),9H^5,y. 

But the lime of falling thiuut^h L, or the length of the pendu- 
lum, in the coal mine, will be to the time of performing one 
oscillation of it in the co:il mine in the same proportion as the 
time oi falling through the length of the pendulum on the sur- 
farr' af the earth is to the time of pcrformijig one oscillation oi it 
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the superincumbent mass of matter, which will have weakened 
its attraction downwards by the much greater mass of matter 
lying below it. 

This computation ot the time that would be lost by the penr 
dulum clock in the coalmine, in the space of 116 days, is 
founded on a supposition^ that the matter of the earth wai of 
the same density in all its pans from its surface to its centre. 
But this supposition is thought to be far from the truth ; and it 
is generally thought that the density of the earth near its centre 
is much greater than near its surface ; and therefore the loss of a 
body's gravity by its being carried into a coal mine six hundred 
feet deep, will be much less than on the foreeoing supposition, 
and consequently the loss of time of the pendulum clock in a 
coal mine of that depth, in the space of 116 days^ will be much 
less than on the former supposition, or than 142 seconds, and, 
perhaps, not above a fourth part of that time, org^ seconds and 
a halt; or, neglecting the traction, 35 seconds. Therefore, 
there is no reason to expect a greater loss of time from this re- 
moval of the pendulum clock to the coal mine than that of 35, 
or perhaps 30 seconds in 1 16 days, or -^^ seconds, or -p^* or 
about a quarter of a second in 1 day, or a second in 4 days, or 
a minute in 240 days, or in 8 months. This is indeed a very 
small quantity, and renders the experiment more difficult and 
precarious than it appeared before. Yet, perhaps, it may be 
worth trying. 



ARTICLE X. 

Hemarks upon Mr. Gough's Essay en Polygonal Numbert. 

By Mr. Barlow. 

It was not my intention to enter into any further arguments 
on the subject of Mr. Gough's demonstration of Fermat's 
theorem, considering what I had said in Nicholson's Journal to 
be conciusive, unK ss it could have been refutefl ; but instead of 
taking this course, Mr. Gough has published in your last number 
a corrected essay, and calls upon me to point out any error* 
which, he says, in its present form, will be easily detected, if 
any such should have inadvertently been comitted. It it true, 
in the corrected essay the error is so obvious, that I trust itonly 
wants to be stated, in order to its being acknowledged, not only 
\>y every other mathematician, but by Mr. Gough himself. 
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demonstrations, would naturally refer to cor. 3, prop* n» for 
some satisfaction on this head, and in a corrected tssay^ a| leait, 
"Would expect to find there something to the purpose, \rhich 
warranted the above conclusion ; this^ however, does act ap« 
pear to be the case, for the corollary in question is as followti-^ 
** If J, S be aggregates of functions, the gum of whofc in- 

dices are ^, S ; and if f 7 S, but s JL S; then the functiooi 

into which s is resolved by ^, are not more than those into 

which S is resolved by S. For put r r= ^ -^ S, and its index r 

may be found by cor. 4, prop. i. Hence S + r will resolve f 

into more functions than J, by cor. 1. ; but S + r resolves s into 

more functions by one than S resolves S ; hence the truth of the 

corollary ;" and hence also the truth of the proposition. And here 
it is that I conceive the error in the demonstration to rest, for 
1 positively deny, that from this corollary any such conclusion 
can be drawn ; and it it be not, as it appears to me to be, en« 
tirely unconnected in the principle with the concluding part of 
' the essay, it is at least by far too remote for any mathematical de« 
monstration ; and if this latter were the case, would not, and 
ought not, Mr. Gough, in a corrected essay, where he hubeen 
so profuse in propositions and corollaries, to have bestowed a 
few lines in this place, in order to render evident the most 
essential part of the demonstration ; and as he has not done it 
am I not justified in concluding, that this omission is notacci. 
dental, but proceeds from a delect in tlie prmciples of the dc* 
monstration itself. 

I shall now finally take my leave of this subject. Mr. 
Cough's first essay, and my objections to it ; as also his cor- 
rected essay, and my remarks, arc before mathematicians ; who 
will, I trust, find no diflSculty in deciding between u^. 
R oy a I Mill t a ry Ac a demy . 
Woolwich^ October 1, i8io« 



ARTICLE XI. 

On the Resolution of the Irreducible Case in Cubic Equations. 

By Mr. P. Barlow, of the Royal Military Academy, 

Woolwich. 

The resolution of cubic equations, particularly those that &1I 
un ler what is called the irreducible case, is a subject which has 
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Engaged the attention of many celebrated mathematicians, and 
we have accordingly several ingenious rules and formulas for 
findins, or expressing, the roots of equations of this kind ; viz. 
by tri^nometry, whence the roots are obtained by means of 
table of sines and tangents ; by continued fractions, by series^ 
&c. &c. But these methods^ though they do honour to the in* 
genuity and theoretical knowledge of their respective authors^ 
are still very deficient, as they do not lead to the result with 
that simplicity and ease which is always so much to be desired 
in mathematical calculations, llie trigonometrical formula which 
exhibit the roots of cubic equations are, to the eye, as simple 
and elegant as can be desired, but the operation (except in a tew 
cases when a particular relation subsists between the co-efficient 
and the absolute term) is very tedious and operose, and such as 
to render the solution by that method very dubious beyond 5 or 
6 figures; and a similar objection may be made against every 
other rule that has been at present discovered ior the solution of 
these equations. 

The fact it, that those authors, who have most considered this 
subject, appear to have been too much engaged with the theory, 
to pay that attention to the practical utility of their deductions 
that the importance of the subject demanded, and the conse- 
quence of this is^ as we before observed, that while wc are in 
possession of many elegant rules in abstracto for the solution ot 
this problem, we have none that can be applied to real operations 
with any tolerable degree of ease and convenience. 

Thesccircumstances led me to the consideration of the question 
under a more practical point of view, and the result of my in- 
vestigation I will endeavour to explain in the following pages ; 
previous to which, however, it will be proper to state a few 
propositions by way of lemmas, the demonstrations to which are 
not given, as they may be found in most writers on this subject. 

1. pA'ery ctbic equation. ;t^ 4- ax'^ + i^ f c= o may be 
transformed to another of the form y^ V pyz=zq* 

2. This reduction k performed by taking — p ^ 3a* — pi, 

and q — ^la — 2a' — 27^, in which case x •=. . 

So that the value of y being determined in the transformed 
equation, that of x in the oiiginal one will be obtained ironi the 

y — a 

equation x tz <- . 

3. Every cubic equation when reduced to the form y''-\'pyzzq^ 
may be resolved by Cardan's rule, ii /> be positive; and also '\i p 
be negative and 4/)'/. 27'/'- 

4. But if ^bc negative, and 4;>'> 27 y', the root, accordincr 
to the method of Cardan, falls under an imaginary form, and f<»r 
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this reason it is called the irreducihU cnse^ the solutioA of whidk 
forms the principal consideration in the present paper* 

5. Every equation *' — pxzzq^ that falls under the irreducible 
case, has three real roots; the greatest of which is positive when 
q is positive, (standing on the right hand side of the equatioD], 
and negative when ^ is negative ; and in both cases the sum of 
the two less roots is equal to the greater one, but with die con- 
trary sign ; the sum o\ the three roots being zero, according to 
the known theory of equations. 

These premises being made, I shall proceed to an explanation 
of the method of solving those cubic equations that are of the 
imaginary form by means of the following table; and as we have 
seen that every cubic equation may be reduced to one of the 
formy -h py =7, or to the form j^' — py == =ty in the case at 
present under consideration, it will be sufficient ibr our purpose 
to limit our investigations to equations of the latter form* 

Now the equation y^ — py :=. q may be reduced to another 

dependent equation y^^ — J^ =^ 2\ where q^ = SJLEm 

For makcy =: — , then the first equation becomes ?-- — . ^5. 
= q% or y^^ — n*py^z=: n^q^ and if now we put vl'p =: 1, we 
have n = —=-^ or «' z= 5lZ; and consequently n^qzi ^ ■ / ^^ 
and thus the equation y' — 7;^ = y is transformed to another 
y^' — y^ = "• X » or making-^- /■ = 9' the equation becomes 

v^ 1 

And since y zzn — , and n -=: , we have y =. y'\/^» and 

consequently when \vc have found il.c vr.Iue of 5/ in the equa- 
tion ^*^^— ?/' = q\ we shall have; immediately that of ^ in the 
equation y^ —pyz=zq, because y .-. V\//^. 

And since the original cquiition ^ — pu — ^ is of the irredu- 
ciMr form, the dependent transfornud C(|uation y'' — / = ^', ig 
so likewise, and conber.'.rjntly, fa m what has been oefore ob. 

served, _ /. — , or (/^ Z. — , or f/ Z. tlxat is o'Z. 

4 27 vy 9 "^ 

•38490017. 

And ii now this niinihir be Suostitiitcd as the maximum value 
of 7' in the above equation, making y^ — ?/' z= '31 4900179, we 
shall find by solving this cubic that the greatest value of y, 
can never exceed i*i54i, nor the least value of the same root 
ever be less than i ; that is, every possible value of ^' in eqiia. 
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1000 
1001 
1008 
1003 
1004 
1005 
1006 
10Q7 
1008 
1009 
1010 

ton. 

lots 

toia 

t0t4 

tots 

1016 

lotr 

1018 
1019 
1080 
1081 
1088 
1086 
1084 
1085 
10^6 
1087 
1088 
1089 
1030 
1031 
1032 
1033 
1034 
1035 
1036 
1037 
1039 
1039 
1040 
1041 
1043 
1043 
1044 
1045 
1046 
1047 
1048 
1049 
1050 



00000000 
00800300 
00401801 
00608703 
00804806 
01007513 
01818888 
01414734 
01619851 
01884373 
08030100 
082a6i33 
084481873 
08650980 
08859074 
0306783d 
03877810 
03487191 
03697783 
09908986 
04180800 
04333886 
04546865 
04759917 
04974188 
05189063 
05404558 
05680668 
05837895 
06054739 
06870000 
06491879 
06710477 
06930894 
07150730 
07371788 
07593466 
07815765 
08038687 
08868232 
08486400 

08711198 
08936609 
0916S651 
09389318 
09616613 
09844534 
10073088 
10302859 
10538065 
10768500 



000^0009 
00880363 
0048 1384 
00628886 
00885050 
01087816 
01831186 
01435159 
01639736 
01844918 
02050706 
02257100 
02464100 
08671708 
08879923 
03088747 
03898180 
03508883 
03718876 
03^140 
0414801& 
04354508 
045^76!^ 
04781316 
04995643 
05810i^ 
05486141 
05648313 
05859102 
06076507 
06294530 
06513171 
06732431 
06952309 
07172808 
07393927 
07615668 
07^089 
080G1014 
08284621 
08508851 
087337P5 
08959185 
09185889 
09412020 
09639376 
09867360 
1Q095972 
10325211 
10555080 
10785578 



00040012 
00240432 
00441453 
00643075 
00845299 
[01048126 
01251556 
01455589 
01660287 
01865470 
0a07lS'l8 
08877778 
02484834 
02692501 
02900778 
03109663 
03319157 
03529261 
03739974 
03951^ 

04163836 
04375785 
04588946 
04808721 
05017109 
05838118 
05447730 
05663964 
05880815 
06098282 
06316366 
0^535069 
06754391 
06974331 
07194892 
07416073 
Q7637876 
07860300 
08083346 
08307016 
08531308 
087562?5 
08981767 
09207934 
09434727 
09662147 
09890193 
10118867 
1 10348170 
101^8101 
10808663 



3 

00060087 
00260507 
00461588 
00663271 
00865555 
01068442 
01271938 
01476086 
01680784 
01886087 
08091936 
02298451 
02505573 
08713308 
02921639 
03130585 
03340140 
03550305 
03761080 
03972466 
04184464 
04397074 
04610896 
04824132 
05038588 
05853646 
05469326 
0568562^ 
05902534 
06120062 
06348209 
06556973 
06776357 
06996360 
07216982 
07438226 
97660090 
07882577 
08105688 
08329417 
08553778 
08778751 
09004356 
09230585 
09457441 
09684923 
09913032 
10141769 
10371135 
10601129 
10831758 



00280581 

0048: 

006834^ 

0088581: 

010887( 

0129831^ 

01496^ 

0170128: 

019065911 

0811 

083191 

Q85£6S1! 

()87S41t 

0294er 

03151511 

083611 

03571J 

0378811 



04411 
046311 

0506001 

0587518 



05 

0599 

06141 

06360057 

06578884 

06798389 

07018394 

07239079 

07460384 

07688311 

07904859 
08188030 
08351824 
08576848 
08801884 
09026951 
09253843 
09480161 
0'97(»7706 
09935878 
10^64678 
10394106 
10624163 
10854850J 
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ARTICLE XII. 

Nsw Propt^es of the Conic Sections, 
By Mr. J. F. W. Herschel, St. John's College^ Cambridge. 

^ To the Editor of the Mathematical Repository. 

Sir. 

As the following properties of the conic sections appear to 
me, so far at my reading has hitherto extended, to have been 
unnoticed, I have been induced to trouble you with them, 
under the idea that you may, perhaps, not' deem them unworthy 
a place in, your Repository. 

If we call a the semi-axis major oi a conic section, ae the 
excentricity, r, the distance between one focus and a point in 
the curve, R, the distance between the other, and the same 
point, ^nd u =s the an^le included between r and the line join* 
Hig the foci, we have 

1—^ J 1 — aecosul-^* 

, and .'. Rnaa— r=a 



1 — e cos u 1 — € cos u 

R_ 1 — 2ecQStf-fg* 1 — ecostt ^ i— ^ggco^u fg^ 
r 1 — cjcostt 1 — e ' i — e 

For u substitute successively ^, S + — , + ^ .••• 6-^^^—^; 



n n 



and call the corresponding values of r. r. j ;^,\^;i* ^/.'^H ""^ \ 

wi J . r .1. 1 ^111. R(l) . R(2) . . Rf«) 

and the product of the values - will be — H^ V-r ^ = 

* r m) . r{2) .. rCn) 

(i-2^cosfi+e«) (i-2rcos(0+ — ) i e"). ■(i>2<fcos(9+ *^"'^'^^ ) 4 e^) 
1 — 2tfVosnO -I- ^^'^ 

= (.-^). — - :'" 

which is the general equation I proposed to deduce. 

But when oneoi the lines, which drawn from the focus, divides 
the circumference into/i parts, (i. e. of the lines r(i), r(2^ &c.) 
has its other exrremity in the farther vertex*, assuming this for 
7(1); wc have d zz Ot and ••. cos nd zz 1, and the equation (a) 

becomes "(') • ^^f'^)-- --h;") ^ '-^^^ + ^-'' ^ (»-0\ 
r(i) .r(2).. .r(n) (,_«»)• (»—«»)" 

\vhich geometrically expressed, would afford a property noti 



( 6o ) 



.' 



ARTICLE XIII. 

Ikoetirminate Problems. By Mr. Cumliffe. 

Problem i. To find the sides of three right-angled tri- 
angles in rational numbers, whose areas shall be equal to each 
other. 

Solution. It is known that wi* — «*, 2mn and m* + n\ 




Put pzzm{-r and qzzn^r^ then pqzzmn — r^ip, — n) — r\ and 
^*-M.^*=:i«*— n*4-ar(«-l-«) ; therefore mn (m* — »*)=^y(^'— f*) 
=(m«— r(»i— n)— r*)(m*— n* h 2r(m -f «)) =»i» (wi*— «•)— r(»i -f n) 
y. (!«• — 4m«+n^)— gr* (m*— «*)— ar'{w+ ») ; which becomes 
2rH-3r(wf — n)=: — w*+4wi« — «• ; completing the square. &c, 

rrr + 4 •(»*+ i4iii»-f n*) — ^ ■ From whence it ap- 

pears that, in order to have r rational, m* ^ lJ^mn+n* muit be a 
rational square. Put m*'^ij^mn+n*={m+n f J)*— m*+S»in + 

«' + 2^(wi f «)+j', whence m = H"* » *^ supposing the 

positive sign to have place r i= ^ ^/(iti* + i^wn -#- n*) 

3(7W— w) ^ ;» + ;? + J -^ ^[m — n) _ ^n + s — 2m' _ i2#i* — s* 

4 "" 4 "" 4 ~ *«« — 2/ 

er if the negative sign in the value of r, is supposed to take 

place. r=-~i^(mVi4m + «')-3i^-=ll' = '"--^-4"| 

4 4 

igyi* — 12W5 — J* ^ 

"~ 2 X (12n — 2J) 

Now as r has two values, it is evident from what has been 
done, that we can find the sides of three right-angled triangles 
in rational numbers, whose areas are equal to each other. 

Ex. Take «~i and jz:3 then zwzz ^, 2mn=:^,m'' — n*:z — 

^ 4 

which are the legs of one triangle, and taking the first ex- 

r 12W*— J* 

pression for r, viz. r =: — — z= | ; then p = m + rzz^, 

,=„-r=.|,»^,=3.rW=-f . which are the legs of ano. 
ther right-angled triangle whose area is equal to the former* 
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Taking the second value of r. viz. r= # ■-■ «-*■ 

a^li2;i — 2S) 

and /)* — 7* = •^ =* — 14 or -^- and 14 are the legs of a 

third right-angled triangle whose area is equal to that of the 
former : And reducing the numbers to a common denominator, 
we shall have the legs of one triangle 40, 42 ; of another 
84, 70: and of a third 15, 118; all of whicn have the same 
area. And from the preceding general solution, innumeiable 
sets of right-angled triangles may be found, three in each set. 
that will have the same area. 

Other general values for p, ^; m^ n may be obtained as 
follows, rut m +t^mn'^'n =:( — * — ») z: — ^^ h «% 

whence n = 7^-— — -r ; take i»z= 146 + 2abi then nzia* — b*; 

— 5! L and, supposing the affirmative sign to have place, 

4^ 
q:z=.n — r=;io^* — ^ab. But supposing the negative sign 

, Abn — m{a-\-%b) a* — loa* — 2^4*. 
to take place, rz= •* -r **— = 1 s^— , 

tf« — Sab + 56* '_^ ^ a* + iofl6+ fii6* 

p z: m + r = — ' - — t J— « — rzz . 

«^ ft ft 

Ex. Take a = ft, * = i, then m z= 18, n =r 3 ; ^ = 15 and 
<7 = 6or^=: — - and y = i5 ; whence the legs of the three 

right-angled triangles are 108, 315 ; 180, 189; -^and 504. 

Another way of fihding the sides of three right-angled tri- 
angles, in rational numbers, having the same area, may be as 
follows : 

Let m} — n*, amn and »i*+ «', denote the sides of one of the 
triangles; andp' — 9', 2pq and p* -^rf the sides of another: 
then as the areas of these triangles are to be equal to each otheri 
wc shall have mn Cw*.— »*) = pq (/>* — ?'}• 
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I 
« • 

■ 

Put m=pt and tl||£quauon becomes mn [m*'T-4f)zzmg{m*-^)t 
which gives m* zis ' =:ji*4-«y-+-9*, whence s* 4-119 +-*• 

=:iii* — 2L- — ^5LZl2t; takbg.the square rooc^ &c. 

• • "" 

nzz + i |/(4»»*T-3J'*) — ■^; whence it appears that, in order 

to have n Tational, 4111* — 39* ninst« be a .rational square. F&t^ 

m ir '- -\*i* • . Put y = 4a*, then in tr 4* -f 3^^ ; and iop« 
posing the affirmative sign to take place, in the value of 

Again, supposing the negative sign to take place in the value 
of If. If =: » — ly X ^^ ^ ' = 36* — ae* — 41% fa which ex- 
pressions a and h may i>e taken at pleasure* 

Ex. Take a =a and i = i, then «-^=:7,andy=:8tVf-l*«» 
p^^f^-^lS ; and the value of n by the first expresikm it— 3, 

whence 2m« =: — 42, !»• — n* = 40. 

Again, the value of if from the second expression is «» j, 
therefore sm« = — 70, «' — n * = 24. 

Qne of the legs in each of the three triangles in the preceding 
example happens to be negative, they may, therefore, without 
detriment, be all taken amrmative; that is the sides of one 
of. the triangles will be 15, 112 and 113; the sides of another 
40, 42 and 58 ; and the sides of the third 24; 70 and 74. 

£x. a. Take a=ri and 6=2, then iii=/>=:i3, jf=:8, fijn^z: 

«o8, p^ — q^^\o5. 

The first expression for «, gives n zz — 15, whence Sme 
=z — 390, and wi' — n* zi — 56 ; and the second expression for n 
gives 11-7; then 2^^ = 182^ wi*— if*=:iao. And the sides of 
these three triangles are, ist. trtanele loj, ao8 and 933 ; ad. 
56, 390 and 394 ; 3d. 120, 182 and ai8« 

Other general expressions for i», n ; p, 9, will be obtained as 
follows : 

Put 4m* — 3^ = (2m— df n 4ai* — ^md + (W, wheece m 

^ 3?LJ_£, ,^_d - 3?!^*. and hence. n=:±{[tm^dhSi 
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therefore « = 3£l=£fciV or , = f'^<l-^^\ ^,here q 

an d i/ may be taken at .pleasure. 

Ex. Take yr:3, and d± 1, then mzzpzzj^ and n = 5, or 
n = — 8, 2pq = '4a. /»• — ^* = 40. p» + 9* = 58 ; taking n = 5^ 
9m»z:70, f»" — «*= 24 and m* + ^* = 74. or taking » r: — 8, 
amTiz: — 11a, m^ — n^^ — 15 and »*+»*= 11 3t and because 
both legs are negative, in the latter circumstance, we may put 
Sfvniziia, m* — «*=J5 and»i*+n*=ii3. \ 

Problem ii. To find the sides of any number of right- 
angled triangles, in rational numbers, whose areas sh^ll be equal 
to each other. 

Solution. Let «, I and A, denote the two legff, aiid^ the 
hypothenuse of a given right*angled triangle in rational num- 
bers : also let a\ V and h\ denote the two legs and hypothe- 
nuse, in rational numbers, of another right-angled triangle o£ 

equal area with the given triangle, that is a Vzzab^ or a'zz -n ;} 

put 6^ z= 6 + J ; then a = r^ — and hcncie A* = a'» + b'^ 

a*b* ^ ,, ^ ,. a*h* +\b + s)* . . 

"(Trip ^i^^'> = {Fu? ~ * ^'^"''** therefore 

66«j«h46jHi* = a square =(M4- ^—5*)*=si'A«+46'x-|- 

4_._ ^Us -±j- + **; whence , = -^j^^ .. 

1/ 1 . «** — ** / ^* 2aiA ,^ ,^ . ,._ 

*' = * + * =—«r-''» = J+7f«T»:=X" * =« + ^ ' 

= • 4A>6'-AY ' °' * -ISpTZAr ; "d consequentljr 

The way of obtaining the sides of the triangles, in succession, ' 
is abundantly evident from what has been done. 

The most simple numerical values for the sides of a right- 
angled triangle, in rational numbers, are 3, 4 and j, therefore 

we may take 6=4 and A=5, whence a^zi , y ;;:^ Z, and 

,/ 1201 
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But the Bides of a third right-angled triangle derived in sue 
cession, in the same manner, irom the last, will evidently be 
large fractional numbers. 

In order, therefore, to obtain numbers moderately small for 
the sides of six right-angled triangles of equal area, I have em- 
ployed one of the sets oi numbers for three right-angled tri- 
angles, deduced in the examples annexed to the first problem, 
and from each of the three triangles deduced another by meant 
of the conclusions in the present problem* 

Ex. 40, 42, and j8, are numbers expressing the sides of a 
right-angled triangle, therefore we may put a 21 40, ^ =: 4s and 
i= j8. And by means of the preceding conclusions, we shall 

liavc — » ^-^ — and -- ^ — for the sides of another riffht- 
«9 41 1189 * 

angled triangle of equal area. 

Secondly, 24, 70 and 74 are numbers expressing the sides of 
a right-angled triangle, equal in area to that of the former, there- 
fore we may put, 0=24, bzzjo and hzzjj^i and from these we 

shall have -^ . ^i^ and ^J2^2^ for the sides ol aixother 
87 1081 39997 

right-angled triangle of equal area. 

Thirdly, 15, 112 and 113 are the sides of a third right- 
angled triangle, equal in area to each of the two former, there- 
fore we may put, a = 15, b zi ti2 and An 113; and from 

fliese we shall get ^'3>9, 37968o ^^^ iTl^Mi for the 

° 226 12319 2784094 

sides of another right-angled triangle of equal area. 

Another expression for j, and consequently for the side of 
the triangle h \-Sj may be found in the following manner. 

The general expression to be made a square, is ^'A'-|-4fr^J+ 
6i^'s' + 4^;jM .f*; therefore put b^h} \ 40'i |-6^>V-|- 4^^^' -} j* 

put 2goh I- jv== o/> , or^ := ^2 ^ m order to take 

away the three leading terms on each side : then from the 
equality of the remaining terms, viz. /Jl^s^ \s^ — ^ Y g'^s\ 
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ARTICLE XIV. 



A mdM •ffimJUng two Ares »f the same Eikpat or Bfperhb 
whose Sim, or difftttmce^ sisit he a fitdte Jfgehrmkal St- 
fressioH. 'Bg Mr,Cviihim, 

First for ike Ellipse. 

Jjt^ e denote the excentricity of an ellipse wboie semi-trant. 
verse axis it i ; and let x denote a part of the transvem axis 
intercepted between the centre and a perpendicular -ordinate : 
also let E denote the arc of the ellipse iptercepted between the 
conjugate axis and the said ordinate. Then it is well known 

that B = aJV *~''** . Put ex' = i/ ' "" '* ** ; whence 

* ?= — y — -^ I then, will £ = ex'i ; taking the fluents, 

zizexx" ^J^.x^=€Xx'—& ^j^f^zzexx—v.mz+r 

-= exxf = * V r I Where e' denotes an arc of the 

the same elHpfe, intercepted between the conjugate axis and a 

1 ^1 — e*x* 
parallel ordinate at the distance x^ zz-- ^ j- from the 

centre. 

The fast expression is very remarkable, as it furnishes the 
means of determining two arcs of die same ellipse whose sum is 
expressible by an algebraical quantity. 

Again, putting tx'^ = y _ , rt &c. &c. and proceding 

as before we shall pretty obviously have y/ = txfj^' — e^'; 

e"=^;c'V"-b'";e'' =^jc''V^'^^E^^^^&c.where, e^e^^e'^^&c. 
denote arcs of the same ellipse intercepted between the conju- 
gate axis, and parallel ordinates at the respective distances of 

^r^ ly/\ll£j^,." =IS/^.=£C, -'^i/^'. &C. 

c^ 1 — x^ e ^ I — X* ^ i-x"^ 

and consequently e = exx^ — ex^x' + tx'^x*^" — ^x^'V^^ &c. 
ton terms ± e(*\ or E=hE("J=:^x(ap«'-;cV + a/';c"^*"V,&c. 
to n terms), where e^") denotes an arc of the same ellipse in- 
tercepted between the conjugate axis and parallel ordinate at 
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ihe distance x^'^' from the centre; the upper or lower sign takes 
place accordingly as n is eve^ or odd. 

Secondly for the Hyperbola. 

Let e denote the excentricity of an hyperbola, whose semi* 
transverse axis is i ; and let x denote a part of the transverse 
axis intercepted between the centre, and a perpendicular ordi- 
nate ; also let H denote the arc of the hyperbola intercepted be- 
tween the principal vertex and the said ordinate : then it is well 

known that Hiri V —z . Put ex^ =: v — » , whence- 

%-=. —V —71 ^ then will h = « v — i-: — - = ^x'x\ 

taking the fluents, H = txx* — J txx-zitxx' — I iy — ^%^^ ■ 

—5- ; where h' de- 

notes an arc of the same hyperbola, intercepted between the 
principal vertex and a perpendicular ordinate at the distance of 

= -y -» from the centre* And proceeding ex- 
actly in the same way as was done for the ellipse we shall have 
H i h("^ = ^ X (;cx' — ;r V + x V — *" V% &c to n terms). 

Where H^"^ denotes an arc of the same hyperboba, intercepted 
between the principal vertex, and a peipendicular ordinate at 

the distance *^"^ from the centre, where * = - y ■■ 4 * ^ 

the upper or lower sign takes place according aa » is even 
or odd* 



x' 



ARTICLE XV. 

A new, Method of approximating towards the Roots of Equations 

of all Dimensions. 

By Mr. P. Barlow, R. M. Academy. 

The following general formula, for approximating tovrarda 
tlie roou of equauons, it I believe new ; and as it possesses 

s a 
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several advanta^ over the method of Double Position* (Whrch 
is now most commonly practised) lloth as it is attended with less 
labour, and has a greater degree oi convergency, it may not be 
unacceptable to the readers of the Mathematical Repository. 

• Let ap* + ps^^ + jx**"* + rx**^ + &c. • w, be any general 
equation, and let a be an approximate value of x, so that 

a + pa*^^ + qa^-J^ rJ"^ + &c. = v. 

then will 

(a; — Tpga 

(Ji— 1)» or » + (»-!- i)a»+(n-i )^a'^^ +{«-3)?«*^^ \- &c. 

be another approximate value of x (using w ox v according as a 
is integral or decimal ; which will in all cases, at least, double 
the number of figures in a, and in most cases the approxima- 
tion is considerably greater. 

It is difficult from the nature of the investigation, to state the 
precise limits of approximation that may be depended upon ; 
but in all cases^ the doubling of the number oi figures assumed, 
may be considered as perfectly accurate; and, generally, if the 
error be considerablv less than the absolute term, the nrst sup- 
position (admitting it to be the nearest integer number), will 
give two decimals, and by using these three figures as a new 
value of a, six or seven figures may be safely confided in. 

The method of approximating by double position, is generally 
said to double the number of figures each operation, but in the 
comparison that I have made ot that method with thia formula, 
I have frequently found that I could not depend upon the 
result to that extent ; but I liave attempted no equation by 
this rule, in vAich it failed of doubling the number of figures 
assumed, and generally I have obtained the same result in 
two operations, as I did by three in using the method pf double 

{position; and as each ol them is attended with only half the 
abour, in squaring, cubing, &c. that is necessary by position, 
it is obvious that considerable facility is given to the solution 
of equations, by this lormula. I have not leisure at present to 
send you the investigation, but will furnish you with it for your 
next number, if I have not previously published it in the intro* 
duction to my own tables. 

Solution of Cubic Equations. 
In this case the general formula reduces to 

, (w — v)a 

c; or w H- 2rt» + pa^ 
I. Let there now be proposed the cubic equatioM 
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Assume a =r 4, then 



.3 



= 64 



aa^ zz 128 



3«« = 48 




^a' = 48 


3a = 12 




w =140 


V zz 124 




316 divisor. 


tv zz 140 






{to — v) zz 16 






a = 4 






3i6)64(.ao 


therefore x r: 4-20 


ssuraing therefore a = 


= 4-a 




P Oil 




2tf' zz 148*176 


3a* = 5a-9a 




fa* = ^2-92 


.qa = 12-6 




tv z: 140* 


V zz 139-608 




341 096 divisor* 


w = 140* 






(zv—v) zz *Z9 * 






a = 4'* 






784 






1568 







341*096) 1*646 4 (•004827*. Therefore x zz 4.204827, 
which is true to the last figure ; for by adding 1 to each side of 
the proposed equation we have 
(07+ 1)* = 141 ; therefore x zz — 1 + V 141 = 4'2048fi79. 
2. Given *' — 15* = 30, to find x. 
Assume a = 5 ; then 

a* zz 125 a«* = 250 

—15^ = — 75 ^ - 30 

V zz jo 280 divisor, 

a. = _go 

{v — zv) zz 20 
a = 5 

28o)iooC36. Whence x = 4'64; andassum- 
ing this as a new value of a, we have 



a' zz 99*89734 
— 15a = — 69*6 

V zz. 

w zz 

{v—w) zz 



30'29734 
S2 



2a» r= 199794 

ztf zz 30 



229794 divisor. 



a zz 



•29734 excess 
__4-64 



118936 
178404 
i£8336 



229*794)i*3796576(*oo6oo3 



^ The last quotteot figure shootd alwayt be tiken the Dcarcdty ivhcther in 
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which taken from ^'64, leavei x = 4'6ft3997> which u true to 
the sixth place ; for by Cardao's rule x = V a^ + V 5 =4'688993> 
our root thererefore is only deficient in the seventh fignre» 

These two examples are selected, because their roots asc 
readily ascertained by other methods* by means of which ve 
may judge of the degree of approximation obtained by the aboie 
formula. 

Solution oj Biquadratic E^uaHonSm 
In this case the general formula becomes 



« + 



{w — v)%a 



%w or 3» 4. ^* + g^« + qa^^rm * 
3. Let there now be proposed the equation 

** — 8** — 75* = loooo. 
Assume a = 10, then 

d^ zz 10000 ^ = foooo 

— ga* = — 300 qa* = — 3^^ 

— 75tf = — 7JO — ra = + 75P 

V =: 8950 8a; = goooo 

2a = ao 

8o4fo)fliooo('26io* Whence xsz 10*26109 which 
will be found correct to the fifth place, in a single operation. 

We will add another example in an equation of the fifih d^ee* 
which it is presumed will be sufficient to shew the advantage of 
the above approximating formula, as well as for illustrating its 
application, to any case that may arise. 

Solution of Equations o/thejifth degrci^ 

Here the general formula becomes 

{w — v)a 



a y 


2w or 2u +. 3a* 


4- 2p(^ 4- qa* - 


• 

"Sa 


4. Let there be proposed the equation 






x' — sx^ + 


5x — 1. 




Assume 


a = *2, then 






a« = 


'00032 


3«' = 


•00096 


S^' = - 


- -04 


qa^ zz — 


•04 


5a = 


i*o 


2V zz 


i*o 


V =: 


•96032 


1*92064 


zo zz 


1*00000 


• 


*88i6o divisor. 


(w^v) = 


'03968 




m = 


•a 







'88i6)*oo7936(*oo9« Therefore x s= *209* 
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Assuming this as a new value of a, we have 

cp = •0003988 3a' = •0011964 

—5a' = — •0456466 qa^ z= — '0456466 

— *a =: — ^•045 
2V = 1-9995044 

•9100542 divisor. 



5tf = 


1'045 


V = 


•999752a 


ry rr 


1 'OOOOOOO 


(a;-^») = 


•0002478 


a == 


•2oq 




' 823J2 
4956 



•9ioo5)'oooo5i79oa(*oooo569, Therefore x=:*20905699 
which is true to the last place, tne root being •209056926 
:=: 2 sin 6^ 

In this example it will be observed that we have used av in 
the denominator instead of 2 a;, because the first assumed value 
of a was a decimal. 

The foregoing examples haveb een taken promiscuously except 
their being such , that their roou might be found by other rules^ 
in order to shew more clearly the converging property of the 
general formula. Besides the examples above given I have 
applied this method to several other equations, and have always 
found it succeed to my satisfaction, and, in several instances^ 
have thus detectect errors in the sixth or seventh figures of the 
root, of old standing cxampUs^ which I have been at the trouble 
of solving by direct and tedious methods, in order to see whether 
the defect was in this rule, or in that from which the answers 
abovementioned were deduced ; and, in all such cases, I have 
always found my own answers to be correct, providing I never 
more than doubled the number of figures each operation ; this 
therefore may be fixed as the limit of approximation, and which 
may always be considered as perfectly safe. And I believe I 
may add that there is no other practical rule that can be relied 
on to the same extent. 



ARTICLE XVI. 

Properties of a right-angled triangle^ and of the lines drawn^ 
and figures formed in and about the diagram which accom^ 
panics the demonstration of the forty -seventh proposition oj 
the first book of Euclid's Elements. 

By Mr. John Bransby, Ipswich. 

Proposition 1. (Fig. 13. PL b} 
The triangle abc being right-angled at b, CA*=rCB'+ BiL\ 
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Tlus It the i|7th proposition of Euclid's ist book* and bctUa 
the demoanration given by Euclid^ as it stands in ComoiiidiiKi 
SiiBSon» &c» there are two additional onM in Clavius'ft jEacGd. 
ahttilar to the former of which is one in Panlie's G^pmeuj* 
tnoslated by Dr. Harris : two in the second book of SinttMoe'i 
Geometry, one of which is nearly similar to that in WanTi 
Mathematician's Guide : one in the second book of Eineraon'k 
Geometry : an analytical investigation in Saunderson's Algebii« 
^.—Having examined these demonstrations of this 'fitmoos 
pnnposition» 1 am induced to subscribe to the following opinion 
of Clavius : — Video demonstrationem EucHiU simtHci^rem esse. 



magis expediiam / seJ nen injucundum tamem est imiMigen^ 
wmis demMStrsOionHms tandem veriiattm posse cotifirmmri^ 

Paop* a. 

CTQ is a rigfat*angled triangle^ and similar and equal So abc« 
' Dem. The /. bcq = acp, each being a right tntj^le; take 
ACQ from each ; then aca=: pcq. Alo il abc = fqc, being 
lij^ angles ; therefrnv zi cfq is similar to abg (CoRt b. 31* £' 
Bvrow's Geo.); but ACr:cp, being sides of the sqnatb acpn ; 
dicrefofe a cpq = ^ abc. 
(Spr» .C2 = BC» and P12 = ab. ^ 

Prop. 3. 

!h Ae is a right*ang1ed triangle* and similar and equal to abc. 
The demonstration is similar to that of the last proposition. 
Cor. ve = bc» and Ae =. ab. 

Prop. 4. 

CFH IS a right-angled triangle, andsimilar and equal to abc* 

Dem. The 2L ach == FCB, each being a right-angle ; take 

die Z. BCH from each; then Z. bca = fch. Also jL abc=: 

HFC, being right angles, therefore A CFH is similar to abc: 

Imt BC = CF, being sides of the square BCFG3 therefore J^ 

CFH z= A ABC. 

Cor. 1. FH = AB = Pft = A^, and CH =: AC. 

Cor. 2. HI = BC ; for CFIK being a parallelogram by con* 
struction, fi—ckucb + ba: but cor. i. fh =: ab ; therefore 
R1=:BC. 

Prop. 5. 

Ahd is a right-angled triangle, and similar and equal to abc* 
The demonstration is similar to that of the 4th proposition. 
Cor. 1. Ld-BCzzcQzzhe; xdziAC^ and al=ab. 
Cor. 2. i^=:ab; for gila being a paralIelogram» li=ao 
r:AB+BC, but idsizhCf cor« 1 ; ttonefore idz^AB^ 
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GBK^ BKr, GIK9 and Hii/ are tight*axigled t^iaDgt^,andJu 
IIlilar and equsJ to abc. V 

JD^m. BG == Bf = Ki = EG by constniction, and xr 2:-bc 
(cor. 2. pn 4). Aiflo BK = Gin ii/=AB (by construction atid 
cor. 2. pr. ^)9 and the angles at b and i are equal, bang right 
angles; therefore the A 5 GBK, BKr» GIK, Hid and abc are 
ilmilar and equal in all respects. (Eiic. 4, i.). 

Cor. GK iz B^ ^ &r :;: AC. 

Prop. 7. 

Anc is a right-^gled ttiangle, and similar and equal to abc. 
Dem, AncB is a parallelogram by construction, and ac its 
diameter; therefore Zi auc is similar and equal to ABC (84. i.). 

Prop. 8. 

The triangles hfy, al^ and bi k are similar and ± to ABD*. 

Lem. Those triansles are respectively similar to the triangles 
crM, §Lhd and BKr (8. vi.), and th^se are similai' to Abe (prop. 
4, 5, 6.) and therefore to one another; and the triangle abd 
is similar to abc (8. vi.), therefore the triangles HfY, .al& and 
tzK are Similar to ABb ; and they are also eqilUf io h be<aii>$r 

FH==: AL= BR =ZL AB. ' '* "^ ' * '*" 

Cor. HY=:A*=ittr:*Ab, andfYrrLftriWirS*. ^ ■ ^^ , 

Prop. 9. ^ 

The triangles cfV, ^$d and Bfi sire similtf aird'±s to-cffo:- ^■ 
The demonstraciote is similar to that of the list pto^sitioii,* ^ 
Cor. c^ zzdb zzrizz, CD. ' " 

Pi^pp. to. 

Dtm. AM^* Wd cx FT 91)6. parallelopms ,|(y cffnsjruction^ 
therefore AM::;L6andcx=:]VY; but ifisssk FY . (cor. pr. 8.) j; 

therefore am = CX. : • •. r 

Cor. AX :± CM=-BO. . : ■ I I . .< . 

Pmop. ss. 

FX 4- I'M =: AC 

Dtm. FX=:CY=CD (cofi'iprop. 9.) and Liilc:Ai±AD<cor. 
pr. 8.); therefore FX + £»':i^D+AD=:AC.' ? ' 

• 'I J ^m^ 

Pr^op. iff« 
BD is a mean proportional: between FXand lm. 
I>m. CD : Ditf : t b* : ^A' (cc*. ft yi.), and rtSfcsC D, and 
LM = AD ; therefore fx : tffl t: t^B yti^. '» T 
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Prop. ig. 

', CWl f kA zr AC + SBD = XM. 

J)inu The right •angled triatigles Btr, BGfi are equal in all 
respects^ because Br=BG ; therefore rt=:Gji=:CD (cor. pr. g.), 
and&tzsAO (cor. pr. 8.), also irifi=:ftD=:At, therefore Gin= 
CD^-OB and KAr:^ AD + DB, hence 

' cm H- kA =: AC f «BDr=:XM (because ex = AMz=bd). 

* Cor. 1. The sura of the foUr perpendiculars fx, cw, kA 
and LM is == twice the^sum of ac and bd. For FxHhLM=A^ 
(pr. 11.), and cm + kA = ac + sbd (this prop.); therefore 

FX + CW -f kA + LM = a(AC \- db). 

Con 2. Dm=:oA; Gm:=:cA; KA=Am« 

■ » ♦ 

Pbop. 14. 
The rectangle cm . kA = twice (bd* 4- a cb a). 
Dem. Gjvf=CD+DB, and kAs=:ad+db (dem. to prop. 13.); 

theref. 0l?I. kA = (CD f DB)(A0-f'DB)=:aBD*+BDX(CD4-AD) 
=±2(BD* + ^ABC). 

Cor. Qm . KA=aBD • b/(. For bA is=half CKzihalf ac« 

Prop. 15. 

If BO be perpendicular to ac it passes through the point of 
intersection of cl and af. 

Dtmm Leijl z be«tbe point in- which cl intersects BD.and a 
that in which af intersects it ; then 

AX : AO : : xr : Da (4« viO ; but axsscm (cor. pr. so.), 
AD s=p |U4 aad.xF ss DC ; therefore cm : lm : : dc : Da : but 
CM,: iM : : DC : Dz (4. vi.)s therefore D2;ss i>a^ and z co- 
incides with a. 

Prop. 16. 

The triangle ascs B)^s and the a wbg = cwa. 
Dem. The Abrs^ BLs (37. i.); add cbs to each» then 

i^cxs =:CBL : But cbl = cb A (ibid) ; therefore ^CRS =:cba ; 

lake away ^cbs, then ^ascssbrs. In the tame manner it 

may be proved that A wbc = Acw a. 
Car. 1. The Aj, CRS, cbl, abf, awg areeachz=AABC* 
Cor. 8. The rectangle coRtained by bs and the sum of the 

sides AB, BC is ^^ twice the Z^abc; for it is = twice the 

^oxsc Also,.the rectan^e cottfained by bw and the sum of 

the sides ab, bc is ss twice ^fae ^abc ; for it is ^ twice the 

Aavitg which is = ABC. 

Prop. 17. 

BS :£= BW. 

Dem. *s x (AC + bc) =: a Aabc = bw x (AC + BC) 
(cor. prop. i6.j ; therefore bs = bw. 
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Prop. i8. 

The A ASCssBWA and the ^cw A =: BSC. 

D$m. BS = BW (prop. 17,) ; therefore Abwa = brs ; but 
ABKS=ASc(prop. lO.); therefore i^ASCr: Abwa. In the 
same manner it may be proVed that Acwa = Bsc. 

Cor. The triangle bsc = wbg, and Awab :=: bsk. 

Prop. 19* 

The quadrilateral wbsz is=: to the triangle cza. 
Dem. The triangle Asc = bwa (prop. 18.) ; take away the 
common part asz, then the quadrilatorat WBSz =: ^cza. 

Prop. so. 

The angle SDW is a right angle. 
Dcm. AS : B6 : : al = ab : bc (4. vi.), and 
AD : BD : : AB : bc (8. vLj ; 
AS : BS : : AD : bd, cxequo; therefore DS bisects 
the right-angle BDA (3. vi.), or BDSnhalf aright-angle. 
Again, bw : cw : : ab : cr £= BC (4. vi.) 
BD : DC ! : AB : BC (8. vi.), 

BW : cw :: BD : DC ex equo. therefore dw bisects 
the right angle bdc, or BDW=:half a right angle ; conse- 
quently SDW is a right angle. 

Prop. si« 

BS is a mean proportional between AS and cw. 
Dem. AS : BS :: AB : bc and bw : c w :: ab : bc (dera. pr. so.) 
therefore as : BS :: bw : cw : but bs = bw (prop. 17.) ; 
therefore AS : bs :: bs : cw. 
Cor.ws* = 9AS • cw. 

Prop. sb. 

The triangle Dwc is similar to dsb, and the ^dwb to dsa. 

Dem. 'n)e angle DC w^DBSy each being the complement 
of D£C ; and /.CDW =: SDR, each being = half a right-angle 
(dem. to prop, so.); therefore /^owc is similar to dsb« In 
a similar manner it may be proved that the Adwb is similar 

to DSA. 

Prop. 33. 

as : cw :: ad : dc. 

Dem. The ZiDWC is similar to dsb (prop, bb.) ; therefore 
CW : CD :: bs : BD y also the /^ DWB is similar to dsk (ibid), 
and AS : ad :: bw=bs : bd ; therefore as : cw :: ad : dc. 

Cor. AS : cw :: ab* : bc*. 

Prop. S4« 

The triangles PCF, ALV and gbk, formed by lines joining 
the exterior angles of the squares, are each equal to the triangl« ' 

ABC. 
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jD^m. CFncg; therefore A PCF:=P(iC ; and A P(jc— abc 
(prop, fl.); therefore i^ PCF'r: ABC. Again, because aIs = At 
(coT.t. prop. 3.), the AALKn AN^, and the Aan^i=: abc; 
therefore the A aln=abc. Also A gbk = abc (prop. 6.). 

Prop. 25. 

The whde space pfoklnp is = four times the A pbn. 

D^iir. The whole space is composed of the four triangles 
PFC, GBK, VLA, CBA and the three squares on Ac, ab, bc ; 
which (by prop. 24 and i.).are equal to four. times Ihe a abc 
aj}^ twice the square on a,c ;. that is =: 2AC (ac + bd) = bpn* 
o b =: four times t|ie ^ P^ N . 

Pro?, 26. 
The figure ach^I is a sqoarc* 
Dem. AC r= CH = adzz d\ ^cors. prop. 4. and 5.) and the 
angles CAe2 aiid ach right angle's; therefore ACHfi is,a square. 

PrPP. 27. 
. The figure luf I is a square. 

Dem. rizrFG -I- gi=cb 4- pkz:ab.+ bc=AC=«f ; but 
ri:r 7ZL, and ni =:Li; and. itk isa right angle ;:thesefore l^fi 
is a square. ...;-. 

Prop. 28. 

The parallelogram oc nparall. ci> and parall- AOs=«!paralK a i. 
Dem. They are on equ^I bases (pc and CH), (N a and Ad) 
and between the same parallels, and therefore equal by 36. i. 
Cor. Parall. 01 +parall. ai z=z square on ac. 

Prop. 29. 

The figures hfpq, n^^l are parallelograms, and each =: to 
four times the iriaogle abc. 

Dem. PQ is = fh (cor. i* prop. 4.), and parallel to it be- 
cause QC, CF are in the same straight line ; therefore pp is = and 
parallel to qh (33. i.js^ndHFPQ is a parallelogram. Also 
the AaCH = PCF n: abc (prop. 24.) and the Af^c=rcFH 
r=:ABC (37. I.); therefore the parallelogram hfpq is =4 
times the triangle abc It may bc proved in a similar way 
that ^edh is a parallelogram and = 4 Aabc. 

Prop. 30. 
The points l, b, f are in the same straight line. 
,, Dim* LHFi is a square (prop. 27.}, also lb and spare 
sqvi«u^es by construction, and.LBF is the dianxeter on which 
these less squares are constructed (4. 11.); therefore lb F is a 
straight line. 

Prop. 31. 

The points Q, s, k are in the same straight line. 
Deffi* ^ecause Br=BC andBSr^BW (prop. 17.), sr iszrwc; 
and qr isriFC, each being— bc, and the /. »Ar=:pcw; there- 
fore the Aqfs is equal an(^ similar to CWF (4. I.), and the 
/.Qsr/=CWF« Also the^i^SK is ec\u)\ an^ ivcaiSuVQii^K 
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(cor. prop. 18.) ; therefore Z. bwa rr bsk. and Z. QsrizBSK; 
therefore the points q, s, k ^re in the same straight line 

Prop. 32. 

The points e^ w; c are in the same straight line. 
Dem. This may be proved as in the last proposition by draw- 
ing a. pefpfndiciilar from e upon 9c: then the Z.«wc=:LftA, and 
Z. G WBir Bsc ; therefore Z-^wc z: c wb, and the points ^, w, G 
are in the aanle straigbt line. 

Proi?. 33. 

BN and CL cross each other at right angles. 

Dim. 'I'he Z. n ac =- b al ; add c ab to each, then the Z. N ab 
ziCAL, andZiNABziand siihilar to cal-; theref. Z.ABN=:ALCy 
o^ Z..str^:rAL8; and the Z.bsx is=ASL (15. l); therefore 
z! BA;i^— s AL ^2r right angle. 

Cor. Bx is a mean proportional between ex and sx. 

Prop. 34. 

BP and AF cross each other at right angles. 
The demonstration is similar to that of the last proposition* 
CoTm Bjf 16 a n><rau. proportional between wy and a^. 

Prop. 35. 

WE is pai^lel to bt, and SQ to bp. 
Dem. The z*sbx = als (dem. to prop. 33.) =8CB (8. Vi.) 
nZ-'WGB, because the A BCS island similar to bcw (cor. 
prop. 18.); therefore W£ is parallel to bt 128. I.). It may be 
proved in a similar manner that sq is parallel to bp. 

Prop. 36. 
The figure n«gb is a parallelogram and = twice the Aabc, 
Dem^ se is =: and. parallel ta cb, therefore n^gb is a 
parallelogram; and itis.= to the rectangle whose base is gb 
(=:bc) and altitude Ae[ =A6)t or twice the triangle abc. 

Prop. 37. 

The. figure pqkb is a parallelogram and =: twice the A abc. 

Dem. PQ isrrand parallel to BR, therefore pqRb is a paraU 
lelogram; and it is =: to the rectangle whose base is bk ( = ab) 
and altitude CQ (=:bc), or twice the triangle abc* 

Pit OP. 38. 

TV is a mean proportioDal between at and vc. 

Dem. SQ is ;parallel to bv (prop. 35.), therefore as : bs :: 

AT : TV. Also. WE ii.parallel to bt (pr. 3 j«K therefore bw : c w 

:: TV : cv ; but.Ai : bs :: bw:=bs : cw (prop* bi.J; therefore 

AT : TV :« TV : vo. 
Cor. AS : cw.s: at : cv. 
For AS : bs.:: AT:::Ty^, and c.W ; if u QV v TX v 
iberefoire ab ; cw :: Ai^ii CY« 



( 78 ) . 

Prop. 39. 

DA : CO ::TA : CV. * 
Dem. AS : cw :: da : CD (prop. 23.) and AS : CW :: AT : cv 
(cor. prop. 38.) ; therefore da : CD :: at : cv. 

Ccr. cv : VD :: ta : dt, and da : CD :: dt : vd. 

Prop. 40. 

AS and SB, Bw and wc» sd and DW are all in the ratio of the 
legs of the ttiangle abc 

Vem. AS : bs:: ab : BcandBW:wc :: AB:Bc(dem. topr.si). 

The triangle dwc is similar to the triangle dsb (prop, ss.) ; 
therefore sD : DW :: bd : dc, but ab : bc :: bd : DC (8« Ti.); 
therefore sd : DW :: ab : bc 

Prop. 41. 

The Adwc : i^DWB :: Adbs : ^dsa :: bc : AB. 

Dem. The ^dwc : Adwb:: cw : wb (1. vi.) and bc: 

AB :: cw : wb (dem. prop, so.) ; therefore A dwc : ^dwb :: 

DC : AB. Again ^DBS : ^DSA ::bs : as (i.. vi.) and bc : AB 

:: BS : as (dcra. pr. 20.) ; therefore Adds : Adsa :: bc : ab.^ ' 

Prop. 42. 

LN*-f PF* =: 5AC'. 

Dem. cL zz 2Ab and Ne =: cb (cor. pr. 3.) $ qp =:&cb and 
PQ = AB (cor. pr.a.) ; therefore ln* — ^L*4-^N*zrBC*-4-4AB% 
and PF* =: Qf' f PQ* =: 4BC* f AB* ; therefore ln* +Pf* = 
5(bc* -f AB*) zz 5 AC* (prop. 1.). 

Cor, The sum of the squares of all the sides of the polygon 
PFGKLNP is eight times the square on AC. 

Prop. 43. 
Ap : p\v : : sq : yc, 
Vem> Because Bp is parallel to cw (prop. 350> ab : gb z: 
bo :: Ap : pw, and because bv is parallel to KS (ibid), bk = 
AB : BC :: sq : qc ; therefore Ap : ^w :: sq : qc. 
Cor. Ap : AW : : $7 : cs. 

Prop. 44. 
Ap : Bp :: Bq : Cp* 
Dem. The Z.BAy zz wbv and ^np zz Bcq (8. vi.) ; therefore 
the A ApB is similar to the ABr/cand Ap : Bp : : Bq : c;. 

Prop. 45. 
Tip = sy, and Bq zz=: wp. 
Dem. The ^wbj5+ jLxbs zi a right angle, and Z^qnB -f- 
/. J BS =: Bxs a right angle ; take away the common angle xbs ; 
then the angle wnp zziySB. Again Z. WBf -f- Z-^bs = a right 
angle, and Z.^wb-+- Z.WBy = aright angle; take away the 
common Z. WBy, then the angle ^bs = ^wb ; therefore the ^wpB 
is similar to the As^b, and since BW = BS(pr. 17.) these triangles 
are equal in alt respects ; therefore Bp r=r S9 and Bq = w^. 

Or the proposition may be demonstrated differently as follows: 
Ap : p\v :: sq : qc (pr. 43) ; Ap : b^ : : Bf : qc (or. 4^1) ; 
therefore p\v : up : : b^ : 59 : and iViC ^.b|>^ — 'wp^ ta.tii Xi^vcv^ 
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and tk ;,if Ti zy . tp^ iV poihts b, x\ b, e, TtiS^^Sib \n4 
cirqle^ %tiA so tre the points B, y,' d, A ; 'tTierefere ^i^ & ex rS 
Bz . ZD= Az » zy. It itfay be prd^ed'ih ^ simtltnr itainjiel^tliif 
the other rectangles are respectiveljF idqual. 

Cor. 1. BV : BT,:;.B9 : Bp^ 

Fpr >y . Bf ;i; Bx • b^ and b/ . iv =; bt . bjt, 
dr ,B.r : Bj/ : : ^^ : Bp an4 bx : bj/ : : bv : bt ; 
Therefore .BV : bt .:,; k^ : bjo* \\\\ , \ 

Cor: 2. ThcrcTorcpj isparaftelVo^c^. 

Wf:.,.3^ Api Az :: Ctf : cz.* . '. \ i , 

..: ■■. Prop., ^t.. '.'..' , 

Draw SR parallel toes and join wu : tli^'ii will Vhe figure skWB 
Waii^uare. ^ "•• •■ « ■ — 

Oim. AS : »R :: Ail :.bc (4. vi.), A^ : bs : : ab : Uc (dem. 
fopir.-«6i) ; therciforeidk = »y =r- bw (pr. 17.) and the figure 
srwb is a square. 

Cor. AR : CR : : AB : BCi ■ * 

Prop. j2; 

sx is a mean proportional between ba- arid pi, and \vy a m^an 
prcfportibnal between By and qy. 

JDem^ ' 'J^p : ^w :': ab : bc (d<?m. to prop. 4^.) 
as : BS : : ab : BC (dem. to prop; 20.) ; 
therefore xp : pvf : : as : bs, and the points r, p, s, are iflf a 
straight line. In a similar Way it may be proved that the points 
R, y, w are in a straight line ; therefore the triangles nsp and 
BW^ are riffht-angled at s and w : consequently sx is a mean 
proportional between bx and xp, and w^ a mean proportional 
between By and qy. (8. vi.). . 

Cor. BS is a mean proportional between bx and Bp^ and also 
between By and Bq (8.vi}. 

Prop. 53. 

BS = s/^ + vv^. 

Dem. Because wrsb is a square (pr. 47.) the triangles ^sb 
and f rs are right angled at s and R ; also b;; = sq (pr. 45.) and 
BS = Rs, those triangles are equal in all respects (4. i.) ; therefore 
p^ — ^R : but qK -f wq zz bs, therefore bs iz s^ -t- w^. 

Cor. \wq =z /7R, and;?9* zz tp'^ |- wy\ 

Prop. 54. 

The points R, d, w, b, s are in a cii'clc, of which s\v or rb is 
a diameter. 

Dem. WBS is a right angle by constr. and wds a right angle 
(pr. 20.), therefore a circle will pass through the angles of the 
quadrilateral bsdw (22. iii.): also because rsbw is a square^ 
the angle WRS is a tight angle and = wds ; therefore the cir- 
cle will also pass through the point R : and because of the right 
ang/es, sw and rb are evidently diameters. 



. « 



i 



« f^ 









Si 



be 



an - 



qu 
tlu 
cl( 



( 8t } 

ARTICLE XVII. 
Mathematical Scraps, By Mr'. Th o M a s Wh I t £ *. 

• 

To the Editor oj the Mathematical Repository. 

Sir, 

If you think that the following Mathematical Scraps 
are worthy of a place in your Repository, they are at your 
service. 

Dumfries Mathematical School^ 

2^d Nov. i8i2. Thomas Whitx. 



I. A new answer to the 149/A quest* p. 489 vol. ii. 

Question-. To place a straight rod» or beam, loadpd with any 

given weights, so that it may be in equilibrio, resting upon an 

upright prop, and one end touching a smooth vertical wall 

given by position ? 

c (iig. 8. pi. A^.) IS the place of the centre of gravity of 
the rod and weights ; w = weight of the rod and weights lodged 
in G; G&, in the ' vertical, represents W; complete the rect- 
angle Qb ; make bc:^ 9a; complete the rectangle bc ; and, by 

CI 

the lever, hf^ perpendicular to bk, is = «» • at; complete 

B& 

the rectangle b/I Then, since Bi; is at rest, hd must be zz ue^ 
which is one equation. 

By gravity . oh, --? • g& =: — • W = Cii = BC, and, ix» 
this direction. 




By the force Ga^ 



* Master of the Mathematical ^M:hool, in the Academy of Dumfries. 
He receives young gentlemen as boarders* 

VOL. 111. FART II* / 
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By gravity c*, -r . c* = — . w zz ah, perpendicular 
to the rod ; which force, by the lever^ b equivalent to the 
force — '-J— » w at B, repreieitted by the perpendicular b/. 



!Be J. BD GI.BD GI,BD* 
— 2-B/=:— . -— •W^ g . W 
1/ -^ BI BI« Bl* 
force Btf , doi¥nwanb 1 
fe , ID GI.BD Dl.IC.BD 
» 7=: force, or re-actton^. 



New, 1 8L For the equilibrium of the rod ; b4 miut ho ^ b#; 

, . DP G€ . BD . , a 

that ti — i ^ w :?: ^- - l . w ; and, henee bi* = no • •!>« 2 

Bl" BK ■ 

hence bi it given and the position of the rod it given* 

ad. For the perpendicular pressure against the vertical plane 

V - « I #• 3C • BD • DI # ff • . r 

AB. It 16 3= cd -|-/f = 3 ■ ■ . w r;= (substituting for 

Bi') to — . w; ^d Dir= •(Bl* — bd'), 

3d. For the vertical pressure at i, or in direction id, make 
hg :=: cd + dfi draw the perpendicular ^i& ; then ^ • 9^ =: ,— . 

DI DI* • 1 • t 

— • w = -—« . w =: vertical weight or pressure at b : hence 

BD BD w * 

that at I, sustained by the prop, is =1 w +r^ • w = -^. w. 



Ath. The pressure at i, perpendicular to the rod, is — • \v 

^ BD Bl* BI „, 

for — . — ^, . W = rr • Wf 

BI BD BD 
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IL Question. Let the end b (fig. 9. pi. a^) of a given 
beam ba rest against a given point b in a vertical plane 
FBG, when the other end a is sustained by a given weight W 
fastened to a string which passes over a pulley p in the plane : 
Now when the beam is in equilibrio* what is its position, and 
where is the place of the pulley ? 

SoluHon. Let Aa represent the weight w; complete the 
rectangle Aa } the vertical cf^ the weight w of the beam ; complete 
the rectangle cf; on ab take mczzAb—cg ; drop tne perpendicular 
cd. The perpendicular force ce, at c* is equivalent to the per* 

pendicular force — • c^* at a = perpendicular aA, suppose ; 

andj at mutt be= aA, which is one equation; 

Again,' the perpendicular force c^, at c» is equivalent to the 

AC 

perpendicular fofce — - • ce^ at b* =: perpendicular bA, suppose; 

drop the perpendiculmr hi} then, since all is at rest, Jb must be 
s= B/t which ii a second equation* 

We have a^ = ^(w*— ab*)^ in which ai is unknown ; draw 
AG perpendicular to the vertical ; then Ad is s=: y^(iiB*— BO*) ; 
in which bg is unknown. 

By gravity q^ -« • ilr = —^ . w :z force cg^ downward^ in 

Cj AB 

direction of the bcun ; then 

flC =: A*— C# = 4/(W' — fl**) — — . ft/ 

** * ' AB 

=* force IB direction ab« 

By the iorce €;g» ^ Bc ab *-'' ^ ' ab •* 

z= force Bdt vertically upward. 

Cd AG r y< » ii\ ^0 -• 

BC Arf ""^ * ^ AB -* 

= force cd^ horizontal pressure. 
Bygravity ^, %. w zi j^ .w zz Mhiceoi. 



By the force c^ J ^.sk = — .—.ce - _,-.» = 
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5£.c^=^»£j4!^.a;=X force aA.)« . 

BA AB* f'S 6 

AC AC .AG , r^^- «Z l^-fi 

— .Cf = — — r— • tt'^: -i- force B^, \-^ — 

BA AB J 

AC . AG 

bX'^'^^ab ' ab'^*^ "" ab' 
force b/, vertically downward. 

Ik . BG AC _ AC. AG. BG 

— j.B^n: — • — • C^ — ■ —J 

hA AB AB AB* 

L = force A7, horizontal pressure. 



Hence, the first equation is at = ^— . w ; and the sd 11 

££ . [/(w« — a^«) _ ^ . a,] = ^^ ' t^ ; and. subititu. 

AB AB AB 

ting for a6, &c. we have bg . V(ab' . [ — » • -; — i] + bg'j = 

B C* + A B^ . -— ; and therefore B G =-7; — t — > ' #/« t »m «,«^ 
bc V^(ab*.w^— bc.(ab+bcj.«;'); 

Hence, when w = a/, BGii=ABj i. e. AB coincide! with 

bc • to 
BG ; as it ought. Again, ab = — ^ . v^( ab' — BG*), comes 

/ W* — — to* 

out =: BC • cy . V 5 3 ~, : r r ; and, since 

^ AB^.w* — BC . (AB+AcyTa;* 

flA=w, tliesineZ.PABisziBC.«— V — i — % 7 ; * — \< 

W ^ AB'.W* — BC.fAB+ACj.ty* 

Hence, when the weight w is given, the direction of pa, or 
i^ p AB must be found ; and p may be placed any where on PA. 

III. A new proof of the prop, at p. (fi), vol. ii, part ii. Re* 
taining the ingenious author's notation: . . . .Since, by the laws 
of gravity, /^tx=:v^; ^ly = u*; ^lzz=ztv*^ &c. we have, by 
multiplying respectively by A, by b, by c, &c. and adding 

4/ . [Aar+ By 4- cz +, .•..] = Ai/* + bu* + cry* +,.... 

IV. In art. vi, part ii, vol. 1, of the Repositor)% Mr. Ivory 
has solved a dynamical prob. which was first published in Simp. 
ton's Miscellaneous Tracts, page igi, prob. 3d ; and in art. vi» 
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page t8» vol. ii, part ii, of the Repository, Mr. Barry observes 
that, the result of that solution differs widely from a solution of 
the same given by Mr. At wood, p. 189, of his Rec. Mot. and . 
adds, '* I find that his (Mr. Atwood's) error proceeds from a 
wrong application of his own general theorem in ascertaining 
the ratio of the td fluxions of x and^." But how this happened, 
has not, I believe, been yet shewn. 

Mr. Atwood has y zz i/(a* + x*) ; and thence finds 4- = 

Several years ago, I met with this apparently erroneous expres- 
sion, in the work above mentioned, and took the liberty of writing 
to Mr. Atwood concerning it ; but as I was never favored with 
a reply, concluded that either he must have been offended, or 
my letter must have been miscarried. The expression is, how- 
ever, analytically true ; yet, as shall be seen, it is not applica« 
ble to the dynamical prob. in which Mr. Atwood employs it; 
and may therefore be allowed to be mechanically false. 

1st. It is analytically true: For by the usual process^ ^ r= 

X fl* ** 

•/ a-x_^\ "* TXT •"^ -^^ which, if Mr. Atwood's 

expression be true, must be =—-7-^ 4- 4- ^ . 

hence, if this equation be true, -t? is = , in finite quan. 

X ^^ 

titles; therefore, (a* + x*)x'i — 2X«« =0; that is, restoring 

, , 1 . 1. (a* + a^)x — txi* 
the last multiplier. ^^ ,^ + a» *)* ' = o 5 of which the 

fluent is -5— — ^ = some invariable fluxion -y, suppose ; and 

a^x ■ 

consequently > ^ = «, the invariable fluxion of an arc, 



f «« ) 

• * 



(rad. tf, ind tang. *), \vhich is true. Hence -—. , — • ftc 



•• • 



and^ of courie^ i^^ ^- , &c. are assignable in finite tenna, if 



X X 



we suppose dp (fig. 89.) invariable^ which Mr« Atwood «p« 
pears to have covertly done. Ii h known that \/(i* -f ^'), the 
fluxiofi of a curvilinear arc; yx^ the fluxion of the area of a 
curre ; and other functions of x ztiAy are frequently conceived 
to flow uniformly, by foreign roathematicians. 

2dly. It is mechanically, or dynamically false : For, in the 
general solution, the expression for inertia is obuined \y assutn- 

ing / invariable; and, therefore, no function of :r can afterwards 
be assumed constant, as it has been shewn Mr. Atwood has 
done. 

Mr. Atwood seems to have been led into error by an anxiety 

to step out of the common tract, i. e. a wish to avoid the ob- 

• •% 

vious substitution of — for ^, and -- for -—• 

V X V X ■ 

Thus it appears that Mr. Atwood's is an oversight in prin- 

• • 

ciple; it will be seen that if -7^ be assumed as really ^ 

X 

-rr-z TT, all that follows is quite correct; i. e. the 

2X\/(fl' -h X ) ^ 

,. Ba*^-|-Ba:'x — 2\xxs/{a^\'X^) . . , . . 
fluent ol 2 =: ; — ; — , , . , — r-, IS justly assigned* 

For the above expression for i is dz 



.0 • 



Bfl' X B X'x 2A 

f — . — — :!-: : X 



U i 2a Bi-2A 

tx\/{d' \-X^) ^ B A + B « ,2 J 2A 

^ ; put zz m; — ; . a zzb\ and . 

AfB » '^ B+2A B + 2A B + 2A 



B + 2A 

= « ; then abecomes ^ p^, + ^jrfj. 5>+> - 
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andthefluentis (by restoringM.itand&in alltlie termisave the last) 

the member under the integral sign is traniFonned to / ^ ,, ■ ^ 

"" / • All* "^y , ««'"■"" yji V/ na* _ "^ 
*^ 2* — «■ a^iv- a* 

BfSA 9 2 8 

flv/ — h z 
. hyp. log. of — rrr (restoring n and J?) 



2 a 



^^^ — - — 1 , hy p. log. — ^- — . — '/ .. . — -^ — -i — i4; hence 
2fl\/A ^'^ * a -/A — v^{(B +2A) . (a*-hx»)) • 

ihe whole fluent is j -| ^ ' 

V/(A + B).(B + 9A)* * + "^ 

aA* , , fl i/A-|-\/f(B+ 2 a) • (««+*«)) , . - 

+ — T • hy.lo. ^ ■ » V ; — f-r — -.J^; • which 

(TTaA)* nv/A— V((B^2A).(a'+ap»))' 

2aA • aA* , , 

when a: = o, 18 = -^ , , ,; + T • "XP- l^g* 

» + •^ (B + 2A)* 

^yA-f g^B + «a) ^j ^j^ ^^^^ ^^^^ ^^^^ ^^^ ^^j^^^ 

h/a — a/lB +aA}' 

tionf J becomes ; — r + jrrST ^ 

•(A + B).(B+2A)* '' + •'' 

■ agfA)* , ^. gt/A+v/(fB4-2A)>(aVH:*^) 

i/(a-^b) 
•a+/(b + $a)* 
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V. The only manner of shewing that the square rool of «i 
for instance, may be either r^ V{a)t or, — - ^/{d)t has been 
hitherto by inference, and not by actual extraction, yet it may 
be obtained by the latter method^ as follows : 

We have a = a — 4a + 4a; then, by the usual way, 

, a — 4a f 441 j v/(tf) — a^(a)=-y^(a)|tbeneg.root. 

a 

% • {j)"-a • {a)\ .— 411 f4a 

— 44 4- 4a 



■pi""" 
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Vol.111, part III. • 

MATH]^3fATtCAL MEMOtRSi 

BXTRACTED FROM WORKS OP EMINENCE, 



ARTICLE I. 

Continuation ofM. Le Gendre's Memoir on Elliptic ' 

Transcendentals. 

Approximations for Elliptic functions of tie second Innd, 
30. The formula of these functtoQt it 

6=/(A + B 8m»(p)^: 
*/ A 

If the same substitutions be made al in Art4 8^, aod there be 
put 

A- = A + 2.Bo=?f!. 

2 2 

the formula will be transformed to 

G» being put instead of /*( A* + B* sin« ^«) ^ » 6y facvr 
transformatbni we have similarly 

G^= i-i^ ( — — sin ^-^-J- O^**) 

G<«t= i-^?^^ r— £-sin?**^+ on 

2*2^ 

Thus the integral formula G is easily reduced to any one we 
nlease of the successive transformed expressions G% G , &c. — 
Let tti suppoie that this series is continued R> a very remote term 

G^, then we shall have ^ =: o, A^ = i. and the value of &* 

VOL. in. PART III. (a) ^>Ji 
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will become simply /"(A'* + B'* sin* j^'* )d'r^* Now it is to 
be observed that we liaveB®:^ — ,and similarly B*^=- ,B*^= 

T»CO OOO 

, . therefore the scries B**, B''% &c. decreases more 

rapidly than the series c®, c^^ &c. and thus in the end we may 

tefely make B'* rr: o. With respect to A'*, since A** = A 4- 
|B, A*^ = A« + 1B^ See. it follows that 

A^ = A + 1- -\ K — + 7 — -*• &c. 

24 8 16 

In short, if, as before, $ be put for the limit of the angles f , 

-,— , &c. we shall have cb = — , ox d*' = s^ <fr. 
^4 2^ 

Therefore the value of C* will be 
C* = a** * (A + ?-+ ?^ -f- ?^ + &c.) 

24 O . 

Now it is easy to see that the value of G will be composed of 

two parts, the one = aO, by supposing « = (A -I — -J — -- + 

^ 4 

5^ 4- &c.) (» + c') (1 + O &c. 
the other is algebraic or periodical, viz. 

But because 1 i c'=-2^, 1 + c*"" = ^a ,&c.this 
second part may be put under the form — — ( 5l — gin ^o ^ 

^ sin ?)^% &c. Therefore the complete value of Q 

4 

will be 

Gnx* — fJl_sm(p^-l smip^-f — smf>'*^+&c.) 

and when (p = 90^, then we shall have simply Gi =: a -• In 

the applications a few terms of these scries will be sufficient, and 

the 
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the t€rms omitted will shew the degree to which the approxi- 
mation is carried. 

31. These formulas apply directly to the rectification of the 
ellipse. Suppose always ihe greater axis to be unity, the cxcen- 
tricity =: c ; Let us consider the arc E, the origin of which is 
the lesser axis, and the extremity of which is determined by the 
ordinate to the greater axis b sin f , and the abcissa cos (p, this arc 

is equal to the integral / df ^ {i — f * sin' (p) ; thus, making 

A = 1 , and B rr — f*, we have G zz E, hence it follows that 
the elliptic quadrant will be expressed by this very convergent 
series 

E » = |(i -£-. ±L _ i^«&c.)(.+0(«+^').*«:- 

The rectification of the hyperbola is comprehended in the same 
formulas. Let c be the semi-iransverse axis, ^ its semi-conjugate, 
1 the excentricity. Let b^ tan' (p be an ordinate to the transverse 
axis, and T the hyperbolic arc comprehended between the vertex 

of die curve and this ordinate. We have Y r: /-r — V- = 

J Acos'$ 

2^ tan f — / ^- . This last integral compared with 

the formula G gives A = c\ *nd B = — £*, and thus we have 

T=: A tan(f>— G. 

Hence it follows^ that the difference between the infinite arc of 
^n hyperbola and its asymptote is equal to Gi, and has for ili 

value 

?L,Vi-i -£i — ^^,&c.)ri+0(i+0(t+0&c. 
4245 

It does not appear that any thing more simple can be found 
for the rectification of the conic sections. 

32. Let us now consider for a moment the relations which 
subsist between these different transcendenuls, namely Fzz/^, 

£== /a Jf , and in general G = A A -f- B sin*(p) -^. In 

J A* . 

the first place, since iin'f=: — 3 — , it is evident that G = 

c 

lh'\ .] F — s~Sf ^<1 ^^^^ ^ ^' determined by me^ns of F 

(a a) and 
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and E. But in like nunncr we have G* = (A** + pxj^** 

B^ 

7r-"E^; these values being substituted in the equation between 

G and C (Art. goOi at the same time taking care to aubgtitute 
for A^^ and B** their values as expressed by A and B, there will 
result a new equation, which must hold true whatever be the 
values of A and B. This equation will give two others, the one 

f iz . F^, which wc already know, and the other 

^= — Jl + i^ E» + ^!-=^ sin ^. 

ft ft 

From this it appears that the function F oi the first kind may 
be expressed by the two elliptic arcs E, E^ The same is there- 
fore true of the function G in general, and of the hyperbolic arc 
Y in particular. In like manner we have 

*' F^ = — £• + — "ti' E ° f JL— i! sio^f^ 

a ft ^ 

From these two equations we may eliminate F and F% since 

we have also F z= — -^ F*, and tliere will reiult th}s relation 

8 

between the three arcs E, E^ E~ taken upon three consecutive 
ellipses it of one and the same scries, 

(i+O E = c^sinif'' J Mnf°H-(i+ -}E** i — ■ — E . 

4 ^4 

In the case when ?) =: go^\ then ^^ ~ i8o**, <p'° = 360**, and 
the lormuld becomes 

Hence it follows ihar the elliptic quadrant El may be deter- 
mined bytwo other cllipiic quadrants Ei°, Ei*^, the excentricities 
of whict) are less; and in general it appears irom the formulas 
that in the series of ellipses having their excentricities c^ f% c^^, 
2^r. the rectification ot any one of the ellipses may always be 
1 educed to the rectification of two others taken at pleasure. These 
consequences may be found developed at greater length in the 
Memoirs of the Academy for 1786; but the method of approxi- 
mation which thence follows is not so simple as that explained in 
Art. 30. 

Particular devdopemcnt of the formula. 
Z :r f rf-^gx^dx 

33. 
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33* Thisformula frequently occurs in applications, and besides 
it is necessary to examine the case of imaginary factors of which 
we have spoken (Art. 7.) 

The variable quantity x may have all values from o to infinity; 

but as in making of r: 00 wehaveZ=/~dx = ^x, to 

get rid of the term which may become infinite, we shall consider 
simply the formula 

^J I v^{a* + 2«^X' COS e -f- 0' X*) & V 

which by this means will always have a finite value. 

The first thin^ to be done is to transform this expression so 
that the binomial factors of the quantity under the radical may 
become real. For this purpose different suppositions may be 
made which will all equally succeed. For example 

y/{% + 2«^jr* cos fi + /3* a?») z=i%xy y/a^ 

$x^ + a cos 4- •(«* + 2«/3ar» cos + /3* *♦) = 2ay\ 
We shall consider only the result of the fourth supposition ; 

it gives X* = |-(^« — cosfl— ^^^),and 

where it appears that the two factors of the Quantity under the 
radical sign are reaL It also appears that the least value of y 

cos ^9 
being cos J9, we may make y =: -7-^ • >»*d 1^ will follow^ 

putting sin |9 = c, that 

^ -J /3v//3« V( 1 — ^* 5in« ?)• 

By this transformation the formula X becomes an elliptic func- 
tion of tlie second kind to which the formlas of Art. 30 may be 
immediately applied, making 

A -^^IZSl B - i£l* 

It Is to be remarked that we have supposed y^«/3 real, for c 
and jB may always be taken poaitive, and if the tenn ao^/Sx* cos I 
ought to be negative the sign -— may be made to fall upon cos 9. 

The 
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The immediate relation between f and x is given by the 
equation 

2a sin* |9 cos' (p =— /Sx*— « cos d + \/(«*+ ««^a:* cos fl +i3*J?*) , 
from which it appears that when x = o, ^ = o» and when x zz 
00 9 9 =: 90^ The transformed equation containing p therefore 
expresses the integral X taken from x = o to the value of x 
which corresponds to f » 
The integral X may be expressed by means of the two shnple 

formulas F=/ ^» E zz / A dp^ and in this way we have 

Here are some applications of the last formula, which lead to 
results sufficiently remarkable. , 

Example t. 

34. Let it be proposed to value the -two integrals 
« 1 

M = /li ~, N = f f^^ ,, , both taken from 1=0 

to 2 zi I. It is known that the product of the two integrals 
•=, Y^, (see Mem. of the Acad. 1786, page 678-) 

If in the first we make 2 z: (1 -t"-*') > ^^^ ^"^^ \)Z\^ the 
transformed equation M =: / , ■ , -r . which it is 

necessary to integrate fn^n .r = o to x z= 00 . The comparison 
with the formula X gives / z: 3, ^ =1 o, an v^3, ^ := 1, 
cos d zz 4v'3, c z= sin -A = i\/(2 — \/3) ; whence it fol- 
lows that M = 4-^ F, and as the integral ought to be taken 
from 07 = o to .V iz 00 , or from ^ iz o to ^ zz go^, F will be- 
come Fi and the whole integral will be M zz ;p3- Fi. 

In the second formula we make 2 = (1 — x^Y ^^^ ^'^ trans- 
formed equation will be N z: f^JLilZZ^L^^ which 

o/^/(3 — 3^ + * ) 
ought to be integrated from * z: o to x = 1. This formula 
being compared with the formula X we havey* =r 3, ^ zr o, 

« = /a. ^=i,co8 9=: — i/3, c=:sini9z:4^/(a + y^3J 

and hence 

N = 
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N = - 3* -»- ^^=^3 F(^) + ^ E(^); 
but the relation between (p and x being 

^ "^ *^^ cos*(p = — a* + 1 + v'(3 - 3«* 4- «♦), 

It 

if we make x s= i, we shall have cos^^ = 2^/3 — r 3, that 

is, tan f = \/^r« But we have seen (art. 28.) that in the 

•3 

case of c = t\^(2+ \/3)fand tan^=^-j— , we have exactly 
F(9) = yFi. Hence it is easy to conclude by the formulas of 
Art. 22, that E(o) =: tEi -t- "-r—f therefore the inteinral N taken 
from X = o to X = 1 is reduced to this value 

It is to be remarked that these values of F 1 and E 1 correspond 
to a modulus c = |i/(fl + \/3)f while thst the value of F 1 
which enters into M answers to a modulus c =iV(i* — V^S)- 
To distinguish this last modulus, we shall design it by A^ and the 
corresponding value of F 1 by F 1 i : thus bv taking the product 
of the two integrals we shall have the equation 

2 V3 ( V3 Vs i 

hence it follows that in this particular case the elliptic arc £1 
which is a function of the second kind, may be expressed by F 1 
and F 1 i, functions of the first kind. These, calculations arc 
done differently in the Memoir quoted, and we have not there 
deduced any result from them» not having observed that the arc 
E may be determined by the third of £ i. We shall find some- 
thing similar in the following example. 

Example 2. 

35. It is proposed to value the two integrals P = /w »v» 

A* z^ dz 
Q = / y - ; . from z == o to 2 =: 1 : their product is 

known to be {v. 

If in the first we make z =: (1 — ap*)^, wc shall have the transr 

formed 
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formed equation P = / — ; 2 — ^ which ii to he intf- 

grated from x zz o to;r zz i. This being compared with the 
formula X, we have/= 3, ^ n: o, a =: yQ, /S zi 1, cos 6 iz: — 

I •S. c = f /(ft 4- ^3), which gives P = T^ F Cf )• Wiih 

respect to ^, it may be deduced from the equation ^ X 

cos*^ = — x*+ 4 + v'(3 — 32?* + X*), in which, if wc 
make jp = 1, wc shall have cos* ^ = 2^/3— 3i or tan 9 ^ 

t/ — • This case having already occurred» we in like manner 

conclude that F (fj z= -J F 1 and consequently P = j— Fi- 

Let us now consider the^ormula Q^ and in the first place, 

making z* = y ^ we have the transformed equation Q =s 

iC ^ r, to be integrated from y s a to v s^ 00 . By 

partial integration we have 

Now let ;f = I + ;i:*, and we have \ f..Jj^^\ = 

I /LilJl^l— -- a formula which must be integrated front 

ar = o to * =: 00 . This being premised, the value of Q may 
be put under this form 

but the part without the sign /^vanishes at the beginniug and at 
the end of the integral, thus we have simply 

^ :/ ^-/(s + 3x* + **> J 

Comparing now with the formula X we have/ir — \^g =r — -f , 

« =; vs, is = I. cos e = jva* ^ = ^v(« — vs)! »o^ ■• **>« 

integral 
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inte^l ought to be taken from f = o to f r= 90% the result is 
(distioguishing the second c by k) 

Now since we know that PQ^fv, thit eqaalky and that 
which was (imilarly obtained m the preceding example, give 
these two result* 

*= Fi (El A — (^^^^) Eii;. 

^ {*') 

-=Fiii(Ei-~(aiX2)Fi). • 

4 o 

Therefore in this case the elliptic quadrants £1, Eii, which 
are functions of the second kind, may be expressed by Fi» Fii^ 
functions of the first kind and consequently the same thing 
ntust hold for all the ellipses of which the excentricities are 
comprehended in either of the two series c, c% c^, fee. i, k\ k^^ 
&c. which series may also be continued to infinity in the other 
direction* To these relations we may join that of Fi = / 3Fii» 
which is to be determined in the next example. 

Example hi. 

^ • r dt 

36. Let it be proposed to int^rate the formula R = / ■ > 

from z-i^o CO zi=i. 
In the first place we make 4 — 1' = (• ) , which gives 

R r: i . ^ , to be integrated from ^ = o to ^ : 
Next let mi=^4, and my = x*— 1, and we have the trans- 

ft ^ oTs 

formed equation R = — / -77-1 rr — -, which is to be intr - 

grated from « =b 1 to jr = 00. This integral is easily dc4uced 
irom the value of P in the preceeding example, and thence we 

•et R =—4 — FitthemodulusofFibeingalwaysc=Jt/(a + /8)* 
8» V 3 

But there is another way of finding the value of R* 

- s 

Le^ J .^^s — /i-i\ , and we immediately get the trans. 

formed equation R = /^^^^i - y which must be integrated 

VOL. XU. FART HI. (W 
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homy :=: I toy zzoo. Again, let »' =: 4 and «y=i +«*,«! 

wc have R =: -^ / ^, . . — 3-; — r, a new formula which mut 

be integrated from x — \/ (ot — 1), to jt = 00 : but by com- 
paring with ihe iorjDula X, we have /z:t^ g^o^ a=z 1, jSzTf^gi 
cos d=:4^3.andc={ V {2 — y^g), bestdti, when ,Ar* = 2111 — i, 

we have cos 'f— i — ~ • = i-. 

•3 — i «t/3 — 3 

But it will be found by triseciion fArt. 18.) that ihis value 
of (p answers to a function F = 7F1, whence it follows that the 
function F, taken from tliis value of (p to that of 90^, where 
a: = 00, will be F — -yFi. Moreover, this Fi, ought to be de- 
noted by ¥ii, because lIic modulus is here A=.{ \/ (a — V^S); 

therefore we have R = ^ • r— . j- Fi^, Comparing this 

" o 
value with that found by the other method we shall have this 
very simple relation 

Fi =r^/ 3.F1A, 
which joined to the two equations (A')« makes it appear that 
if one only of the four quantities Fi, Fii, Ei, Eli be known, 
the three others may be determined. We have for example 






4v^3 ^ ^ ^ 

It appears also that a single known ellipse in the two series 
formed from the exccntricitics c and k is sufficient to determine 
all the others. 

Wc particularly notice these comparisons, because there are 
very few cases which admit of them, and in which E can be 
deduced from F ; here there is a double relation between the 
quantities E and ¥ of one scries, and those of another, formed 
according to a dififcrcut modulus, which is yet more rare and 
remarkable. 

Besides, as the formula R may be integrated indefinitely by 

both methods, it appears that the functions F, to the modulus 

€ z=z \ s/{2 f \/ 3), may be always deduced from a like function 

to the modulus 4~ {- v^ (2 — v' ;5 j. hy taking proper amplitudes, 

and the same is true of ellipses of which c and A are the excen- 

irjcities. 1 hese ellipses cnier into the integration of the for- 

g% xdx 
inula / ■ — ", which may be effected by the same two me- 

thuds as thukt' of the forniula R ; and thus «re know two infinite 
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•erics of ellipses, such, that the indefinite reciification of any 
one of these ellipses gives that of all the others. These reduc- 
tions depend uipon the peculiar nature of the radical v^ (3*^-3^* + 3)f 
which admits of being transformed 10 •(Jif^+sr* +3', but it 
does not appear that ^ch reductions are always practicable. 

Theorem relating to definite functions of which the moduli are 
the complements of each other. 

37* In the comparisons which have been established, the 
moduli c and i are such that A z= 1 — c% or i = &, and thus 
they are the complements of each other. 

If b be put instead of k^ the better to represent the relation 
that the functions £1^, Fi^ have to the functions £|, Fi, which 
mav also be denoted by Eic, Fic, the equations [6^]^ being 
added, give 

* = FicEii+ Fi^Eic — Fi JFic {c"). 

This equation is demonstrated in the case of r=:|v^(ft •{- \/3); 
also in the case of c=y^{, for then bzzc^ and it becomes 

* = Fi (2E1 — Fi): 
2 ^ ' 

This has however been expressed in a different manner in the 
Memoirs of 1786. But these cases are only particular, and we 
shall now prove that the equation (c^) is generally true, what- 
ever be the value of r, which is a new and remarkable theorem 
relating to definite integrals. 

To abridge the notation, we shall take away the 1 which in- 
dicates that the functions have an amplitude of 90^ and only 
distinguish the functions of b from thotfe of i by an accent 
placed oyer the former* Then the equaiion to IM demonstrated 
will be 

J=FE' + F'E — FF' {d') 

I regard the first member as unknown, and call it FI, I now 
difference the two members with respect to c, which is the only 
variable quantity they contain. 

But having E =z/kdp. P = /^ » i^*= » — «* «^»* ?• w« 
get, by known pnnciples, -j^ = — y -^ — =r - (E — F), 

..aJ=/i^=J/-^-;-/|. B«b,,b.ro,. 

muht of Art. 9, we !»▼« /^ = pjAelp — ' j^^^ ' ^^ and 
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in the case of f =90% vrUch is that under considetation, the second 

i/F E — i* F 

term vanishes, and thus we have -7- s= — — n • The variations 

ic Ire 

of E' and F' are similarly expressed in respect of 6, and bc- 
cause bdb + cdczzo, we therefore get -^^ = "" a (^' ""^ ^')» '^^ 



tp/ p/ I -1 p 
_- zz -p . Tliis premised, if we diflference the equa- 

tion (d^), of which the first member is supposed IT, and sub- 
stitute the values which have been found for dE, dF. &c. we 
shall find 

dUzzzo. 
and thus the quantity IT is constant ; it is therefore only ne- 
cessary to find its value in one particular case. 
Let czzzOf or i = 1, we ihen have E = F = |», £''=: i;as 

to F'' it is infinite ; for having F^zz /— ^ = log- tam Us^-h |?)i 

if we make ^=:go^ F^ becomes infinite. But as this iafinicy is 
logarithmic, and is multiplied by E — F = o, the product is also 
equal to o. Therefore the second member of the equation {d^} 

or 

becomes in thjs case, simply, -; therefore it is always eqtial 

to |v, and thus the equation (i/^), which is expressed more ac- 
curately by (c''), is true, wbar.ever be the value of c. 

This theorem gives a relation between the functions Ei, Fi, 
which belong to the modulus c, and the like functions to the 
modulus 6. Another relation ot this kind is necessary, to be 
able to determine the functions of the second species Ei3, £ic 
by those of the first F16, Fic, but it does not appear that it can 
be generally found . 

We have already remarked two cases which admit of these 
reductions ; this new theorem furnishes a third. Let us sup* 

pose i = c^ =1——^, which give83zr-.i+v^2,c*=:-2+tv'fl; 

in this case Ei& and Fii become E^i and F^i, and the equa- 
tion {(/) will give 

^-= FiE-i + PiEi — FiF^x ; 

but by the formulas of Art. 32, we have Fi =(1 -f-O^*** 
=:-v/2F*i, and 

iFi=i: — Ei+ (1+6) E'l. 

Hence it follows that the elliptic quadrants Ei,E°imsyb« 
determined by the function Fi, alone, and that 
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2 i ^ 

- = Fi <2E°i — FiJ- 

The same will be true of all the other elliptic functions formed 
according to the series of excentriciiies, r, c% c^^ &c. 

Remark upon the Integral Formula. 

38. This formula may always be decomposed into two parts, 
one disengaged from the denoniiuator i ± x', and having the 
form 



J' 



and the other having the form 



/i 



The first may be reduced easily to elliptic functions of the first 
and second species, the second seems, at first, to depend on 
functions of the third species ; but by a very simple substitu- 
tion, it will be found absolutely integrable by circular arcs, or 

by logarithms. For, let 1 ± a?" = — , and this second inte- 
gral becomes 

dz 



h 



• (4« T 2a2* + ^Z^\ 

Therefore the formula Z may always be integrated by elliptic 
arcs. 

Approximation Jor elliptic functions of the third kind, 

39. Let us now consider the functions of the third species re- 
presented by the general formula. 

'A -+- B sin *^ dp 



H=/4 



- n sm (p A 

in which the coefficients A« B, n may have any values, real or 
imaginary. The method we have hitherto followed consists in 
reducing the proposed integral formula to another of the same 
kind, the modulus of which is smaller, and in continuing this 
reduction, until we come to a modulus so small as to admit of 
beinff entirely rejected, in which case the foimula integrates 
itself. The same method applies, with equal success to iunc- 
tions of the third kind, and it foitunately happens ihat the same 
iubstitutior, which seives to diminish continually the modulus r, 
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produces the same effect on the coefficient », and soon renclcn 
it less than any given quantity. This is the more remarkable, 
that it takes place alike, whether the value of n in the proposed 
formula be positive or negative : however, it appears at fint 
sight that the nature of the function should change when n u 
ilegative and greater than unity, because it may then be infinitc« 
and indeed beccnnes so, as often as i + ii sin*^ = o. 

To put the matter in a clear light, we shall prove that whe- 
ther n be positive or negative, the proposed formula may always 
be reduced to another, in which n is less than unity, and even 
less than c* 

In the first place, it is to be observed that the formula H may 
be written thus 

— 2n y A 2/1 V 1 +n sin* ^ * ^ * 

There being no difficulty in the first part, let us consider the 
second, and put 

p — f^ — ^ sin*(p dp 
^J I -♦- H sin '^ * t^ 
and at the same time make 



=/- 



- sin p 



by adding these two formulas we get 
p.n- 1 — c^ sin ^p 2dp 

1 -f (n \ ) sin '(p I- 1* sin *(Z> 

^ n 

Let \{/ be such an ancle that sin \J/ =, : — r^, and to 

° 1 + c sm *9 

(ft — ^^* 

abridge, let m=: =, the substitution will give 

° n[i ^ c) ° 

P+0-— 1. ^^ 

^""i + c* 1 +msmV 

and thus we have this very remakable result 

/I— nsin*(p rf? r ""^ ^P^ ^ f ^^ 

i+~nsin'i* ^ / c* • a^ A "" i + c V i + »sia«>J/^ 

n ^ 

Kow, of the two numbers n, •», if one is 'greater than r, the 
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Other is smaller, therefore, the inttgral Jormula H may always 
fc reduced to a similar function in whicfi n is less than c. 

Hence, when n is negative, and greater than unity, the in- 
convenience, arising from the formula H becoming infinite for 
certain values of f , is in a manner thrown upon the transcendental 

of the inferior order =— »t> and thus there only remains 

1 -j-fw sin 4^ 

a regular elliptic function to be considered, the value of which 

is always finite. 

It may be remarked, that in the particular case of n =r, we 

have, by an absolute integration, 

't — c sin *f dp^ -^ 
I -f- ^ sin "f * A "■ i-f-c ' 
and in like manner, in the case of n = — c« if we make 



p, 



we have 



(I — c) sm 
sin ki z: i / . , -. 

1 -^ cj sm "^ 



p. 



'i 4- r sin *y dp__ ft^ 
1 — c sin V A "" I — c^ 
These two formulas are both comprised in that of Art. gj. 

Lastly, if II were imaginary,and of the form v(cosae-f-|/i-siaa(), 
it appears by the general formula that the case where v is of anf 
magnitude may, at length be reduced to the case of y less than c. 

40. This being premised, let us proceed to the transforma- 
tion of the formula H, which we put under the form 



"=/( 



. , B sin *ip .dp 



1 4- ^ Sin *^^ 

and in which we may suppose n less than c. 

We make, as usual, sin *f = i (1 + ^^^ sin •?• — A'^cos (p»), 
and this substitution wil| give 

h-I+^^'Jho tB r dt- cos f ^ 

a formula where we have similarly H* ir /(A* I u m • ) "^^t 

and where the new coefficients are 

The same law takes place also in the subsequent transfonna- 
tions, so that, making 

we ihall have 



H-= 
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and so on. 

41. Let ui now enquire paiticularlv, wliat is the law of the 
progression oi the co-efficients n, n\ ii^^, &c. If we make 

n z= wic, and sinuUrly n^ =z nTC't we get m zz : ■' which i? 

-^ ' ^ I \-cm 

a formula sufficiently simple for the determination of m"^ from n; 
and in like manner 7/1"^ is. found from m\ &c. Now since we 
supposes < £» we have ;n < i. But from thence it fol- 
lows that we have also m'' ^ i^ and even m"" < j», for, let us 

for a moment make w* := Xm, or $ = ■■ , then it will follow 

i\cni 

that 1+8== ^ .-^ca .and,-!>= » ^^^^ ^ • these 

values shew that 1 -f. X and 1 — } are always positive, and^ there- 
fore, that I is always less than unity. Therefore mT* ^ m\ 
mT' < W^, &c. 

Hence it appears not only that the terms m, m\ m^, are less 
than unity, but that they decrease continually ; from which it 
follows that the series fi, n% n*^, n'^f &c. decreases more rapidly 
than the series c, c^, c^, &c. every term of the former being 
less than the corresponding term of the latter. 

With respect to the signs oi the coefficients, there are two 
cases to be considered : 

1". If w is positive, or that being negative it is greater than c*, 
then n", will be positive; the same will be true ot «**, and thus 
all the terms «", w**, n**", &c. without exception, will be posi- 
tive. The first case contains the particular instance of n zi + f, 
which gives n" — c", n"^ =11: r", and so on to infinity ; but it is 
needless to consider this, as it appears from Art. 38, that then 
tlie function H is reducible to the first species. 

2 ". If n is negative and less than c', let « zz — c* sin *d, we 
may, in like manner, make 11"= — c"* sin '6®, and we shall find 
that the angle B is real, and determined by the formula 

tan (S*' — 6)=:itan 9, 
here the law is the same as that by which f" is derived from 9. 
Therctore, calculating d**, 0% 6"", successively by this law, we 
have n"" iz — c^'* sin*6% «'' = — c^^ sin"d«*, from which it ap. 
pears, that in the second case, all the quantities n, »% &c. are 
negative, and smaller than the corresponding quantities ^ , c**, &c. 
which renders the series n, n% n^^ 8tc. yet more converging. 

42. The law of the coefiicients n being determined, we come 
now to that of the co-efficients A and B. In order to abridge, let 
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and let k* denote a like function of d^ and «•, and so on, we have 
therefore 

Bo=:iSB, B^*=>IA«B. B^=:ili'i"^B. &c. 
But since at last the numbers c and n, which may be denoted 
by cf^ and n^, are so small as to admit of being considered 
as =z= o, it is evident that i^ is also = o, and therefore, that we 
may safely make B^ = o. 

As to the value of A^, it will readily appear to bt given by 
the indefinite series 

A-=A + -i|- + Ji»,+ i^ + &c. 

which converges rapidly, and of which more or fewer terms 
may be calculated according to the degree of approximation that 
may be wished for. Let $ always denote the limit of the angles 

?>, — J -^, &c. from which it follows, that after a suflGcient 

2 2 

number of terms ^'^ =: 2^*$ ; then the value of h'* will be = 

43. It is now easy to develope the complete value of H which 
results from the successive transformations. To abridge, let 

'=(^+ 1^+ T+^»^- f^ + *^*=-^ (' +^> (»+'") «^*^- 

and we shall have 

H- cb L±S. *2 rdf cot ^[ 

1 -he** i+r- |iB f dip'^cotf 



1 -i- n V 1 + «*' sin* 



2 2 i-t-«V i+« sm'$ 

i-l-c^ i+c"^ ji^'B r iy cos (fT 

2 • 2 ' 2 • 1 -f » V 1 +^'" «n V"* 
— &c. 
The terms which remain to be integrated depend on arcs of a 
circle, when all the co-efficients ii% n*^, &c. are positive^ and on 
logarithms when they are negative. When f = 90% or any 
multiple of 90", these inteffrals disappear, and then we have 
simply H = a4>, therefore Hi = a • ^ir. 

If we make n = o, then i = -^, ft*:^ — , &c- and the 

2 2 

value of H agrees with that of G in art. 30* 

It is to be remarked that the value of H terminates, as well as 

that of the limit A'** if any one of the numbers i,i%i**, i°^, &c, 
be equal to o, or if we have one of these equalities « =: — 1 +4, 
«• =: — 1 -h ^°, » • = — 1 + **^, &c . We therefore know an in- 
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£iiit^ of CUM trhcfc the functioB H stjr beredoccd to the fm 
ipeciet. The cases alltided to are those where, by mkisf 
«= »^ sia't, we have for A ooe of the values which salbfy ik 

fqUMion F(9) = SltiFi.iAaadybebgaiijrwholeinniilicii 

a** 
whatever* 

Si€oml metkod of iratisfmMti&m afpSed io tie fwrncAom H: 

44, This other method coiitists in taLing». as ia ait. ^» 1 
new angle 9' such that 

sin or s ' * a^ • 

This angle ^ increaaes continually with the angle ^, and ther 
cdbcide enurdf wto ^ u a niiktple of i^^^ Let uSp as nsuait 

Buik^e 0f = ^^, and tf =: 1/(1 — c'^sinM, then weiiave 

. \ \—tf dp I 4*p^ 

"^ ^ = 7(1+27; A =7+i • S^^ 

these values being substitutea in the fonnula 

«,_ ^.. , BsinV \ df 

give 

H - JL. H' — B r dp' 

H' representing/(A' + JL^^!^^ g^, and the new co- 
eCcients being 

A'-A-i-5L n^^EaliziD «--.i£z=5>l 

^-^"*'an** --2a»(i + c)**'* — a(i + cr 

Thus we find that the fonnula H depends on a similar for- 
mula H^ in which c and n are different. We must now exa- 
mine whether this transformation has any advantage. 

With respect to c, the change appears disadvantageous, be- 
cause that c' being greater than r» the radical A' difiers more 
from unity than Zi. However, if the trausformations be re- 
peated, the limit of the quantities c, c\ (f\ &c. being unity* 
we may take cos p for the last radical A, and then the integra- 
tion may be accomplished by known methods. But this kind 
of approximation, which we have not hitherto noticed, is not 
the most convenient, and it is much better that the saccessive 
transformations should tend to diminish c. Now it is evident 
that this effect may be produced by reversing the preceding re* 
sult^ or, which comes to the same, by writing it thus : « 
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tlie last pan it ^memble by arci of ^ circle, and by loga* 
IKtOBu. Thefiitt ii » formula, shoilar to H, in which c-h the 
. ffanct and n diflerenL The new value of n being called v, we 
jhall faavft ' . 

It woaM^ be necessary to reverse the prece4ing result, if we 
^wished to dedoce froiii it' to apprbxtmation similar to that in* 
dicated in art. so ; but as this method is mucli less convenient 
than the two preceding, we fhall not insist oq it fiuthagr, and, in 
concluding, only observe that if the integral H is known when 
n = «, it will also be known when 

(c^^y 

■•'■'^ • — («• + te + €»)•— (C» — «')•• 

"^ And bv the reverse of this foimula we shall find that if the 
integral H is known vrhfcn « =/8, it will also b^ known in the 
fenr c^seii cont^ned in the Expression ' ' 

^ ^IThiA also* spears, 1^ combining the two first methods, for the 



s 



fim gives this relatipn between f ^pd f **, ^ . s= -*— ^ f ^, 

orIP (r, f ) = — : — ... F(c% ^'') ; the second, by putting 4^ in 
place of ^, gives F(r, >)/) =;: (i 4. c*) F (c®, 4^*) ; therefore, 
combining the two, we have F (c, ?) = f F (c, 4'), or - ^ !^ =p 

■ f . 7^. ; this is the foundation of the third method, and there- 

fore' the conclusions drawn from this method are in efiect con- 
tained in the two others. 

We now propose to shew, by the help of these transfbmuu 
tionSv in what cases the elliptic function H may be reduced to 
functions of the second kind, so as to depend on ^elliptic arcs 
only. 

Of the cases in which the/unction H may be reduced to elliptic 
Junctions of the second kind. 

46. The most simple cases, where the reduction has place 
immediately, are those ofn = — 1, « = — c*, n=^c 

}gee art. 10 and 39). If, therefore among the successive tians- 
brmed expressions obtained by one of the three methods* we 
have explained, one is found which agrees with one of these 
easel, we may be cenain that the proposed formula, and all the 
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othern resulting fnuii the transformations, the number of which 
IS infinite, may be reduced to the second species, sometimes 
even to the first, and thus will depend on elhptic arcs only* 
Hence it appears that it is possible to find an infinity of values of 
n, real and imaginary, expressed as functions of c, which give oc- 
casion to this reduction. This is what we are now to explain. 

By thejitsft me^od. From the value of n corresponding to 
c we dr^w thU value of n' corresponding to c*, 

fi{n 4- c*) 



n • — 



,o« 



(I 1- (f) (1 + nf 
Reciprocally, from the value of «** corresponding to c° we 
deduce tliis value of n corresponding to c: 

the use of these formulas Is now to be shewn. 

If in the first we make « — — i, or n = — c', we have no re- 
sult, if we make « = ± c, wc have «* =: >- ~ , n r**, whence 
n rz c, from which we learn nothing new. 

If in the second we make «° =: — i, wc have n zz — r— , 

t + c 

The second member is a function of c*, but it must be made a 
function oi c, and to effect this, we must put for c^ its value 

i-ZL- ; wc thus get » = — 1 — 6, which is a new case. 

But as, according to art. 39^ the values of n which are less 
than c are to be considered, and those which exceed c are to be 

reduced to the value — , in this case, instead of the value 

— J — i, WC may take ZITt* ^'" "" 1 + J. The same 

result is also obtained immediately by making »** r: — f • for 
then wc get » = — 1 + i. 

The case n = — 1 -+- A may lead to an infinite number of 
of others. Let us make in the second formula n® =: — 1 + i% 
and we have 

"" - 1(7+ cr 

The second member must be changed into a function of c or £, 

and to do this, we must make V* =: — r-it c* = — --, which 

1 + 6 I -\' b 

will give 



From thett two valoci of «, four oihen may be feoiid by a 
new sobititutioD, and from thete eight otben may be found, 
amd so on. 

All the Taluei ot n thus found are negative, and leaa than «*| 
they may therefore be repretentcd by the formula ii=: — c* utft 
We have already remarked, in art. 43, tl»t the valuea wUdi 
make some one of the quantities • -I- t — ^, s** H- s — I", 
9^' ^ t^^ 6% 8ca equal to o, at the same time also m^ 
one of those of the series At i% i**, &c» equal to o, and thus, 
in all these cases, jhe general formula of art. 431 will terminate 
of itself, and the function %l be reduced to the firtt species* 

Again, in the second formula, let n* = r*, then a r; sbc, here 
we get no new result ; but let «*=: — «% and we aball have for 
new values n =: -^^^bc y^«-» 1, hence, by r epea t ed aubstito- 
tions, there results an infinity of others. 

In general, it appears that every value of n whicb is negative 
and ^eater than c* gives two imaginary values, and that every 
positive value gives two teal values, the one poattive and the 
jother negative. But among the positive values cbe only ease 
we yet know is that of a =: c, which does not lead to any more; 
the other methods furnish new cases. 

47* Bv the second method. From a value of n corresponding 
to c we oraw this value of a* corresponding to tf"^ 



\ i + — b / * 



e 



Reciprocally, from a value of n* corresponding to c*, we get 
this value of n corresponding to c : 

_ (c° — ny 

In the first formula let a zz c^ and we shall have a* = 

I _ \ . but it is necessary to change the second 

member into a function of r, and for this purpose, to make c 
= » h = ^ > The substitution being made, the 

index o is to be taken away, and the result will be 

If we had taken a = — f, we should have found this value 
of a. 
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These two new values are less than r, and each may furnish 
an infinity of others, by the formula of this second method as 
well as by that of the flrst. 

48. By the third method. Supposing c to remain the same. 
If y is one value of n, another is known by the formula 

" — 4(^+0 C + O* 
and also another by the inverse of this formula, which gives 

n:^ —————— —^ 

1 

In this we may put — instead of v, and there will result « 
a third formula 

• (t + f.) + / 

This third method is, as we have already remarked, a con- 
sequence of the two others, but it is better adapted to the object 
in view, because the value of n is expressed immediately as a 
function of c, and because there is no reduction to make from a 
function of c^ to a function of c« 

The first formula producing nothing in the more simple cases, 
we go to the secondhand making v = — 1, we get n zz ±:b — i, 
but this value is already known. Let us now make • =. b — i 
in the third formula, and we shall have 

a value which has been already found bv the first method, but 
less directly. Here the sign of b may be changed, and there 
will result two imaginary values. 

Let V = — c* in the second formula, » =: — 1 in the third, 
and we shall have n zz — c* ^^0^/— it a result which is already 
known. 

In short, let us make » = c^ in the second or third formula, 
and we shall have 

a value which is the same as we have found by the second 



n z= 
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method. If we bad made y zr -— c» we should have bid tkie 
tmagiQary values 

±y/lt—c)^t 



n = 



•(.-»-.• 



It it useless to enter into sreater details, and it appears that 
by the combination of these Tormulas we may obtain an infinite 
number ot values of n expressed by functioni of c» real or ink 
ginary, by means of which the formula H may be freed from 
the denominator t + n sin ^ by one or several suitable trans- 
formations, and which may be effected by the preceding me- 
thods* Thus this elliptic function of the third kind may be re* 
duced, in an infinity of cases, to a function of the second kind^ 
so as to depend only on arcs of an ellipse. 

Another manner of valuing elliptic fknctunu* 

49* It may be necessary in certain cases, particularly in 
problems of mechanics, to express the elliptic functions on 
which the problems depend in terms of the variable quamity ^ 
alone. 

Then the developement may be . made in the usual manner ; 
but the determination of the co-efficients may always be greatly 
simplified by the preceding methods. , 

Let us consider in the first place the function F = f'^* ^<I 

let us suppose — = A — 2B cos 2p + 4C cos 4^ — &c. In 

order that we may have 

F = A (p — B sin 2f + C sin 4^ — D sin 6p + &c. 

The values of the co-efficients A, B, C, D, &c. are now to 
be found in as simple a manner as is possible. But, by a first 

developement ~ =1 + | c* sin*^ -| -^ c* sin*? + &c. After- 
wards, putting instead of the powers ot the sines their values in 
terms ot the linear cosines we find a series of the required form 
of which the co*efficicnts are 

4*i6 4*i6'36 4-i6'36'64 

B= iS+|S + i S + 48 + &c. 

C= iS + tVS + AS + &c. 

D= ttS + tVS + &c. 
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In each value, the letter S represents the term above it of 
the preceding value. And by this means, the law of these 
series is sufficiently evident. The multipUcators to be era. 
ployed in passing from one line to another are in general 

{n + l)(2/« 4 2)' (»+ l)(£JI + 3J* (/i+i)(2m-4)' 

Their law does not serve to find B from A, but it serves to find 
C from B by making n =: i, D from C by making n = 2, &c. 
We may, therefore, by these series calculate completely the 
values of A, B, C, &c. but when c differs little from unity, a 
great number of terms would be required to have a moderately 
accurate approximation. 

50. The value of — being muhiplied successively by ^, 

J^ cos 2^, dp cos 4^, &c. and then integrated from (p z=zo 
to (f zzz 90', will give 

A. 2:= Mb.Iz: A^"^^*^,2C, 2:^ A^^QMt> &e. 
2 J J^ 2 J 2^* 2 J /^ 

Thus each of the coefficients A, B, &c. is found by a definite 
integral, and these integrals depend only on the quantities Fi, Ei» 

We have immediately for the two first A -= Ft , and B- =-1 X 

(Fi — £1) — Fi, and by substituting the values of Ft and £i 
(Art. 27 and 31) we find 

A = (1 + c") (1 + O (1 + CO'"), &c. 

B c° ce" c'c''c'^ , „ (*^ 

A=7+— + — g— + *''=• 

These two first co-efficients being found, all the rest may be 
deduced from them ; for by comparing the differential of -^ with 
that of its value, we obtain 

2-3 C= 4b(1^")-A. 

3-5DZZ i6C(^^*)-i-3B 08) 

4-7Ez:36D("^)-2-sC, 

&c. 

However, the accuracy of the result obtained from these 
equations is not altogether to be relied on, if c is very sniaii, tor 
then A and B must have been calculated to a very great degree 
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of accuracy, if the errors produced in the other co-efficients do 
not soon become considerable. In this case» the series of ihc 
preceding article mav be employed ; but it will still be better to 
make use ot the equations (/3) themselves in an inverse order. 

For example, if the approximation dots not require to go be. 
yond the term D, we may neglect E in the third o^ the equa- 
tions {&) and we shall have the ratio of D to C. The second 
will give the ratio of C to B, and the fiist the ratio ot B to A, 
which may serve as a verification. It appears thai thence all 
the co-efficients are known unto that which admits ot being 
neglected. Besides, the co-efficient A is that which requires 
to be determined with the greatest precision, for A? is the 
principal pait of F, and that which increases indefinitely. 
The others are only inequalities^ or equations of that mean 
value. 

51. Elliptic functions of the second species may be repre- 
sented by the formula G :=:/{% + j3 cos 2p) ^, it is cd^ty to sec 

that 

G i=a[A(p — B sin 2? + C sin 4^ — D sin 6p + &c.] 

^rn A+aC . ^ . B4-3D . aC+AE . ^ . , , 
— [B^ ^ - sma^ + ^— 8in4^ ^2— sin6^ + &c] ; 

thus the devclopement does not present any new difficultv, and 
may be made by the same co-efficients. 

With respect to functions of the third kind, it will be 

sufficient to consider the formula H = / r-r- • — : but 

yifwsinV A 

if we suppose 

H in. M? — N sin 2(p + P sin 4^) — Q sin 6^ + &c. 

and take the differential of every member ; a value of -i will be 

found, which being compared with that of article 49, will give 

N ~ _ M + i (A — M), 

sPzz — 2N — M+ i(B— N). 

4R:^_6Q_2P4-i^"(D-Q), 

&c. 
Hence it follows, that by supposing A, B, C, &c. known, it 
is sufficient to determine the first co-efficient M, to find thence 
all the others. But by article 43 we have 
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M ■ 
A 



* It + n 



Ai' 



&.C. 



]■■ 



1 H- « ' 1 h « 
we may also deduce M from A, B, C, &c. for we have the 

formula — ■ — . _' =1 H 
1 +« sm vp 



2a COS 2f + 2at* COS 4J &c. in 



which « zz ~A — — z—i — ; multiplying this formula by -^, and 



V(i-»-«)+i' 
integrating from (p z: o to (p n: go** we have 

M v^(i +«) = A— 2B5C + 4C«* — 6D«» + &c. 

52, In order to facilitate these determinations it only remains to 
construct a table of the values oF Aand B, or of their logarithms, 
for different values of the modulus c, which may easily be done by 
the formulas («). It may be convenient to represent each by the sine 
of an angle, and then the complement of the modulus answers to 
the complement of the angle. Let A and B be the numbers of the 
modulus sin 9, A' and B'' those of its complement cos 9, then, ac- 
cording to the theorem of art. 37, we have this relation, which 

A B R' 

may serve for continual verification, — —r- = i - -7- sin'9 — 1-7 ^ 
^ ' grAA' A A^ ^ 

co&*9. What follows is a slight specimen of such a table, which 
has been carefully verified, and should be extended farther, but 
which cannot fail to be useful on many occasions : 



Anj;le of 
modulus. 



od 


1 





3 


•" 6 


9 


12 


15 


18 



3i> 
43 




Log. of A. 

Ztro. » 
0,0000331 
0,0001323 

0,OOOt>978 
0,0011920 
0,0026860 

0,0047846 
0,0074935 
0,0108284 

0,0147959 
0,0 1 94 1 30 
0,0246981 



0,0306733 
0,0373648 
0.0448034 



0,0530260 
0,0620766 
0,0720074 



Log. of B. 



Inf. neg. 

5,5807199 
6,1829453 



6,5354036 
7,1389540 
7,4936265 



7,747001() 
7,9453400 
8,1092576 



8,2497638 

8,3734429 
8,4845561 



8,5860288 
8,6799638 
8,7679334 



8,8511530 
8,9305914 
9,00;0451 



Angle of 
modulus. 



90i 

89 

88 



87 
84 
81 



78 
75 

72 



69 
63 



60 

57 
54 



51 
48 
45 



Log. of A. 



Inf. pos. 
0,5390725 
0,4799075 

0,4412352 
0,3663934 
0,3164715 



0,2778878 
0,2460561 
0,2188233 



0,1949916 
0,1738201 
0.1548157 



0,1376327 
0,1220183 
0,1077813 

.0,0947747 
0,0828812 
0.0720074 



Log. of B. 

Inf, pos. 

0,3399469 
0,2426870 



0,1742911 
0,0280475 
9.9175495 

Ct,82297J7 
9,7374504 

9.6576703 

9,5817130 
9,5083232 
9,4365965 

9,3658278 
9.2954244 
9,2248545 



9,1536124 
9,0811882 
9,0070451 



(d}2 
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To bcilkate the construction of thii table, it is pioper to femiik 

thatBavingaccuratelyAss A% we have nearly -t-= — V^A^i 

and this value onlv errs in excess by the imall part ^V ^^ 
hence, the error will not be so much as a decimal unit of the 
7th order, so long as c does not exceed 52° 40', and with 
the correction, we may suppose c stiU greater. But aathe vihie 
of A is calculated by successive factors of which the firtt is 

-~^ — , the value of log. A^ is known immediately by the calcu* 

lation of A, and thus we have B in a very expeditious way. 
The same property may also be applied beyond tne fixed limit ; 

for we have equally A sis ■ • — ^; — A"*, and hence it 

B c* 

foltowsi with a greater degree of approximation^ that -^ z= — x 

{i-{ •A"*'). This value does not differ from the truth hy 

more than two units of the 8th order, if we have c = 84**: But ' 
it is not necessary to go farther, or even so far,, becauaet when c 
is nearly equal to unity, A and B may be calculated by formulas 
which converge faster. 

One of the chief uses of these numbers is to determine the 

functions Fi and Ei by the formulas Fi = — A, E 1 =: — A— 

2 a 

- c* (A+ B). Thus, in the case inhere c Is not very near equal 
4 

to unity, we have at once Fi = — (1 -4- c*") A", and Ei = 

- . — ~j (1 + c*' — c^' ^A^), but this object is readily ob- 
tained by employing the exact formula 

_ V A" r f*co» c°*^*c«»o „ ^ 

El = - . — ; — oCi &C.1 

21+ c 2 4 -• 

which is the same as that of art. 31, but under another form. 
This formula however is not convenient in practice, if c is 
nearly equal to unity. In that case b will be very liitle and it 
will be proper to employ the formula 

E 1 = I + i*« (log. i — I) + VV 6* ('og. f — H) + *c. 

which we have demonstrated elsewhere, and which leadf veff 
expeditiously to a result. It is therefore convenient to. |m^. 
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Similar formulas for calculating A and B in the case of b very 
little ; these formulas may be deduced from the value of £i 
and other known relations, but they may be found directly as 
follows. 

53. From the values of A and B developed in art. 49, these 
two equations may be found, 

The first shews how B may be found from A; the differential 
of the second being takeft, we get 

(*-<^)-^+^^'^-^ = '» w 

As we wish to develope A according to the powers of l^ we 
must substitute in this equation \/(i — i') instead of c and it 
will become 

It therefore happens, which is very remarkable, that the equa- 

. tion has absolutely the same form in respect of b that it has in 

respect of c. Hence we may conclude that we shall satisfy the 

equation (S) by putting in place of A the value A' z: 1 + 1 A«^ 

— ^ ^*+&c. This value A'' is not that which we seek (seeing 

that it answers to the complement of the modulus), but It leads to it. 
Let A=r A^^,the substitution in equation (^) gives, after the usual 

reductions, p = ^ I hi h^Wf^ This value being developed 

into a series, and the constant quantity a, determined by the 
known value of £i» we have / 

fA=A'[log.|_l6«-i3.i*_^._&c.]...(0 

a formula which converges very fast, when h is small, and 
which may be convenienUy employed when c is greater than 
sin 8o% or b less than sin 10°. In th^ construction of a table 
we have this advantage, that A^ is already calculated for a 
small angle when A has been calculated for its complement. 
For the object of these approximations it is not necessary to 
continue the series [i\ farther; however, the form of the ex- 
pression being known, it is easy to find this law from equation (y). 

JA =log. 1 + J4.(!og.|-.) + iJ.»'(l»g.J-.-ji^) 

+ TTi^ '•"»!-:-- i^ - fh) + *' W 
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.11* 

where it must be observed that the fractions , — ^ — ,ait 

2 • a 3*5 

followed by , , &c. When A is known, we baveB 

4-7 5-9 

either by the forniula 
|B=(A'^.6^J.')(log.l-i6>-13^,/-&c.)-^j^.-^,..(r.) 

(in which, instead of A' \- 2b -^, wc may put — -r^;— , oriis 

developed value i+J • 5^* 1 ^ 96* &c.), or else by thcseries 

J-B = - aA' + log. 1 + i . 5P (log. J - ,) I- — ^9i*^ 

(log- 1 - * - rh) "^ ^'- 

The other co-efficients C, D. &c. may be calculated by the 
equations (p) which apply with cerraimy and convenience to the 
case in question : It aLso appears that the combination ot equa. 

4 B 

tions (») and (e) leads directly to the equation— pp? zz i — ~c* 

B^ 

—•-^6*, which is the theorem of art. 37, 

Finally, to come 10 an cqnarion of another kind, if we con- 
sider the series of func'iv)ns Fi^ whicli ans\\cr to the scries of 
moduli . . . &\ c\ c, c\ c^ , ... ot whicIi the mean c zz sin 
45 '» it will easily aijf)(ar, that tiu' moduli of the functions F'' 
aud F' are complcnunts o{ ojc aiioiDti, anl the same is true of 
F"andP', &c. besides, we have F iz 2F", F''^ - 4F ', &c. 
llcnce, and from the prtc^^ding [oiniiila, it follows ihat ^ is 

equal to the limit of the quantities log. % , -J log. — , | log. -^i, 

C C 

&c. afid, afrer the 6th term, this approximation is true to at 
least 100 decimal places. 

Of the surface of the Oblujue Cone. 

54. Let the rudius ot the baso - 1, the lifight of the cone ir/, 
the distance of the bottom of ilie peipenditular from the centre 
of the udse iz g, ti,e on^ie at the centie, coniained by r[)e line 
g and any radius wiiaievc, = u, x\\c pan of the surface oi the 
cone which corrcbponus t t'':e angle zu will oe 

c :- f\djj v'' / * Y vi — ^ cos a/)'J. 

To reduce this integral \.o the common form, let ^tts make 
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. /in f- cos? - A //i — ^\ X T^ J 

cos 6/ = ^, or tan jo; zz V ( -— ; — ) tan |(p, and 

1 + 172 cos? ' ^ \1 4- »J/ 

let us take the indeterminate quantity wi, such that f'^m + 
(i — mg) {m — g) — o, which gives 

( ir — — fit \' 

let us further make c* zr t^^— Ta t ^^^ ^^^ shall have the 

transformed equation 

*^ '^ \mfj (i f w»cos(f)) 

a formula where m is less than uniiy as it ought to be, in order 

that 'p may be real, and where it may be remarked that \/ (—1 

is the arithmetical mean between the greatest and least distance 
of the vertex from the circumference of the base. 

If, in order to abridge^ we now makec = i (i — ni^)i x 

— _-»»/> sin^ f mdl> cosp ^ r dp fchin^pdp 

""i l-mcosf ' V(i.'/r'cos"^) A y(i-wi'cos*(p)A V A ' 
Of these three imegials, the first is reducible to the arch 

of a circle ; for let tan s zi — - — , the intc&rral will be 

7T — \ • ^^ again we make j z: «, a po- 

i/(.-".«).v/(S) ' " 

sitive quantity, the two other integrals may be put under this 
form. 

J 1 + n snr^p A -^ ^ 
Therefore, as usual, let E=fi,df, H = f^LTUL!^^ ff>« 
and we have 

Z = ZL^-^^? ^^^, ^ , + E + IL 

In the case of the entire cone, we have simply Z zz 4E1 
+ 4H1. 

The quantity H is an elliptic function of the third kind, 
which cannot be reduced/ ici general, to functions of the 
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second ; thus the surface of an oblique cone is a traosccni 
superior to elliptic arcs, but it is compiche n ded in d 
transcendentals, and' consequently enjovs their propertiett 
is, an infinite number of portions of tne surface n>ay be < 
pared with each other in such a manner, that thdr di ft fenwi 
combined are determinable by circular arcs ; lor since m is f^ ' 
sitivei logarithms do not enter into these comparisons. 

An infinity of oblique cones may be assimedg^ tlie snrfKCi 
of which are determinable by elliptic arcs ; that thia may be Ik 
case, n must be equal to one of tne functions of c, for then wt 
have f^und that the function H may be depressed to a lower 
degree. Ai n ought to be positive, the most simple caie is dift 
of M =. c, which gives g zz i/[c + «•),/= ^[c — «*) ; • 
that if we have between the lines/, g^ and the ndioi of the bate 
1 or r, the equation , 

the surface of the cone, either whole or in part* nay be de- 
termined b]f elliptic arcs* For example^ it will be CtNind tbn 

the whole surface = - + aEi — (i — c) Ft. 

The developement of the surface of an oblique eooe vpon a 
plane produces a sector, the angle of which u detennined bf 
the formula* 

2 - r ^v/|7'+(i-g cosier] 
or by the transformed equation 

This quantity therefore depends always on the same transcen- 
dentais, but it is a little more simple, because it contains onlv 
one term which belongs to elliptic functions of the third kina* 
In the particular case of which we have spokea» the whole 
sector 18 or 4- 2(i — c) Fi. 

J[)f some general Formulas which may be reduced to EtUptic 

Functions. • 

The nature of elliptic transcendentals being investigated and 
known, it is of advantage to reduce as great a number of integral' 
formulas to these quantities as possible. As these are iafinite 
in number, and as various as the substitutions which auiy be em«> 
ployed, we shall be satisfied with indicating some cases wbere 
this reduction takes place. 
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i\ The integral f—. , ^ _f — . , . 6 v» «» wA«V^ u 

41 rational value of x, may be reduced to elliptic functions. 

For if we make ;r* = z, we may suppose P = M f Ny/r, 
M and N being rational functions of z, and th. integral pro* 
posed will become 

r . {Udz r jNJz 

J ^[az -h /Sz* + yz' -h Is^) "^7 •(« +• ^z + yz* + Jz') * 
both which are comprehended in elliptic formulas. 

2'. Every function /r— — , . ^ ■■ i ., , iii which P li a ra- 

W (« + /3^ -I- y**) 

tionalfunction of x, ;nay ^^ reduced to elliptic functions. 

For wt may always make P i= M -i- Nx, M and N being 
rational, and even functions <»f re. Let us consider the part 

^xdx 
V (« + /a;r- + y;iV *"'' '*^ "' "*''*' V (« + ^** + 7**) = r. 
which gives 

, _ — g4- V^(g' — 4gy + 4yz^) 

X — " • 

2y 

It is evident that by 'the substitution of the value of x% 
Hxdx will not contain any otherradical besides \/(3^ — 4ay 4" 
4yz^); therefore the whole difficulty is reduced to the integra* 
tion of a quantity of the form 

Qz'c/z 

V'Ce' — 4ay + 4'y«*)' 
in which Q is a rational function of z^. With respect to the 

^V^TTWT^) ' '^ ** °^' ^"^ ^* "*" ^'* "^ ''**^ = '^ 

we shall have 

^ _ — g + Wg*— 4«y + 4«y*) 

« * a(y— /) 

^or _ 2X*y*d y 

from which it appears that the transformed expression com- 
posed of y contains also a part entirely rational, and one of the 

form 

RyVy 

•{i3«— 4*7 + ^y 

R being a rational function of ^\ Therefore the proposed 
formula is always reducible to elliptic &nctionf« 

Vol.. III. Part iiu (e) 
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3**. The formula f?dx\/[%-\-^x^ ^ yx^i may be resolui 
absoluUty in the same 7nunner^ P being any rational Junction 
of X. 

These two cases comprehend the formula y" Pd« (« + r-^ 

±1 ' , ^j 

^- vx') * and also ihe formula f^dy (« + /?y "t" yy ) , 

^vhcrc Q is a rational function of y\ for making y = x^^ this 
last is reduced to the others. 

4°. The formula fVdx (« 4- /Sx + y** + Sjc' ;=*=!. v^hen 
Vis a rational function of x^ may be reduced to elliptic functions. 

This reduction may be effected in various ways. In tiic fii^t 
place we may make one or other of the suppositions 

i;/ (a -f- (^x 4- yx^ + Ix^) - v^ « + xzy 
\/[x + /?* + yx^ + U^i = ;tV^ + 2, 

and the transformed expressions composed of z will be com* 
prehended in ellipiic iunctions. Either of the co-efficients m 
and ^ under the radical may also be made to disappear by 

making x z: in + y, or * = w -t- -, and taking for m a real root 

o\ the equation « + /£»» + yw' + 5m' =: o. Let us suppose 
that we have made $ to disappear in this way« then we make 
V (a + ^x ■\- yx*) = 2, and hence 

^ _ — /?-Hv/ f/3' — 4»y-»- 472^) 

27 

and by substituting tlus value in the proposed formula, all the 
diflicuhy is reduced to the integration of a differential oi the 

form — 77T3 ^^"^ ; ,v> Q being a rational function of r. 

•tP —ix/ + /^yz^) ^ ^ 

5'- ^^^^>^^^^/^ /,(, , ^X-^yX^/r l ^-^ yX^ + fSx^ + .X^^] 

in which P is a rational function of x, may be reduced to ellipiic 

Junctions. 

For if we make a' 4 1 n: jcz, this formula becomes imme- 
diately 

?x^^ dx 

v/L«(2' — 32)-! /:^(2« — 2) +72 + ly 

Next, the value of x, which is {z±i\ -v/(2* — 4), being 
subsiituteJ in P, h is evident that the result will be of the 
form M :t N y/(z» — 4), M and N being rational functions 

of 2, Again, we have * + 1 = ;t^ >/(2 + ?), * — 1 = ±: ** x 
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>\/(i — 2) ; hence there resuhs 2x"'^= v'(«-*-«)T v'C^ — *)> 
and 

therefore, the transformecl expressions composed of z have all 
their terms integrable by elliptic functions. 

6*^. Lastly^ toe may integrate in Hie manner the formula 
r — ^ s 1, P beinz any rational function of\\ 

For if we make P zi M I- Ny, M and N being even func- 
tions of y, and put R for the radical, the part -n^is reduced 
to the preceding case, by making a =: o, and y* =r r. The 
other part — ^-^ may in like manner be reduced to an elliptic 
iunction by making/* = x. 

Example. 

j6. Let it be proposed to integrate the differential 

jr\ _ ^ 

We make V (t — 3^*) = 1 which gives x =l^—{i ft") 

z 

— ^ v^(^* f 22^ — t) 2^"^ ^^^ transformed expression will be 

,^_ \(\—z^)dz i_ %z^+ 1 dz 

""(i+^*J(8«'— 8^3 ' 3-*-*-««'-» ' \/(3«*l-6«-i)" 



The first part is rational; the second would seem to require 




z: pZy the secopd part of the value ol dVl becomes L-. , 

db . . ^^^ 

^ " ' . Thus the proposed differential may be absolutely in- 
tegrated without elliptic functions, and it it reducible to the 
rational expression 

jn- i(»-'Vi t Jt_ 

(T+*Tl3^'-i ) a •a V- 4' 

A like simplification takes place in general for the formula 

(ea) 
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y (yi* + ea' + a) V'l* -f- p2' -h 7*^ ' 
for il the radical be put=^z, this formula will become I - a\\ * 



a reduction sufficiently remarkable, and analogous to that of 
art. 38 and 39. 

Of Transcendents contained in the formula 
ji ^v _. ; which is supposed to be integrated from 

X =: o to \ ^ \, 

57. Euler has considered thi^ transcendental in Iiis Calculus 
Integralis^ cap. ix. torn. 1. and he has <lemonstrated a great 
number of its beautiful properties. Let us with this author 

denote the formula in question by the character f ^ J t which is 

convenient for comparing different formulas of this kind iawbxcb 

ji) n is the same ; we have in the first place T^ 1 = f^ 1, the first 

property, from which it appears that the numbers p and q 
may be changed the one into the other. In the next place 

(s) [] ^ ^ 1 — [ — 1 r 1» ^' ^"^ which it follows that the 

formulas I ^ | may always be reduced to formulas of the same 

kind in wliich p and q do not exceeds; thus we may always 
suppose thai p and q do not exceed n. 



(3) 



In the case of y ^ n, we have exactly T — | — — , and in 



qj q 

the case p f 9 iz n, the integral I — j depends on the circle 
alone^ and we have generally 

(4) [^-]^[73^] = 



av 
n sm — • 
It 



These two are the only cases in which the function \ -\ can 

be exactly determined ; all the others present so many transcen* 
dants superior to arcs of a circle, and thesCf for ev^ry value of fit 
must be reduced to the least number possible* For this purpose we 
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'havethc general equation [^] [^] = [^] [^^^1] (5) 

i^ which is true, whatever be the values of p^ q, and r, and which 
■' furnishes several others, remarking that every expression may 
: be reversed* By means of this equation we may, for every 

value of «, form a table of all the values of f^l where there 

only^remains to be determined the transcendentals j" J, 

r ^1, r ^ l, &c. of which the number is— —J, if 

■ n is even, and if n is odd. We shall refer for the de« 

ft 

monstrations to the work of Euler. Here are some other re- 
suits relating to the same subject. 

58. According to equation (5) we have F - J \ — ^ ^— J 

Ln — p — qj L V -^ Ln—p — qj L« — pJ 

^^^ r — — TaJ r n- /r — J* Multiplying these two equa- 

tions, and putting the values known by the formulas (3) and (4) 
we have 

9 sin (^ + o) - 

[El r-?^^=^i= '' (c^ 

^ ^"^ n(n — p — j)sm^ sm ^^ 

from which it follows that the formula f — — -1 may always be 

determined by the formula f^Jf of which it is in some re- 
spects the complemfeut. In particular we liave 



air 
2Tr cot — 



LaJ L" — "J "'.« — say 



(7) 



nasm - ■- (8) 



n 



E,u«»„ „) give. .1.0 [|] [|±y] = [-E.] [!]. 
wbe&cca by putting known values. 
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(9) ri-i [f-Ln =— "^_ 

^ n 

From this it follows triat 






tfar 
fl« sin — 
n 



and combining this result with equation (8j we have 

from which it appears that the formulas [ "I, j 1 

r — — — I niay be deduced immeUiaiely fiom f — !• 

(59). Let us now come to transformatioiss by which we may 
knpw more precisely the nature of these fuiic:ions. The substi- 
tution of 1 — a?'* = y" leads to equation (i); the iubstitution 
1 — a:** := x"z^ gives a rational transformed expression when 
p -{- q zz n^ and thence equation (4) i& deduced: in the case 
when n is even, and when we have p ^- q :=, |«, the same sub- 
stitution gives the formula 

which should be integrated from :: ~ o to 2 n 00 . 

To obtain other results, let us suppose 1 — x zr , or 

4x" 

x^ — i± i /(i — O i*"d we shall have, in the case ol 
p zz q zz a^ the transformed expression -j- 2 " f^ £- ; and 






with regard to limits it must be observed that x r: o gives z —0, 
J?" :i: i gives ;: — 1 and x zz 1 gives z — o. From which it 
follows, that th; integral ought to be taken twice from ; = o to 
%zz X. TiiLis, as X may be put m place of x we have 



1 -" ^•—1^ 
*—- r rx ax 






(^3) L«J J ^(x—xn) 



cncc the successive v^ilucs of j"" |i T— U I "^ 1 • ^'^* 

Tiiay be deduced iindjr a verv convenient form, and these for- 
xnulas may supply the place of those employed by Eulcr to 

express all the values of {"-"[• Indeed in the table of all 
ibese values formed in the manner of Kulcr we easily find that 
the formulas j" ^^— — J, T ^"|, &c. may be determined 

by an equal- number of formulas j — I, [ — |, I ^ , &c. 

but these are now reduced to the most simple form of which 
they are susceptible. 

1l is to be lemarked that the equations (7) and (13) com- 
bined give 

r X dc t X dx n 

If n were even and we had p — ^ = | r the same substitution 
of I — x' = -^ would give this formula : / 

And in the case of n even, we have directly, without sub- 
stitution, 

tfl^l __ r a***^ dx 
i^J " J ^{i—x^y (16) 

Suppose now 1 -^ jt" =: J sV', or iT^ = i + W(i + «"), 
we shall find, in the case of ^ -h 2y =1?, this new formula 



Ln — 9fl -I _ "^ /* z dz 



which should b^ integrated from:&=:o to z = 00, and which sup- 
poses a JL\nm This formula is not less simple tlian the foniiuU 
(13) and may serve the same purpose, for if it be combined 
with equation (11) the result is 

2a a— 1 j^ 
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We must therefore have generally, 
(19) fx—^dx _ air ^ z""' dz 



(so) 



A x''-^ dx air ^ z" 
J = cos — /- 



the first integral taken from a* =: o to x = 1, and the second 
from 2i=ot(>s=oo. I observe with respect to this cquatKm 
that if n is odd, and we make or =1 — y^ in the first member and 2= 
y*— 1 in the second, both are reducible to the same formula, viz. 



/: 



y^[« » y* + _ /- &C.] 

This integral in the first member is taken from y = o to 
7—1, and in the second from 7 z: 1 to 7 = 00. Therefore 

these two parts are to each other as cos — to 1. 
^ n 

A^ain, whether n be even or odd, formula (tg) coming from 
formula (17) supposes a <\n^ for otherwise, if wc had tf = 
or > \n the second member would become infinite, and in order 
that the eqciaiiori should always hold true, it would be necessary 
to put it under the form 

/J^— ^ ::= cos 21 r\JZ^±_ _ z— i— ^i, J: 

which is found by the last substitution, supposing ^+ 2y = 2». 
From hence is derived the manner of finding the integral of the 
second member ; for by means of equations (14) and (19) wc find, 
a being t> {n^ 



f*^' n{2a — «)sin 



2aTr 



n 
59. When n is uneven, the number of transcendentals necessary 

to determine all the formulas T— | cannot be reduced below 

; when n is even that number may be reduced to — or 

2 ^ 4 

71 2 



4 

h\ short, by the combination of equations (is) and (18) 



wc hnd 
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Za 



^ "^ "T av ■- Ifi i.^ 



-]=« CO, -[-^— ]: (a.) 

But the formula F ^ T which ii the same thing as « 



n n — 2 



Cr n , presents only - , or different values* 

This last equation gives^ by putting jn -* a in place of 4, 

2a 

\ I =Z2" sm — f-r j, 

and thus we have directly 

[-:]='';^-f-[^3- '••> 

hence it appeals that it is sufficient to have the values of 
f— 1 in those cases only in which a does not exceed | n. 
Jf in equation (la) we put in-^a in place of tf, we hav« 

an equation which hesides is verified immediately hf patting 
— in place of z, in the first member : It always supposes 

4 < III. From thence, and equation (19) we deduce this oth^ 
•qmality^ which is not so evident 

These general results throw great light upon the particular 
ckamples {see EuUr^s work already quoted, art gpa^ ei seq.) 

Example i. 

6o. If 11 r: 3i the only transcendental required is 

[tfn if dx —4^ /• dx 

<nd its value, which has already been found in art; 3 j, is 



.[;] = 



8V3 *"v^a7 
die modulus c being sin 75% pr 6 being sin I {*• 

VQt. KIJ. rART HI. (f) 
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'^ . Example ii. 

If ff = 4, the only transcendental necessary is 

of %vbich tlic value is Fic, c being -r— or sin 45". 

Example hi. 
The case of n =: 5 presents the two transcendentals 

[2n • r xdx • 2v r zdz 

but they do not appear reducible to elliptic functions. 

Example iv. 

The case of n = 6 presents the single transcendental 

[in • r dx • 7i r dx 

The first form by making — : =1 1 + 2" gives for a result 
PL"! — ^, Yib^ the modulus b being sin 15'. The second 
form by making ;^ =/ — t gives for a result I - I = a^ coi 

- Fir, c being sin 75°. These two results ought to agree, we 

6 

must therefore have Fic = ^^ Fi^, as we have found ia 

art. 36. The transcendental T - J being thus known, we mav 

deduce from it the two which Eulcr has employed to determior 
all the others ; they arc 

Example v. 

The case ot 12 = 8 presents the two transcendental^ 

[IT \ r dx 4 It r dz 

7] = ^^VtTIJTT) = ^- '^' 8/7(7+75' 
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The second, by putting x' instead ot at, becomes 2~* 

value the formula f - | ^c shall choose the second form, and 

making i {- z^ = pz*^ which gives zzz} y^(p f a) :+: l^{p — 2)^ 
we have by substitution 

dz _ {dft \dp 

•(! + ::') *" ^[p \ 2) . VOt^ — 2) "^ v/(^— 2) v^(^*— 2)* 
These two parts ought to be twice .integrated, fromp r: 2 to 
p :=: 00 ^ and as in each interval they have contrary signs, it is , 
sufficient to take the double of the greatest part, and to integrate ' 

—7- / ^^ , : from ^ = 2 to ^ =r 00 . Let ^ = a + ^* 

we have then 

r dz _ r d^ ^^^_ 

the limits of q being o and 00 • Let us, to abridge, put m zz 
V^(2 -I- v/2) = a cos--, q zz m cot ^, c* = ^2 — 2, and the 

expression is transformed to 77 f i ,^. , of which the 

* m v{i— c sm f ) 

integral between the required limits is — Fic. It may be re- 
marked that the modulus c has for its complement t = ^a -— 1, 
so that the elliptic function which occurs in this result is that 
which we have already considered in art. 37, and which has 
peculiar properties. Hence we have 

[ Y] = ~Fic = V aFi6 (*=•.- 1). 

If we now make T— J = M, f- J z: N, we shall from these 

known values derive those of the three traoscendentals which are 
required by Euler's method to form the table of the values of 

\£ j, and we have 

acosg cos^ ^ 

Example vi. 
The case of n :;; ip depends op tw^transccndent^s only, 

(f«) 
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For, according to equation (22), tht^sc two values arc suffi- 
cient to determine all those of f - J . B ut T ^J, or f - J i» al*o 

, , and by putting z* instead of z in 

this Talue, as well as in that of F - 1 , the two transcendentals 
in question are 

[tI = v7(fr?)- \X\- i/!/(tir»)* 

These are the same as in the case of n =: 5. In general, ti^ 
ease of x = 4711 f 2 is reducible always to that ofiiziai»-f i> 

EXAMPLl^ VII. 

Lastly, let us examine the case of n = 12 as giving occasion to 
remarkable reductions. This case depends on three farmulai 

The formula T — J or f^J is also equal to /-^^ — — — x%.* 
and by putting 2 instead £* it is reduced to ^y 5. , 

In like manner the formula f - J » l>y putting t instead of 2', 

/* dz 
is reduced to i I, . ., ; these values being known, we have 

immediately 

It remains to determine the formula --7 — . "77 , . To do this 

let 1 + 2* =:/>2*, and the difiPerential to be integrated will be- 
come 

lit . l^PsfP 
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and we shall find, as above, that the whole difficulty conslstsin 
integrdiing the double of the second part from ^ = 2 to^ = 00 , 
Let p'zzzq'^ \ we have then 

JV{i + z") "J ^/(q^ — jq' + t^y 
If we now make m^ zzz 12, and 9* + «• =: j'y, which gives 

2^= V^{y + 2m) 4- ^(y — 2m\ we ihall have for the trans* 
iormed expression 

\ if^: I r \ii 

• (y + a«) y/(y—2m*—j) \J y/iy—^m) v/(/ — bw*— 7) 

the two parts of which ought to be integrated from/ =:.2 + v^3, 
or y = 2m* H- 7 to y = 00 . Let 2 + >/3 == «, 7 + 2^ = ob^, 
the first part becomes 

idx 



J 



h 



-v/(x* — %m — n) -v/(x* — %m + «)* 

Now let a;* = r— . and c =: -, or c = ^^-^ — --* 

COS*? fi» i + v'3 

and the last expression will be — ; — 1/ « ■ ^ % > the 

^ 2'/2nJ yf(l — c*sin'(p)' 

value of which between the required limits is — •- — Fir, pr 

^ 2^2n 



(^) 



Fif. 



In like manner, if we make b = — I^-t^ tbe integral of 

the second part will be ( ^ M Fi^ ; a^d we may de- 
sign the second modulus by b^ because, we have^*4-c* = i, and 
so tliey are the complements of each other. We have therefore. 

But it happens in regard to these functions, that we have ex- 
actly Fi5 = 3Fif, the value of f^l is therefore reducible to 

thisr^^J=(v^5 -i- 1) F1C9 and as c is very small, this function 

may be easily valued. Hence it appears that the case of n n 
s2 is also resolved completely by functions of the first kind. 
The end of Le Gendre's paper on Elliptic Trancendcntals. 



( 46 ) 

ARTICLE II. 

To the Editor of the Repository. 

Sir, 
' A» in one of your earlier numbers you inserted the following 

formula for the length of an arc, a = sec. - x see. 2, x sec. -^ 

° ^248 

X&c. I hope you will have no abjection to insert the following 
geometrical approximation. It is given by Euler, Novi Com- 
ment. Petropol, Vol. III. — q is taken = a quadrant for f^cili. 
4y of application in practice* 

I am, &c. 

R.I. DiSHN EACH. 

Let AB (fig. 10, pi. A^) represent a quadrantal arc : rad. = 1^ 

Bisea it in c, and let oc be the secant and == .*. to secant ^, 

9 

Bisect AC in d and draw odD to meet CD Xto oc, .% 
OP : oc : : sec cod : 1 

: : sec - : 1 

4 

.*• OD = OC X sec •? =: sec ? x sec - • In the same way 

42 4 

bisecting Ad 'me and making a similar coastruction. 

o£ r: o'DXsec I = sec 2 x sec ^ x sec-*. Hence 

8 2 ' 4 8 

bisecting a^ in/, Afin g, &c, and making the same construe^ 
tion in each case. 

• 

Q a q g 9 . 

op zz 0£ x&ec. ^ = sec ^- x sec -^ x sec -5 x sec -«- 

16 a 4 o 10 

00 = &c. 



And ultimatelyi 

o2:=scc^ X sec -2 X sec-£ x sec -^ x &c., ,•. oz 
2 4 o 10 . 

zi q accurately. 

End of the third iPart of the third Volume. 



^ » ■ ^ * 



Printed bjf W. Gkndmningy ^5y UaUon Gardin, London. 
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2 CAMBRIDGE PROBLEMS, l8ll. 

in a circle whose radius Is the distance of the nearer apside from 
the focus; and shew that, ag the excemricity is increased, this 
ratio approaches to a ratio of equality. 

6. Shew that the spaces described by a body, impelled from 
rest by a finite variable force, are, '* ipso motus initio," in the 
duplicate ratio of the times. 

7. If, to the radius unity, A zz the sum of the tangents of 
any number of arcs ; B = the sum of the products of eveiy two 
of them : C = the sum of the products of every three ; and so on : 
Shew that the tangent of the sum of those arcs will be 

A~C + E— G-t-&c. 

1 — B+D— F4-&C. 

8. Shew that the fluent of — , ■ „ =: — 733- x hyp W. 

— ^ ^; and find the fluent of ^ a,,^ tnd of 

V62* x'^Xa + iiK'* 



z 



9. Find the value of /i' • o-f r • a-\'2r, &c« continued to any 
number of factors. 

10. Find the nature and length of the caustic, when the re- 
flecting curve is a circular arc, and the focus of incident rays is 
in the circumference of the circle. 

11. At a given place, at a given hour, and on a given day, 
required tlie point of the compass on which a rainbow would 
appear. 

12. Given the latitude of the place, and the day of the year ; 
Find the hour at which two stars, whose right ascensions and de- 
clinations are known, will be on the same azimuth. 

iG. Given the perihelion distance of a comet describing a 
parabola, and the radius of the earth's orbit, here supposed to be 
circular ; Compare the time of the comet's moving through 90 
degrees of true anomaly with the length of the solar year. 

14. Define the center of spontaneous rotation of a system; 
explain the principle on which that center may be found ; and 
shew that if the system revolve round an axis, passing through 
that center perpendicular to the plane of revolution, the for» 
mer point of impact will become the center of percussion. 

MONDAT AlTERNOOM. 

Fifth and Sixth ClassiS. — Mr. Turton; 

I. The interest of 25/. for 3 J years, at simple interest^ was 
found to be 3/. i8i. 9^, Required thcjatc per cent, per annum. 



OAMl&lDCTE FROftLEMS, i%ii. 



roinid a center of force in the focus ; g upposing 
a given distance (d) is to the force of gravity as I 



that tbe force it 
Fto 1. 



Third and Fourth Classes. — Mr. Jephson. 

I. What is the interest of 1 15/. for ^\ years^ at 4^ per ceni ? 

s. Given a? 4- y — v — -^ = ,x*+v*=4>; Findjcandy; 

^ ^ X — y X — y ^ -x ' 

and findll in the equation a'-\ =: k. 

3. Investigate the rule for extracting the square root of a 
binomial surd, and apply it to determine the square root of 

•— a^ -^— 1« « 

4. Investigate the fluxional expression for the area of curves^ 
and apply it to find the area that lies between the asynnptotes of 
a common hyperbola. 

5. If (a) be an arithmetic^ (i) a geometric, {c) a harmonic 
mean : Shew that {a) is greater than (6), and (6) greater than (r). 

6« If any quantities, whose differences are inconsiderable in 
respect to the quantities themselves, be in arithmetical pra- 
gresssion, the same quantities are also in geometrical progression. 

'f. Inscribe, in a triangle, a parallelogram similar to a given 
parallelogram. 

8. Two balls A and B are placed on a billiard table ; In what 
direction must A, which is perfectly elastic, be struck, that it 
may hit B after impinging upon two adjacent sides of the table ? 

8. The specific gravity of a cylinder of known length is greater 
than that of the fluid in which it is placed : Determine the depth 
of its lower surface. 

10. The sine of incidence is to the sine of refraction, out of a 
denser medium into a rarer, as [n) to (in) ; Give a geometrical 
construction for determining the greatest possible angle of inci- 
dence. 

II. Find the fluents of -y-j , and x \/hx ex** 

12. Sum the following series : 

4— ->-d + rv-l + ^c.ininf.and + -i— &c.ininf. 



2.4.6 4.6.8 O.b.iO 1 3 8.4 g.^ 

13. The angles at the base of an isosceles spherical triangle 
are equal. 

14. Construct a horizontal dial. 

i5. If the moveable oibit (Nbwt. Sea IX.) be a logarithmic 
spiral, what js the nature of ibe curve traced out in fixed space ? 



CAMBRIDGB FROfiLEMS^ l8tt« ^ 

16. Prove that one of the roots of the equation a?*— *y«— mo, 

when squared, will lie between (q) and -jq. 

1 

Evening ProiUms. — Mr. Jephson. 

1. Shew that a"— A« is, and that a«+*i is not, divisible 
'by a—t. Is an-^n divisible by « + 6 (n an integer) ? 

8. The chord is ultimately parallel to the ungent oi the middle 
point of the arc. Required a proof. 

3. Prove that the total number of combinations of (n) things 
is 2" — 1 ; and apply the expression to find the number of dif- 
ferent sums that may be formed with a guinea, a hali-guinea, 
a crown^ a half-crown, a shilling, and a sixpence. 

4. Define similar curves when referred to a point, and shew 
in what case epicycloids are similar. 

5. A lever, at whose extremities P and Q hung by threads, 
balance each other, is made to revolve about its fulcrum; Shew 
that, if the threads be equal, Pand Q describe concentric circles ; 
if unequal, similar segments of circles. 

6. Two equal weights balance each other by means of three 
tacks forming an isosceles triangle, the base of which is hori- 
zontal ; Shew that the whole pressure of the tacks, estimated in 
the direction in which the weights act, is equal to the sum of 
the weights. 

7. Shew that the pressure of a cylinder, infinite in height 
upon the earth at rest, equals the weight of another cylinder of 
the same base, whose length is equal to the radius of the earth. 

8. Compare, geometrically y the resistance upon a paraboloid 
moving in the direction of its axis, with the resistance upon its 
circumscribing cylinder. 

9. If two canals be cut through the earth at rest, then the 
times of two bodies being" attracted through these canals will be 
equal. 

ID. x^zzy^* Give a geometrical construction for determining 
two corresponding values of x and y. 

I 11. (1.) Take the fluxion oi the two quantities x^^^ x^ . 
(a.) Find the fluents of 2^— , j h^f^fK 

{an + x') 2 {*— ») •(« i^ ) 
P- 

{3.) Shew that t = tan ( - j ; {e) being the base of 

the hyp. logarithms. 

18. Sum the following series : 



4 OAMB&lDcrE PROBLEMS, iSii. 

roudd a center of force in the focus ; supposing that the force aC 
a given distance (d) is to the force of gravity as F to x. 

Third and Fourth Classes. — Mr. Jephson. 

1. What is the interest of 1 15/. for gl years^ at 4^ per ceni? 

2. Given a? -hy — V — -^ = ,x*+y*iz4i; Findxandy; 

X — y A— y ^ s ' 

and find# in the equation a'H = ^^ 

3. Investigate the rule for extracting the square root of a 
binomial surd, and apply it to determine the square root of 

— a;» • — w*. 

4. Investigate the flux ional expression for the area of curves« 
and apply it to find the area that lies between the asymptotes of 
a common hyperbola. 

5. If (a) be an arithmetic^ (b) a geometric, (c) a harmonie 
mean : Shew that (a) is greater than (6), and (6) greater than (c). 

6. If any quantities, whose differences are inconsiderable m 
respect to the quantities themselves, be in arithmetical pro>- 
gresssion, the same quantities are also in geometrical progression. 

7. Inscribe, in a triangle, a parallelogram similar to a given 
parallelogram. 

8. Two balls A and B are placed on a billiard table ; In what 
direction must A, which is perfectly elastic, be struck, that it 
may hit B after impinging upon two adjacent sides of the table ? 

s. The specific gravity of a cylinder of known length is greater 
than that of the fluid in which it is placed : Determine the depth 
of its lower surface. 

10. The sine of incidence is to the sine of refraction, out of a 
denser medium into a rarer, as («) to (m); Give a geometrical 
construction for determining the greatest possible angle of inci- 
dence. 

11. Find the fluents of -^--r . , and ;« \/bx ex*' 

^ V a -f-x* 

12. Sum the following series : 

£•4.6 4.0.0 0.5.10 1 3 2,4 3.^ 

13. The angles at the base of an isosceles spherical triangle 
are equal. 

14. Construct a horizonul dial. 

i5. If the moveable orbit (Nbwt. Sea IX.) be a logarithmic 
fi ' Bture of the curve traced out in fi^ed space ? 
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16. Prove that one of the roots of the equation a?*— 5*— r— o, 
when squared, will lie between {q} and -jq* 

Evening ProiUms. — Mr, Jephson. 

1. Shew* that a"— 6* is, and that a»« + *.i is not, divisible 
¥y a — i. Is an — in divisible by a + 6 (« an integer) ? 

8. The chord is ultimately parallel to the ungent ol the middle 
point of the arc. Required a proof. 

3. Prove that the total number of combinations of (n) things 
is 2'*—! ; and apply the expression to find the number of dif- 
ferent sums that may be formed with a guinea, a hali-guinea, 
a crown^ a half-crown, a shilling, and a sixpence. 

4. Define similar curves when referred to a point, and shew 
in what case epicycloids are similar. 

j. A lever, at whose extremities P and Q hung by threads, 
balance each other, is made to revolve about its fulcrum ; Shew 
that, if the threads be equal, Pand Q describe concentric circles ; 
if unequal, similar segments of circles. 

6. Two equal weights balance each other by means of three 
Cacks forming an isosceles triangle, the base of which is hori- 
zontal ; Shew that the whole pressure of the tacks, estimated in 
the direction in which the weights act, is equal to the sum of 
the weights. 

7. Shew that the pressure of a cylinder, infinite in height 
upon the earth at rest, equals the weight of another cylinder of 
the same base, whose length is equal to the radius of the earth. 

8. Compare, geometrically, the resistance upon a paraboloid 
moving in the direction of its axis, with the resistance upon its 
circumscribing cylinder. 

9. If two canals be cut through the earth at rest, then the 
times of two bodies being* attracted through these canals will be 
equal. 

10. xy=ry'» Give a geomttrical construction for determining 
two corresponding values of x and y. 

I 11. (1.) Take the fluxion ot the two quantities x^, x"* . 

(«.) Kod the fluents of L-- i 7.*/c/4. 

(a»+*») 2 (*— >) .(x t ) 

(3.) Shew that t = tan f - j ; (e) being the base of 

the hyp. logarithms. 

18. Sum che following series : 

m.[m \ T) '*'(iii+r).(i»-t-ar)"*' («i-»-2r).(OT + 3rj+ ^^' '" ^^^' 



II. A and B begin to fidi at the wamtJ^mt bom iittexht 

. poinu in Ac same vertical line, and with the velocitiee acquiral 

move along a liorizonul plane, tfll one overtakes the odier; 

Shoir that the time of A't descent it cqua) to ihe tiaub of B's 

nnifonn motion. 

sa. A bag contains («) balls» A, B, C, D,.&c. (p) of thai 
are to be takenoutt What is the chance of drawing (^) specified 
balls? 

13. The equation to a catenarjr is 1^ rr t«jr 4- «^; 'a puaboli^ 
whose liitus rectum =: {Ba) is described with the sane vertex and 
^is ; Shew that any ordinate of the catenary, tcgethet with ais 
corresponding, arc, is equal to the correspondbg are of the 
parabola. 

14. A chain whose, length is (/) if phced along an inclined 
plane whose hei^ is (n) and leiwth ^ai), so that one end mn 
coincide with the lowest point of the plane ; Sbew^hat the whdis 
time of the chain|s sliding olf the plane is equal to 

,/ m.t , , /si + t/a?^^\ 



TUSS&AY AFTSRHOOK^ 

Third and Fourth Clasies.^lAu Tu a to ir. 

■ 

1. Explain. what is meant by the present worth of money due 
after a certain time; explain also the principle on #hich is 

founded the rule for calculating the present worth ; and find the 
due nine months hence, discount being allowed at 4^ per cent* 
present worth of 430/. per annum. 

AX* 

2. Solve the equation 3JC* ^/ a:' + r=^=: 4, 

3. Find the fluent of -r'i^.andthatofiiifffZfl!: 

4. Find the dimensions of the greatest Cylinder that can be 
cut out of a solid formed by the revolution of a curve round its 
axis, of which the equation is dTx^'-y^ + », and the whole 
axis = &. 

5. Given the altitude of an orifice in the side of a vessel filled 
with fluid, and the disUnce on the horizontal plane at which 
the fluid falls ; Determine, by construction, the altitude of the 
vessel. 

6. If a = the altitude of a conic frustum, and 6, c be the 
radii o f its bases, also p = 3-14159 &c. then the solidity 

:=^x**+*c + f\ Required a pioof. 
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.n+l 



7. The force varying inversely as dist.t , find the area 
ABFD (Newton, Prop, xxxix.) when the ordinate = M at 
the' distance d from the center; also the Jluxion of the area 
ATVME, the ordinate of this curve at the distance r from the 
center being zr N. 

8. Having given the latitude of the place, the sun's declina- 
tion and altitude ; Find his azimuth, the time of observation, 
and the angle of position. 

9. Having measured the shadow df a tower on the horizontal 
plane, on a given day, at noon, in a known latitude : Shew how 
the altitude of the tower may be found. 

10. Construct Newton's Telescope, and investigate its mag- 
nifying power. 

^1* Find the variation of the force tending ^o the focus of an 
hyperbola, by which the opposite hyperbola may be described. 

, 12. Supposing the attraction of the earth and moon to be as 
their quantities of matter directly, and the squares of their 
distances inversely ; having given their quantities of matter and 
their distance, find that point between them, at which a body 
would bo at rest. * 

13. Make a body oscillate in a given epicycloid. 

fifth and Sixth Classes. — Mr. Jephson. 

1. Agreed for the Carriage of 2} tons of goods, 2^ miles, 
for ^ of a guinea; What is that per cwt. tor a mile? 

2. What IS the amount of 120/. loy, for 2| years, at 4I per 
cent. ? 

3. Divide .7584 by 316.; and find the sum of the recurring 
decimal 5.72323 &c. 

4. Solve the following equations 

x^-\-y*=iiQJ * * + 4 l/^c + 4 X* 

5. Prove that if A a B, A + B a B. 

6. Divide x* — nax^ + na^x — a^ by at — a. 

7. The number of combinations which (w) things admit of 
when taken four and four together, is to the number which they 
admit of when taken two and two, as 15 to 2. Required the 
number of quantities. * 

8. Define the sine of an arc ; and prove that the sines are the 
same, drawn from cithftr extremity of ih earc. ^ 

9. Given the center of a circle ; Find its diameter by means 
of the compasses alone* 

10. Take the fluxion of (a* + x*) . v^a*— ;:■; and find 
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«*+^ a .... 

11* -^-^-l J sss • maximum ; Findx. .-^ 

1ft. The sum of (n) terms of the lerici i, 8, £» 7^ &c« i«li 
thetum of (fi--i)termt of the series 0, 4,6»&c.as (•lto(9^t^ 

Required proof. 

13: Let a perfealji hand body jA) impinge imon anodier |B) 
four times as great, and at rest, with a known velocity ; Find B's 
velocity after impact. 

14. An eye is placed in the principal focoi ot a concne 
gpherical reflector ; Compare the apparent . magnifudea of th^ 
oDJect and image, when the former is situated huf way batweca 
the focus and surface. 

15. An inverted (;^e is filled with a fluid; Determine at 
what dhtance frofa the yertex a horizontal section will sustain 
the ffreatest pressure. 

i6. When the center of force is without the circle, find its 
variation in terms of the variable distance. 

17. Let a body begin to fall from an infinite distance, force 

varying as / = Shew that its velocity at Wf point o( itt de- 

dist.r ^ 

scent is equal to the velocity that it would acquire through the 
remaining distance, force at that point being continued constant. 



TUESDAY EVENING* 

Evening Problems. — Mr. Turton. 

!• Define similar curves when referred to their axes; and 
prove that all parabolas are similar curves. 

8. A given rectangular parallelogram is immersed vertically 
in a fluid, with one side coincident with the surface. From one 
of its angles^ it is required to draw a straight line to the base, so 
that the pressures on the parts into which the parallelogram is 
divided may be in a given ratio. 

3. Find that point, in the periphery of an ellipse, from which 
a body must fall, towards the center of force in the focus, through 
the greatest or least space to acquiie the velocity in the curVe, 
at the point from which it fell ; and slicw, from the fluxional 
equation, whether the point deteimincil gives the space a maxi- 
mum or minimum. 

4. Construct Grecorie's Telescop<i, and investigate ks 
magniiying power. 

5. The times of falling, from different altitiKles, into the same 
center of force, vary as the n^^ powers of those altitudes. Re- 
quired the variation of the force. 

6. Suppose a person to stand before a vertical pbttte mirror, 
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at any distance from it ; given the altitude of the eye ahove the 
bottom of the mirror, find the part of the body that will be seen ; 
and shew that exactly the same part will be visible at all distances 
from the mirror. 

7. If ^allel rays be incident on a sphere of given refracting 
power, find that ray, of which when produced, the part include 
ed by the sphere will be to the part included of the refracted ray, 
in a given raiio. 

8. On a given day, at a given hour, and in a given latitude, 
it is required to find the length and direction of the shadow of a 
Slick ot given length, inclined to the horizon at a given angle, 
and in a given direction. 

Q. Resolve -, s- into quadratic factors, when / is less 

than unity. 

10. In the expansion of a yb&c^d\-&,c?i^^ investigate the 
coefficient of the term involving the literal product aJ* b^ c^ d* &c. 

12. Given ax \ bx-^-cy.x^dy \lx-\^cyjnx\ Find the relation 
between x and y. 

12. Sum the following series : viz. 

>y ^ + -T -^ "a + . X + &c. to n terms, and ad inf. 
1*. 2» « • 3 3 • 4 

! \ — 5+ — - — 1- &c. to n terms, and ad inf. 

1.2. 3.4.^ 4.5.0.7.0 7.8.9.10.11 

13. Find the fluents of « / 3, and of = 

14. Given the latitude and longitude of a fixed star; Re- 
quired the angle which the direction of the earth's way makes 
with a line drawn from the earth to the star, on a given day. 

15. Find the time of the yes^r at which a star whose right 
ascension and declination are known^ rises heliacally, to an ob« 
server in a given latitude. 

16. Shew that the force of the resistance on a sphere, moving 
in a fluid, with a given velocity, is to the force that would de. 
stroy the sphere's whole motion, in the time in which it would 
uniformly describe \ of its diameter, as the density of the fluid to 
that of the sphere. 

17. Find the value of the disturbing force of S upon P, in the 
case of the three bodies (Sect. XI.); and deduce the meati 
quantity of that force, during one revolution of P round T; sup. 
posing that M = thie force of S at the distance r. 

iB. If the density of a fluid ^e proportional to the compressing 
force, and its particles be attracted by a force varying inversely 
as the distance from the center ; shew that, distances from the 

% a 
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